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ASTRONOMY. 


Astronomy. Astronomy (formed of aczpoy, a star, and vopoe, 


closely, howevet, we examine the claims of these ffistory. 
———”’ lew,) is a mixed mathematical science, which treats 


actual or imaginary people, the more we shall be ~~ |—— 


of the heavenly bodies, their motions, periods, eclip- 
ses, magnitudes, &c. and of the causes on which they 
depend. That part of the science which relates to 
the motions, magnitudes, and periods of revolutions, 
is denominated pure astronomy ; and that which inves- 
tigates the causes of those motions, and the laws by 
which they are regulated, is called physical astronomy. 


§ 1. History of Astronomy. 

It would be useless, if even the nature of our work 
would admit of it, to attempt to trace the history of 
this science from its earliest state of infancy, which is 
probably nearly coeval with that of society itself; 
at least if we regard the rude observations of shep- 
herds and herdsmen as exhibiting the first dawn of 
astronomy. A man must be strangely divested of the 
curiosity peculiar to his species, who, while exposed 
to the varying canopy of the heavens, through suc- 
cessive nights and seasons, could suffer such a 
brilliant spectacle to pass repeatedly before him, 
without noticing the fixed or variable objects there 
presented to his view ; and his attention. once drawn 
to a contemplation of the firmament, he would re- 
mark the invariable position of the greater number 
of those bodies with . to each other; the irre- 
gular motion of others ; and hence, by some deno- 
mination or other, we should have a distinction 
made between what we now call the fired stars and 
the planets ; while the sun and moon are in their ap- 
pearances sufficiently distinct from the rest of the 
heavenly bodies, to have called for a farther distin- 
guishing appellation, and to have claimed the parti- 
cular of these rude observers. 

Such was probably the origin of astronomy; and 
in this state, in all likelihood, it might remain for 
many ages, and in many countries unknown to and 
unconnected with each other. The length of the 
year, the duration of a lunar revolution, the particular 
rising of certain stars at certain seasons, and a few 
other common and obvious phenomena, might 
therefore be predicted with a certain degree of accu- 


convinced that their astronomy consisted of little 
more than we have indicated above ; viz. a tolerable 
approximation to certain periods, and to the re-appear- - 
ance of certain phenomena, that required nothing 
more than a continued and patient observation of 
stated occurrences, which as- we have observed, 
could not long remain unnoticed even in the most 
infant state of society. 


We may judge of the state of Egyptian astronomy Egyptians. 


from the circumstance of Thales having first taught 
them how to find the heights of the pyramids from 
the length of their shadows. It is true that they had 


some idea of the length of the year, and had, ina 


certain measure, approximated towards a determina- 
tion of the obliquity of the ecliptic, or of the path of 
the sun, which they stated to be 24°. The Chaldeans 

to have made some rude observations on 
eclipses, but still little scientific knowledge can be 
attributed to this people; who after observing these 
phenomena, were contented to explain them by 
teaching that the two great luminaries of the hea- 
vens were only on fire on one side, and that éclipses 
were occasioned by the accidental turning of their 
dark sides towards us. And again, that these bodies 
were carried round the heavens in chariots, close on 
all sides except one, in which there was a round 
hole, and that a total or partial eclipse was occasioned 
by the complete or partial shutting of this aperture. 
Similar absurd and extravagant notions will be 
found amongst all the early pretenders to the study 
of astronomy ; but we cannot concede to such know- 
ledge and pretences the term science; they had in 
fact no science, they had amassed together a num- 
ber of rude observations, and had been thus enabled 
to determine certain periods, and to predict some few 
phenomena ; but we have no proof, nor even any 
reason whatever to imagine, from any facts that have 
been handed down to us, that these predictions 
rested upon any other basis than that of simply 
observing, the repeated returns of these appearances 
within certain periods. 


racy, long before those observations assumed ony 
thing like a scientific form, and long anterior to that 
time from which we date the origin of astronomy as 
a science, properly so called. 


If to the knowledge above indicated, we add an Astronomy 
arbitrary collection of certain clusters or groups of 88 it was re- 
stars into constellations ; the division of the zodiac ceived by 


into twelve signs, corresponding to the twelve months aoe 


Claims of The honour of being 


the first inventors of this 


the Chalde- sublime study has been attributed to various nations ; 


ans, &c. 


the Chaldeans, the Egyptians, the Chinese, the In- 
dians, have each had their advocates amongst our 
astronomical historians ; and even a certain unknown 
people have been created by the enthusiasm of some 
writers, of whom all traces are supposed to have 


been long lost; but to whom all original knowledge | 


of astronomy has been attributed. The more 


YOL. WI. 


of the year; into twenty-seven or twenty-eight 
hours, answering to the daily motion of the moon; 
an obscure idea of the revolution of the earth upon its 
axis, which was afterwards lost ; a knowledge of five 
planets ; and some contradictory notions respecting 
the nature and motion of comets, we shall have a 
pretty correct picture of the state cf astronomy as it 
was reccived amongst the Greeks ; and from whom 1t 
first derived its scientific character. It 1s therefore 
3R 
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only from this period that we shall commence our 


—-—~ historical sketch, and attempt to trace the rise and 


Successive 
periods in 

the history 
of astrono- 


Thales. 
a. c. 600. 


Predict an 
echipse. 


progress of astronomy. 

We shall follow it, from the state above described, 
when every thing depended upon observation only, 
unaided either by a calculus or instruments ; through 
that in which the latter began to be employed, and 
some assistance was derived from the more elemen- 
tary positions of geometry. We shall next examine 
it from the period when astronomical science was 
enriched and extended by the invention of the tele- 
scope, but while the principles of computations were 
still founded on the elements of pure geometry ; and 
Jastly, we shall exhibit the science as it now exists, 
supported by every aid that can be derived from the 
present high state of practical and theoretical mecha- 
nics‘and optics ; when the effect of every celestial 
motion, and every disturbing force is made to depend 
upon one universal law; and the amount of each 
investigated and submitted to computation, by means 
of the powerful assistance derived from the modern 
analysis. 

The first period above alluded to, comprehends a 
long series of ages, during which the science of 
astronomy passed into the hands of different people 
and nations. First, to the Greeks, then to the Arabs ; 
from which latter it seems probable that it found its 
way to India and China, about the same time that it 
was also brought into Spain; whence it afterwards 
spread throughout all parts of civilized Europe. We 
shall therefore divide this period into the following 
minor sections. The astronomy of the Greeks; of 
the Arabs; of the Indians and Chinese ; and of mo- 
dern Europe.; which latter will bring us up to the time 
of Copernicus and Galileo ; including, in all, about 
twenty-one centuries. 


Of the Astronomy of the Greeks. 


Thales is generally considered as the founder of 
astronomy amongst the Greeks. This philosopher, 
who must have flourished about 600 years before the 
commencement of the Christian era, is said to have 
taught that the stars were fire, or that they shone by 
means of their own light; the moon received her 
light from the sun, and that she became invisible in 
her conjunctions, in consequence of being hidden or 
absorbed in the solar rays, which it must be acknow- 
ledged is but an obscure way of saying that she then 
turned towards us her unenlightened hemisphere. He 
taught farther that the earth is spherical, and placed 
in the centre of the world; he divided the heavens, 
or rather found them divided into five circles, the 
equator, the two tropics, and the arctic and antarctic 
circles. The year he made to consist of 365 days ; 
and determined ‘‘ the motion of the sun in declina- 
tion.’ What is meant by this expression is not very 
easy to comprehend ; if it only means that he disco- 
vered such a motion, it can scarcely be considered as 
correct, as it must have been known prior to his 
time ; viz. to the first observers ; and it cannot mean 
that he laid down rules for computing it, as we have 
every reason to know that the most simple principles 
of trigonometry were not propagated till many cen- 
turies after his time. 

Thales is also said to have first observed an eclipse, 
and to have predicted that celebrated one which 
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terminated the war between the Medes and the 
Lydians ; an eclipse on which much has been written, 
but from which very little satisfactory information 
has been obtained. Herodotus says, “ it eabbenee 
that the day was changed suddenly into night, a 
change which Thales the Milesian had announced to 
the people of Ionia, assigning for the limit of his pre- 
diction, the year in which the change actually took 
place.”” Thales had therefore neither predicted the 
day nor the inonth; and in all probability he had 
no other principle to proceed upon, than the Chaldean 
period of eclipses already alluded to in the precedirg 
part of this article. 

The pointed declaration of the historian, that the 
limits assigned by the astronomer for the appearance 
of this phenomenon, was the year in which it hap- 
pened, is a pretty obvious proof of the low state of 
astronomical science at this time, and it would be of 
little importance whether the eclipse was itself partial 
or total; but as there is little doubt that such an 
event actually took place, it becomes a matter of 
high importance in chronology, to ascertain whether 
it was such as it is described, viz. a total eclipse ; for 
no partial obscuration of the sun's light would accord 
with the description of Herodotus, of the day being 
suddenly changed into night; and such a phenomenon 
in any particular place being an extremely rare occur- 
rence, it would, if correct, enable us to determine 
not only the year, but the very day and hour at 
which it happened, and thus furnish at least one indis- 
putable period in chronology and history. 

Various dates have been assigned to this eclipse. 


Pliny places it in the fourth year of the forty-eighth *g2 


Olympiad which answers to the year 585 B.c. (Hist. 
Nat. lib. 2. cap. 12.), a similar opinion has been ad- 
vanced by Cicero (De Diwvinat. lib. 1. § 49.) and pro- 
bably by Eudemus (Clement. Alex. Strom. lib. 1. p. 
354.) ; by Newton (Chron. of Anc. Kings amended) ; 
Riccioli (Chron. Reform, vol. 1. p. 228.) ; Desvignoles 
(Chronol, lib. 4. cap. 5. § 7, &c.); and by Brosses 
(Mém., de U Acad. des Belles Lettres, tom. 21. Mém. p. 
33.) 

Scaliger, in two of his writings, (dnrimad. ad Euseb. 
p. 89.) and in (OAvp. avaypagy) has adopted also the 
opinion of Pliny; but in another work (De Een. 
Temp. in Can. Isag. p. 321.) he fixes the date of this 
eclipse to the Ist of October, 583, 8.c. Calvisius 
states it in his (Opus Chron.) to have taken place in 
607 B.c. Petavius says it happened July 9th, 597 
B.c. (De Doct. Temp. lib. 10. cap. 1.) which date has 
likewise been adopted by Marsham, Bouhier, Corsini ; 
and by M. Larcher the French translator of Hero- 
dotus, (tom. i. p. 335.) Usher is of opinion that it 
happened 601 s.c.; and Bayer, May 18, 603, B.c. ; 
which latter opinion has been supported by two 
English astronomers, Costard and Stukeley, (Phil. 
Trans. for 1753.) But Volney attempts to show in 
his (Chronologie d' Herodote,) that it could be no other 
than the eclipse which happened February 3d, 626 
B.C. 

Mr. F. Bailly has examined with great care and 
labour the probability of these several statements, 
from which it appears, that most of the eclipses above 
alluded to happened under circumstances which ren- 
der it absolutely impossible any of them should bs 
that alluded to by Herodotus; most of them were 


Hi : 
Hiatnr, 


Dates as- 
igned to 
this eclipse, 
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some doubtful ones of the Chinese. Meton is said to History. 


Ricioaseegs not even visible in that country, which must _necessa- 
have composed a cycle of 19 years, which still bears ~~ 


\—\ = rily have been the scene of action between the Medes 


Anaximan- 
der, Anaxi- 


manes, A- advancement of astronomy. The first is said to have to have great knowledge of astronomy ; after which 
pakagoras. invented or introduced the gnomon into Greece; to he taught in Asia and Italy. Seneca tells us, that 
B.C. 530. have observed the obliquity of the ecliptic ; and taught he brought the knowledge of astronomy, i.e. of the 
that the earth was spherical, and the centre of the planetary motions, from Egypt into Greece: and 
universe, and that the sun was not less than it. He according to Archimedes, his opinion was, that the 
is also said to have made the first globe, and to have diameter of the sun was nine times that of the moon. 
set up a sun-dial at Lacedzmon, which is the first we He was also acquainted with the method of drawing 
hear of among the Greeks ; though some are of opi- a sun dial on a plane. 
nion that these pieces of knowledge were brought from Soon after Eudoxus, we meet with Callippus, whose Callippus. 
Babylon by Pherecydes, a contemporary of Anaximan- system of the celestial sphere is mentioned by Ari- 3.c. 330. 
der. Anaxagoras also predicted an eclipse which stotle; but he is better known for a period of 76 
happened in the fifth year of the Peloponnesian war; years, containing four corrected Metonic periods, and 
and taught that the moon was habitable, consisting of which had its beginning at the summer solstice, in 
hills, valleys, and waters, like the earth. His contem- the year 380 3s.c. And it was about this time, or 
Pythagoras. porary Pythagoras, however, greatly improved not rather earlier, that the Greeks having begun to 
B.c.540. only astronomy and mathematics, but every other plant colonies in Italy, Gaul, and Egypt, became ac- 
branch of philosophy. He taught that the universe quainted with the Pythagorean system, and the notions 
was composed of four elements, and that it had the of the ancient Druids concerning astronomy. 
sun inthe centre ; that the earth was round, that we had Passing over the names of various other astrono- Autolycus 
antipodes ; and that the moon reflected the rays of mers of this period, who appear to have done very s.c. 300. 
the sun ; that the stars were worlds, containing earth, little towards the advancement of the science, we 
air, and ether ; that the moon was inhabited like the come to Autolycus, the most ancient writer whose 
earth ; and that the comets were a kind of wandering works have been handed down to our time. He 
stars, disappearing in the superior parts of their orbits, wrote two books, viz. Of the Sphere which moves, and 
and becoming visible only in the lower parts of them. the other, On the Risings and Settings of the Stars. 
The white colour of the milky-way he ascribed to the These works were composed about 300 s. c. 
brightness of a great number of small stars ; and he We have now passed over a period of 300 years 
supposed the distances of the moon and planets from from the time of Thales, and therefore, by making a 
the earth to be in certain harmonic proportion to one few extracts from these works of Autolycus, we shall 
another. He is said also to have exhibited the ob- be enabled to form some idea of the progress of astro- 
lique course of the sun in the ecliptic and the tropical nomy during this period. In the work on the move- 
circles, by means of an artificial sphere ; and he first able sphere, we have several propositions, of which 
taught that the planet Venus is both the evening and the following are the most important. 
morning star. This philosopher is said to have been 1, If a sphere move uniformly about its axis, all the fartiest 
taken prisoner by Cambyses, and thus to have become _ points on its surface which are not in its axis, will Work ex- 
acquainted with all the mysteries of the Persian magi; describe parallel circles, having for their common tant on As- 
after which he settled at Crotona in Italy, and founded poles, those of the sphere itself, and of whivh all the ""™Y: 
the Italian sect. planes will be perpendicular to the axis. 
Philolaus. About 440 years before the Christian zra, Philolaus, 2. All these points will describe, of their respective 
s.c. a celebrated Pythagorean, asserted the annual motion circles, similar arcs in equal times. 
440-432. of the earth round the sun; and soon after Hicetas, a 3. Reciprocally, similar arcs will indicate equal 


and the Lydians, and none of them was total in those 
places. He has therefore with great perseverance, by 
means of the last new astronomical tables of the 
Bureau des Longitudes, computed backward to find 
whether any eclipse of the sun actually happened 
within the probable limits of the event recorded by 
the historian, and the result of his research is, that 
on the 10th of September, 610 3.c., there was a 
solar eclipse, which was total in some parts of Asia 
Minor; and which, he therefore concludes, with great 
probability, was the identical one referred to by 
Herodotus. Admitting, therefore, the conclusion, 
we have one decided point of time to which we are 
enabled to refer with confidence, and at which time, 
the state of astronomy is known to have been such as 
we have described. See Phil. Trans. for 1811. 

The successors of Thales, Anaximander, Anaxima- 
nes. and Anaxagoras, contributed considerably to the 


Syracusan, taught its diurnal motion on its own axis. 
About this time also flourished Meton and Euctemon 
at Athens, who took an exact observation of the sum- 
mer solstice 432 years before Christ ; which is the 
oldest observation of the kind we have, excepting 


his name ; and he marked the risings and settings of 
the stars, ‘and what seasons they pointed out: in all 
of which he was assisted by his companion Eucte- 
mon. The science, however, was obscured by Plato 
and Aristotle, who embraced the system afterwards 
called the Ptolemaic, which places the earth in the 
centre of the universe. 


After Philolaus, the next astronomer we meet with Eudoxus. 
of great reputation is Eudoxus, who flourished 370 s.c. B.c. 370. 


He was a contemporary with Aristotle though con- 
siderably older, and is greatly celebrated for his skill 
in this science. He is said to have been the first to 
apply geometry to astronomy, and is supposed to be 


_the inventor of many of the propositions attributed to 


Euclid. Having travelled into Egypt in the early 
part of his life, he obtained a recommendation from 
Agesilaus to Nectanebus, king of Egypt, and by his 
means got access to the priests, who were then held. 


time. 

4. Ifa great fixed circle, perpendicular to the axis, 
divide the sphere into two hemispheres, the one vi- 
sible, the other invisible, and that the sphere turns 
about its axis; those points on the surface that ure 

3R2 
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hidden, will never rise ; and those that are visible will 


\o\—w/ never set. This is what we now denominate a paral- 


Astronomy. 


Remarks 
on this 
author. 


Euclid. 
B. c. 300. 


lel sphere; the great fixed circle corresponding with 
our equator. 

5. If a great circle pass through the poles, all the 
points of the surface will rise and set alternately. 
This corresponds to our horizon, and to our right 
sphere. 

6. If the great circle be oblique to the axis, it will 
touch two equal parallel circles ; of which, that adja- 
cent to the one pole will be always apparent, the other 
always invisible. 

The first of these circles was called by the Greeks, 
(although not by this author,) as we still denominate 
it, the arctic circle, and the other the antarctic circle. 

7. If the horizon be oblique, the circles, perpendi- 
cular to the axis, will always have their points of rising 
and setting in the same points of the horizon, to 
which they are all equally inclined. 

8. The great circles which touch the arctic and 
antarctic circle, will, during the complete revolution 
of the sphere, twice coincide with the horizon. 

9. In the oblique sphere, of all the points which 
rise at the same instant, those which are nearest to 
the visible pole will set last; and of the points which 
set at the same instant, those that are nearest the 
same pole will rise first. 

10. In the oblique sphere, every circle which passes 
through the poles, will be perpendicular to the hori- 
zon twice in the course of one complete revolution. 

We omit some other propositions of this author, 
which are of less importance than the above; and 
even those which we have given, are such as one would 
imagine could not have escaped the observation of 
any one who would think of employing an artificial 
sphere to represent the celestial motions ; yet, from 
the tenor of the work in question, it would seem, that 
if they were known, they were never before, at least, 
embodied in the form of a regular treatise. 

Here then we may begin to date the first scientific 
form of astronomy ; because in this work, however 
low and elementary, we have an application of geo- 
metry to illustrate the motions of the heavenly bodies ; 
but we shall still find two other centuries pass away, 
before the same principles were applied to actual 
computation. 

Contemporary with Autolycus, was Euclid ; whose 
elements of geometry, after so many ages, still 
maintain their pre-eminence ; and in which we find all 
the propositions that are necessary for establishing 
every useful theorem in trigonometry ; yet it is per- 
fectly evident that no ideas were yet conceived of the 
Jatter science. Neither Euclid nor Archimedes, great 
as were their skill and talents in geometry, had any 
idea of the method of estimating the measure of any 
nngle by the arc, which, the two lines forming it, 


“ intercepted ; nor does it appear that they knew of any 


instrument whatever for taking angles ; a very con- 
vincing proof of which appears in the process adopted 
by the latter justly celebrated philosopher, in order to 
determine the apparent diameter of the sun. 


Aristarchus Passing over the poet Aratus, who is supposed to 


B.C. 264. 


have embodied in his poem all the astronomical know- 
ledge of the tim€ in which he wrote, viz. 270 B. c. ; 
but who had not himself made any observations, we 
come to Aristarchus, who has left us a work, entitled 


Of Magnitudes and Distances; in which he teaches, that History. 
the moon receives her light from the sun, and that —~—/ 
the earth is only a point in comparison with the sphere 
of the moon. He likewise added, that when the 
moon is dichotomized, we are in the plane of the 
circle which separates the enlightened part from the 
unenlightened, which is the most curious and original 
remark of this author : in this state of the moon, he also 
observes, that the angle subtended by the sun and 
moon, is one-thirtieth less than a right angle ; which, 
in other words, is saying, that the angle is 87°, 
whereas we now know that this angle exceeds 89° 50’. 
In another proposition he asserts, that the breadth of 
the shadow of the earth is equal to two semi-diame- 
ters of the moon, whereas these are to each other as 
83 to 64. In his sixth proposition, he states the 
apparent diameter of the moon to be one-fifteenth part 
of a sign, or 2°; whereas we know that it is only about 
half a degree. Again, the distance of the earth from 
the moon being assumed as unity, its distance from 
the sun was said to be 17'107, and the distance of the 
earth from the sun 19:081. Such was the astronomical 
knowledge in the time of Aristarchus, who lived about 
264 years before the Christian era. 

In order of time we puss now to Eratosthenes, who Eratosthe- 
may, perhaps, with more propriety than Autolycus, be 9: 
considered as the founder of astronomical science ; ® ©: 280. 
particularly if it be true that he placed in the portico 
cf Alexandria certain armillary spheres ; of which so 
much use was afterwards made, and which, it is said, 
he owed to the munificence of Ptolemy Euergetes, 
who called him to Alexandria, and gave him the 
charge and direction of his library. 

According to the description given of these armil- Ancient ar- 
laries by Ptolemy, they were assemblages of different ps 
circles; the principal one of which served as a meri- P'°™ 
dian ; the equator, the ecliptic, and the two colures, 
constituted an interior assemblage, which turned on 
the poles of the equator. There was another circle, 
which turned on the poles of the ecliptic, and carried 
an index to point out the division at which it stopped. 

The instrument of which the above appears to be the 

general construction, was applied to various uses ; 

amongst others, it served to determine the equinoxes, 

after the following manner :—The equator of the in- Determina- 
strument being pointed with great care in the plane tion of the 
of the celestial equator, the observer ascertained, by “M™"0**- 
watching the moment when neither the upper nor the 

lower surface was enlightened by the sun; or rather, 

which was less liable to error, when the shadow of 

the anterior convex position of the circle completely 

covered the concave part on which it was projected. 

This instant of time was evidently that of the equinox. 

And if this did nut happen, although the sun shone, 

two observations were selected, in which the shadow 

was projected on the concave part of the circle in 

opposite directions; and the mean of the interval 

between these observations was accounted the time of 

the equinox, At this time we find enumerated five 

planets, viz. Pawwy, DacOwv, Mvpoedéyp, which appear 

to indicate Jupiter, Saturn, and Mars; and to which 

were added Venus and Mercury. 

Eratosthenes not only taught the spherical figure of Magnitude 
the earth, but attempted to ascertain its actual cir- oftheearth, 
cumference, by measuring, as exactly as could be 
done in his time, the length of a certain terrestriai arc, 
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and then finding the astronomical arc in degrees inter- 
cepted between the zeniths of the two places. The 
segment of the meridian which he fixed upon for this 
purpose, was that between Alexandria and Syene ; the 
measured distance of which was found to be 5,000 
stadia ; and the angle of the shadow upon the scaphia, 
which was observed at Alexandria, was equal to the 
fiftieth part of the circle; and at Syene there was no 
shadow from this gnomon at noonday of the summer 
solstice ; and that this might be the more accurately 
taken, they dug a deep well, which, being perpendi- 
cular, was completely illuminated at the bottom when 
the sun was on the meridian. The exact quantity 
which this philosopher assigned to the circumference 
of the earth is not known ; at least, different opinions 
have heen advanced: some state it at 250,000, and 
others at 252,000 stadia; the length of this unit of 
measure is also somewhat uncertain. It is, however, 
of small importance, as we may be pretty well con- 
vinced, that by such means as he employed, no very 
accurate conclusion could be expected ; it is sufficient 
that he attempted the solution of the problem ina 
very rational manner, to entitle him to the honour of 
being one of the most celebrated of the Grecian astro- 
nomers. 


Obtiquityof Eratosthenes also observed the obliquity of the 
the ecliptic. ecliptic, and made it to consist of ,),th of a circum- 


ference, which answers to about “3° 51’ 19°5”. This 
observation is commonly stated to have been made in 
the year 230 B. c. 


ne Archimedes, the justly celebrated geometer of Syra- 


cuse, was contemporary with Hratosthenes; and 


B.C. 227. although most conspicuous as a mechanic and geome- 


trician, the great impulse which he gave to the 
sciences generally, will not admit of our passing him 
over in silence in this history. All that we have of 
this author with reference to astronomy, is found in 
his Arenarius, a work which has been translated into 
most modern languages; where he undertakes to 
prove, that the numerical denominations which he has 
indicated in his books to Zeuxippes, are more than 
sufficient to express the grains of sand, that would 
compose a globe, not only as large as our earth, but as 
the whole universe. He supposes that the circumference 
of the earth is not more than three million stadia ; 
that the diameter of the earth is greater than that of 
the moon, and less than that of the sun; that the 
diameter of the sun is 300 times greater than that of 


which is not less than that of the sun, and which fiistorv. 


equally has its summit in our eyes. Having, there- 
fore, directed a long ruler on a horizontal plane to- 
wards the point of the horizon where the sun ought 
to rise, I place a small cylinder perpendicularly on 
this ruler. When the sun is on the horizon, and we 
look at it without injury, I direct the ruler towards 
the sun, the eye being at one of its extremities, and 
the cylinder is placed between the sun and the eye in 
such a manner, that it entirely conceals the sun from 
view. I then remove the cylinder farther from the 
eye, until the sun begins to be perceived by a thin 
stream of light on each side of the cylinder. Now, if 
the eye perceived the sun from a single point, it would 
suffice to draw from that point tangential lines to the 
two sides of the cylinder. The angle included between 
these lines would be a little less than the apparent 
diameter of the sun ; because there is a ray of light 
on each side. But as our eyes are not a single point, 
I have taken another round body, not less than the 
interval between the two pupils; and placing this 
body at the point of sight at the end of the ruler, and 
drawing tangents to the two bodies, of which one is 
cylindric, I obtained the angle subtended by the sun’s 
(apparent) diameter. Now the body, which is not less 
than the preceding distance (between the pupils), I 
determine thus: I take two equal cylinders, one white 
the other black, and place them before me ; the white 
further off, the other near, so near indeed as to touch 
my face. If these two cylinders are less than the dis- 
tance between the eyes, the nearer cylinder will not 
entirely cover the one that is more remote, and there 
will appear on both sides some white part of that 
remote cylinder. By different trials, we may find 
cylinders of such magnitude, that the one shall com- 
pletely conceal the other: we then have the measure 
of our view (the distance between the pupils), and 
an angle, which is not smaller than that in which the 
sun appears. Now, having applied these angles suc- 
cessively to a quarter of a circle, I have found that 
one of them has less than its 164th part, and the other 
greater than its 200th part. It is therefore evident, 
that the angle which includes the sun, and has its 
summit at our eye, is greater than the 164th part of 
a right angle, and less than the 200th part of a right 
angle.” 

By this process, Archimedes found the sun's appa- 
rent diameter to be between 27’ and 32’ 56”. 


the moon, and moreover, that the diameter of the It is not a little remarkable, considering the obvious Singular — 
sun is greater than the side of the inscribed chiliagon, inaccuracy of the method, that the maximum limit thus itor Ag 
that is greater than +?,%,°,, or 21/ 36”. obtained, differs only + of a minute from 32’ 35-6, Te result 
Archime- The manner in which he arrives at his conclusion which is the largest angle actually subtended by the 
desascer- is very interesting, as showing the state of the sun’s diameter, and which is observed about the time 
eee sciences at this time, even in the hands of this great of the winter solstice, when the sun is nearest to the 
ones oF master :—‘‘ I have used,’ says he, ‘‘ every effort to earth. But this quotation from the <renarius is 
the sun, determine by means of instruments, the angle which extremely curious also on other accounts. We may 
comprehends the sun, and has its summit at the eye learn from it, first, that Archimedes, with all his 
of the observer ; but this is not easy ; for neither our fecundity of genius, and with all the variety of his 
eyes nor our hands, nor any of the means which it is inventions, had no means of diminishing the effect of 
possible for us to employ, have the requisite preci- the sun’s rays upon his eyes, and therefore performed 
sion to obtain this measure. This, however, is not this interesting experiment when the sun was in the 
the place to enlarge upon such a subject. It will horizon, that the optic organ might sustain its light 
suffice to demonstrate that which I have advanced, to without inconvenience. It also proves to us, that 
measure an angle which is not greater than that which there was not then any instrument known to Archi- 
includes the sun's apparent diameter, and has its medes, which he thought capable of giving the 
summit in our eyes ; and then to take another angle diameter of the sun, to within four or six minutes; 
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since he found it necessary to devise means at which 


\—\ we he stopped, after an attempt not very satisfactory. 


Hipparchus 
BR. Cc. 135. 


Finds the 
Jeneth of 
the year. 
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of the sun’s 


motion, 


and the first 


lunar in- 
equality. 
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night found 
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We see, further, that he carried his angles, or their 
chords, over a quarter ofa circle; but he does not say 
expressly that his arc had been divided; to render 
his language accurately, it is simply requisite to say, 
having carried one of the chords 200 times over upon 
the arc, he found it exhausted ; and that the other 
chords could only be applied 164 times upon the 
quadrant. 

We see, also, that Archimedes had not the means of 
computing the angle at the vertex of an isosceles tri- 


angle, of which he knew the base and the two equal . 


sides. He was obliged to recur to a graphical opera- 
tion as uncertain as the observation itself. Thus he 
was entirely ignorant even of rectilinear trigonometry, 
and he had not any notion of computing the chords of 
circular arcs. 

We come now to the great father of true astronomy, 
Hipparchus ; but our limits will not admit of our 
entering very deeply into his discoveries and improve- 
ments. One of his first cares was to rectify the length 
of the year, which before his time we have seen had 
been made to consist of 365 days and 6 hours. By 
comparing one of his own observations at the summer 
solstice with a similar observation made 145 years 
before by Aristarchus, he shortened the year about 
7 minutes ; making it to consist of 365 days, 5 hours, 
53 minutes ; which, however, was not sufficient : but 
the cause of the mistake is said to have rested prin- 
cipally with Aristarchus, and not with Hipparchus ; 
for the observations of the latter, compared with 
those of modern times, give 365 days, 5 hours, 48 
min. 49} sec. for the duration of the year; a result, 
which exceeds the truth very little more than a second. 
It is to be observed, however, that this is no very 
exact criterion, unless the same be compared with 
the observation of the more ancient observer; for 
supposing all the error on the side of Hipparchus, it 
is more divided by comparing it with others at the 
distance of 19 or 20 centuries, than in comparing it 
with one, where the distance of time is only 145 

ears. 

One of the greatest benefits, which astronomy 
derived from this philosopher was his enunciation and 
demonstration of the method of computing triangles, 
whether plane or spherical. He constructed a table 
of chords, which he applied nearly in the same man- 
ner as we now do our tables of sines. As an ob- 
server, however, he rendered great service to the 
doctrine of astronomy, having made much more 
numerous observations than any of his predecessors, 
and upon far more accurate principles. He esta- 
blished the theory of the sun's motion in such a 
manner, that Ptolemy 130 years afterwards, found no 
essential alteration requisite ; he determined also the 
first lunar inequality, and gave to the motions of the 


moon those of the apogee and of its nodes, which 


Ptolemy afterwards very slightly modified. Hippar- 
chus also prepared the way for the discovery of the 
second lunar inequality, and from his observation it 
was, that the fact of the precession of the equinoxes 
He employed the transit of the 
stars over the meridian to find the hour of the night, 
and invented the planisphere, or the means of repre- 
senting the concave sphere of the stars, on a plane, 
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and thence deduced the solution of problems in spheri- History. 
cal astronomy, with considerable exactness and facility. ——~\—’ 


To him also we owe the happy idea of making the 
position of towns and cities, as we do those of the stars, 
by circles drawn through the poles perpendicularly to 
the equator; that is, by latitudes and by circles 
parallel to the equator, corresponding to our longi- 
tudes. From his projection it is, that our maps and 
nautical charts are now principally constructed; and 
his rules for the computation of eclipses were long the 
only ones employed for determining the differences of 
meridian. 


Another most important work of Hipparchus, was Catalogue 


his formation of a catalogue of the stars. The 
ance of a new star in his time, caused him to form the 
prand project of enabling future astronomers to ascer- 
tain, whether the general picture of the heavens were 
always the same. This he aimed to effect, by attempt- 
ing the actual enumeration of the stars. The magni- 
tude and difficulty of the undertaking did not deter 
this indefatigable astronomer; he prepared and 
arranged an extensive catalogue of the fixed stars, 
which subsequently served as the basis of that of Pto- 
lemy. So great, indeed, is the merit of this prince of 
Grecian astronomy, that the enthusiastic language in 
which Pliny speaks of him in his Hist. Nat. (lib. ii. 
cap. 26.) may rather be admired than censured. 


- of the stars. 


After Hipparchus, we meet with no astronomer of Ptolemy. 
eminence amongst the Greeks till the time of Ptolemy, a. p. 120. 


who flourished between the years 125 and 140 of the 
Christian era ; which, therefore, includes a space of 
nearly three hundred years. There were, however, 
some astronomical writers, both Greeks and Romans 
in the course of this time, whom it may not be amiss 
to enumerate, although the little progress that the 
science made in their hands will exempt us from the 
necessity of entering minutely into an analysis of their 
several works: these were, Geminus, who lived 
about 70 years B.c., whose book is entitled Introduc- 
tion to the Phenomena; Achilles Tatius, of about the 
same period ; Cleomedes, who lived in the time of 
Augustus ; Theodosius, Menalaus, and Hypsicles, who 
are supposed to have written about the year 50 B.c. ; 
Manilius, Strabo, Posidonius, and Cicero, who were 
about half a century later; after which, we meet 
with no one to whom it is at all necessary even to 
refer, till we come to Ptolemy, who was born in the 
year of Christ 70; and who made, as we have stated 
above, most of his observations between the years 125 
and 140 of our era. 


Ptolemy has rendered all succeeding astronomers Various la- 
indebted to him, both for his own observations, which bours of 


were very numerous, and his construction of various 
tables; but most of all for the important collection 
which he made of all astronomical knowledge prior 
to his time, and which he entitled, or the Arabs after 
him, the Almagest, or Great Collection. Of his own 
labours, wemay mention his theory and calculation of 
tables of the planets, and his determination, with a 
precision little to be expected in his time, of the ratio 
of their epicycles to their mean distances ; that is to 
say in other terms, the ratio of their mean distances 
to the distance of the earth from the sun. This theory, 
imperfect as it was, was adopted and generally ad- 
mitted, for the space of fourteen centuries; during 
which time, it was transmitted to the Arabs, the Per- 


lemy. 
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Astronomy, sians, and the Indians, and with whom it is still held 

\—-—— sacred. The equi-distant centres of the earth, from 
the excentric and the equant, an hypothesis of Ptolemy, 
led, in all probability, Kepler to the idea of an ellipse 
and its foci. Ptolemy thus preparing the way for 
‘Kepler, as the laws of the latter may be considered 
as the precursors of the theory of Newton. 

Sines intro- ‘To this celebrated Grecian we also owe the substi- 

duced into tution of the sines of arcs instead of their chords ; as 

ingonome- also the first enumeration of some important theo- 
rems in trigonometry. 

Ptolemy’s Ptolemy was the author of that system of astro- 

agaments nomy which still bears his name; or if he did not 

prove the entirely invent it, (as there is great reason to sup- 

mmodili 

ae ak pose he did not,) he enforced it by such arguments as 
led to its establishment ; and it was afterwards ren- 
dered sacred through the stupid bigotry and intol- 
erance of the Romish church. He endeavours to prove 
the absolute immobility of the earth, by observing, 
‘* If the earth had a motion of translation common to 
other heavy bodies, it would, in consequence of its 
superior mass, precede them in space, and pass even 
beyond the bounds of the heavens, leaving all the 
animals and other bodies without any support but air ; 
which are consequences to the last degree ridiculous 
and absurd.’ In the same place he adds, ‘‘ Some 
persons pretend, that there is nothing to prevent us 
from supposing that the. heavens remain immovable, 
while the earth turns on its own axis from west to 
east, making this revolution in a day nearly ; or, that 
if the heavens and the earth both turn, it is in a 
ratio corresponding with the relations we have ob- 
served between them. It 1s true, that as to the stars 
themselves, and considering only their phenomena, 
there is nothing to prevent us, for the sake of simpli- 
city, from making such a supposition. But these 
people are not aware how ridiculous their opinion is, 
when considered with reference to events which take 
place about us; for if we concede to them that the 
lightest bodies, consisting of parts the most subtle, 
are not possessed of levity, (which is contrary to 
nature,) or that they move not differently from bodies 
of a contrary kind, (although we daily witness the 
reverse) ; or, if we concede to them that the most 
compact and heaviest bodies possess a rapid and con- 
stant motion of their own (while, it is well known, 
that they yield only with difficulty to the impulses 
we give to them), still, they would be obliged to 
acknowledge, that the earth, by its revolution, would 
havea motion more rapid than any of those bodies 
which encompass it, in consequence of the great cir- 
cuit through which it must pass in so short a period ; 
wherefore such bodies as are not supported on it, 
would always appear to possess a motion contrary to 
itself ; and neither clouds, nor any projected bodies, 
nor birds in flight, would ever appear to move towards 
the east ; since the earth, always preceding them in 
this direction, would anticipate them in their motion ; 
and every thing, except the earth itself, would con- 
stantly appear to be retiring towards the west.’ 

If we did not feel convinced that, in certain cases, 
even the errors and false reasoning of such a man as 
Ptolemy, possess a greater interest than the more 
correct and refined arguments of minor philosophers, 
we should certainly not have laid before our readers 
this extract from the introduction to the Almagest ; 
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but considering it as the defence of an hypothesis, History. 
which maintained its ascendancy for fourteen centuries =~ 
amongst all nations, and which is still held sacred 
throughout every part of Asia, it is impossible to 
divest it of its interest and importance. 

The other part of this great work is more worthy Analysis of 
of the talents of its author, and is more deserving of te 4éma- 
our attention; but the limits of this article will not 2” 
admit of our giving more than a very concise abstract 
of its contents. The first book, beside what we have 
hitherto mentioned, exhibits a highly interesting spe- 
cimen of the ancient trigonometry; and the method 
of computing the chords of arcs, which, in fact, in- 
volves our fundamental theorems of trigonometry, 
though expressed in a manner totally different. 

Ptolemy first shows, how to find the sides of a Theorems 

pentagon, decagon, hexagon, square and equilateral ‘ ao 
triangle, inscribed in a circle, which he exhibits in” 
parts of the diameter, this being supposed divided into 
120. He next demonstrates a theorem equivalent to 
our expression sin (a—b) = sina cos b—sin b cos a; 
by means of which he finds the chords of the difference 
of any two arcs, whose chords are known. He then 
finds the chord of any half arc, that of the whole arc 
being given, and then demonstrates what is equivalent 
to our formula for the sine of two arcs; that is, sin. 
(a+ 6) = sin a cos b + sin b cosa; and by means 
of this he computes the chord to every half degree of 
the semicircle. These theorems it may be said belong 
rather to the history of trigonometry than to that of 
astronomy ; but we trust that the obvious dependence 
of the latter science upon the former, will be found to 
justify us in introducing them to the reader in this 
place. 

We are next presented with a table of climates Climates. 
nearly equivalent to our nonagesimal tables, and it is 
not a little singular, that amongst them, we find none 
appertaining to the latitude of Alexandria ; because, 
without such an auxiliary, Ptolemy must have con- 
tented himself with interpolations, which were not 
only difficult to make, but attended at the same time 
with great inaccuracy ; a circumstance from which it 
has been concluded, that Ptolemy himself made few 
observations, or that he was not very particular con- 
cerning the accuracy of his calculations. The exami- 
nation of this question would carry us too far out of 
our track to admit of our entering upon it in this place ; 
but the reader may see it developed in all requisite 
detail, in the learned History of Astronomy, lately pub- 
lished by Delambre. 

Having passed over the above preliminary details, Length of 
the author treats of the length of the year, the motion bd year, 
of the sun, the mean and apparent anomaly, &c. &c. ~ 
The length of the year, according to the sexagesimal 
notation, he makes 365d. 14’ 48”, which answers to 
365d. 5h. 55’ 12”; the diurnal motion of the sun is 
stated to be 0 59’ 8”7”” 13" 12" 31", and the horary 
motion 2’ 27” 50” 43" 3° 1", To this is also added 
two tables, one of the mean motion of the sun, 
and the other of the solar anomaly. The fourth book 
of the Almagest is employed in treating of the motion 
of the moon, being prefaced by a few remarks respect- 
ing the observations which are most useful for that 
purpose: he then gives an abstract of all the lunar 
motions, with a table of them; in the first of which 
the motion is exhibited for periods of eighteen years ; 
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in the second for years and hours; and in the third 
for Egyptian months and days. Four other columns 
of the same table present the number of degrees which 
belong to each of the times indicated in the first 
column ; viz. the second, the longitude; the third, 
the anomaly ; the fourth, the latitude ; and the fifth, 
the elongation. 

The author next treats of various subjects connected 
with the lunar motion; as, for instance, its general 
anomaly ; its eccentricity ; the lunar parallax; the 
construction of instruments for observing the parallax ; 
the distance of the moon from the earth, which he 
states at 38°44 terrestrial radii, when in the quadra- 
tures; the apparent diameters of the sun and moon ; 
the distance of the sun from the earth, which is stated 
at 1210 radii of the latter; and the relative magni- 
tudes of the sun, moon, and earth. The diameters 
of these are stated to be to each other, as the numbers 
18°8, 1, and 32; also their masses as 66444, 1 and 394. 

The next book is entirely occupied with the doc- 
trine of eclipses of the sun and the moon; the deter- 
mination of their limits and durations; tables of 
conjunctions; and methods of computation and 


- construction, &c. 


Particular 
deductions 
of Ptolemy. 


The evec- 
tion disco- 
vered 


We cannot extend the analysis of this important 
work to a greater length ; but must content ourselves 
with a few remarks relative to some of the deductions 
to which we have referred. We have seen that Pto- 
lemy made the length of the year to be More than 365 
days, 5h. 55m., which is about 6 minutes longer than 
it really is ; but considering that the observations be- 
fore his time, with the exception of those of Hippar- 
chus,. were very imperfect ; and that the distance of 
time between these two celebrated astronomers, was 
not sufficient to determine such a question, with 
the means they possessed, to the greatest nicety, we 
may rather admire the near approximation to the 
truth, than be astonished at the difference between his 
result and that deduced from numerous and long con- 
tinued observations. 

His researches on the theory of the sun and moon 
were however attended with better success. Hippar- 
chus had shown that these two bodies were not placed 
in the centre of their orbits ; and Ptolemy demon- 
strated the same truths by new observations. He 
moreover made another important discovery, which 
belongs exclusively to him, except so far as relates to 
the observations of Hipparchus, by a comparison of 
which with his own, his conclusion was deduced,— 
we allude here to the second lunar inequality, at pre- 
sent distinguished by the term evection. It is known, 
generally, that the velocity of the moon in its orbit, 
is not always the same, and that it augments or dimi- 
nishes, as the diameter of this satellite appears to 
increase or decrease ; we know, alse. that it is great- 
est and least at the extremities of the line of the 
apsides of the lunar orbit. Ptulemy observed that 
from one revolution to another; the absolute quan- 
tities of these two extreme velocities varied, and that 
the more distant the sun was from the line of the 
apsides of the moon, the more the difference between 
these two velocities augmented ; whence he concluded 
that the first inequality of the moon, which depends on 
the eccentricity of its orbit, is itself subject to an annual 
inequality, depending on the position of the line of the 
apsides of the lunar orbit with regard to the sun. 
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When we consider Ptolemy's system of astronomy, History 
as founded upon a false hypothesis, the complication “~—/ 


of his various epicycles, in order to account for the 
several phenomena of the heavenly bodies ; and the 
rude state of the ancient astronomy, it is impossible 
to withhold our admiration of the persevering industry 
and penetrating genius of this justly celebrated philo- 
sopher ; who, with such raeans, was enabled to discover 
an irregularity which would seem to require the 
most delicate and refined aid of modern mechanics 
to be rendered perceptible. 

The work of this author to which we have hitherto 
confined our remarks, is the Almagest ;* but Ptolemy also 
composed other treatises ; which, if not equal to theabove 
in importance, are still such as to be highly honourable 
to his memory and talents, particularly his geography. 


This work, although imperfect as to its detail, is Ptolemy's 
notwithstanding founded upon correct principles ; the 8°°8Tphy- 


places being marked by their latitude and longitude 
agreeably to the method of Hipparchus. As to the in- 
accuracies of their position, although they cannot be 
denied, they will readily be pardoned, when we consider 
that he had for the determination of the situation of 
cities and places of which he speaks, only a small number 
of observations subject to considerable errors ; and the 
mere report of travellers, whose observations we may 
readily grant were still more erroneous than those of his 
own. It requires many years to give great perfection to 
geography : even in the present time, when observations 
with accurate instruments have been made in every part 
of the globe, we are still finding corrections necessary ; 
a remarkable instance of which seems to have occurred 
lately (1818) to Captain Ross, in his voyage into 
Baffin’s Bay, where he is said to have found some 
parts of the land laid down nearly a degree and a half 
out of their proper places. Many other minor pieces 
om astronomy and optics are also attributed to this 
author ; but we have already extended our accounts of 
his works to a greater length than we had intended, 
and must now therefore pass on to his successors. 


After the time of Ptolemy-we find no Greek authors Greeks 
of eminence, although we have some few writers on posterior to 


this subject. The science of astronomy had now 
obviously passed its zenith, and began rapidly to 
decline. The Alexandrian school, it is true, still sub- 
sisted ; but during the long period of 500 years, all 
that can be said is, that the taste for, and the tradition 
of the science was preserved, by various commentators 
on Hipparchus and Ptolemy; of whom the most dis- 
tinguished were Theon and the unfortunate Hypatia, 
his daughter. The latter is said to have herself 
computed certain astronomical tables, which are lost. 


lemy. 


We now arrive at that period, so fatal to the Grecian Destruction 
sciences. These had for a long time taken refuge in ofthe Alex- 


the school of Alexandria ; where, destitute of support 


* The first printed edition of this celebrated performance, was 
a Latin translation from the Arabic version of Cremoneus; which, 
however, abounds so much in the idiom of that language, as to 
render it nearly unintelligible, without a constant reference to the 
Greek text. This was published at Venice in 1515; and in 1538 
the collection appeared in its original language, under the super- 
intendence of Simon Grynaeus, at Basil, together with the eleven 
books of the Commentaries of Theon. The Greek text was again 
republished at the same place, with a Latin version, in 1541; and 
again, with all the works of Ptolemy, in 1551; and lastly, a 
splendid French edition with the Greek text, by M. Halma, in 
three beautiful volumes, royal quarto, Paris, 1813. 


andrian 
school. 
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Astronomy. and encouragement, they could not fail to degenerate. 
weay= Still, however, they preserved, as we have said above, 


at least by tradition or imitation, some resemblance of 
the original; but about the middle of the seventh 
century, a tremendous storm arose which threatened 
their total destruction. Filled with all the enthusiasm 
a military government is calculated to inspire, the suc- 
cessor of Mahomet ravaged that vast extent of country, 
which stretches from the east to the southern confines 
of Europe. All the cultivators of the arts and sciences 
who had from every nation assembled at Alexandria, 
were driven away with ignominy: some fell beneath 
the swords of their conquerors, while others fled into 
remote countries, to drag out the remainder of their 
lives in obscurity and distress. The places and the 
instruments which had been so useful in making an 
immense number of astronomical observations, were 
involved with the records of them, in one common 
ruin. The entire library, containing the works of so 
many eminent authors, which was the general depo- 
sitory of all human knowledge, was devoted to the 
devouring flames, by the Arabs; the caliph Omar 
observing, “ that if they agreed with the Koran, they 
were useless; and if they did not they ought to be 
destroyed :” a sentiment worthy of such a leader, and 
of the cause in which he was ge Oe In the midst 
of this conflagration, the sun of Grecian science, 
which had long been declining from its meridian, 
finally set; never perhaps again to rise in those re- 
gions oncé so celebrated for the cultivation of every 
art and science that does honour to the human mind. 


Astronomy of the Chinese and Indians. 
If we were to adopt the opinions of some authors 


of the Chie who have written on the subject of the Chinese astro- 


hese, 


The anti- 


in 
ble, 


quity of it 
admisg{ - 


nomical knowledge, we should have now to com- 
mence at a much earlier period than we did in giving 
our account of this science amongst the Greeks ; as 
it is stated that the former possess records of eclipses 
and other celestial phenomena, so far back as the 
year 2159 s.c., and that even in the year 2857 3s. c. 
the study of astronomy and the desire of propagating 
a knowledge of that science amongst his people, were 
objects of great moment with the emperor Ion Hi; 
such at least is the doctrine supported in the Histoire 
Générale de la Chine, ou Annales de cet Empire, trans- 
lated into French from Tong-Kien-Kang-Mou, by 
the Pere De-Mailla, a French Jesuit, one of the mis- 
sionaries to Pekin. 

We cannot attempt to enter here upon a refutation 
of the ideas supported in this work, relative to the 
antiquity of the Chinese astronomy ; it will perhaps 
be sufficient to observe, that of 460 eclipses reported 
to have been predicted and recorded in the Chinese 
annals, the first is dated 2159 8.c., and the second, 
776 B.c., leaving a great blank of 1383 years, during 
which no such phenomenon is notieed. That from the 
latter date to the year 1699 of our era, they run on 
in pretty regular succession ; but that of this number, 
the Pere Gaubil, who was at the labour of com- 
puting them, found only twelve which answered to 
the year, month, and day stated in the annals; and 
that of these twelve, only one of them was anterior to 
the time of Ptolemy, and even this one is doubtful. 

It appears then that very little credit is to be given 
to the assumed antiquity of Chinese science; but 
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perhaps the following abstract, which Delambre has Historv. 
made from the annals above referred to, will give the —~y—~” 


reader a better idea of the state of astronomy amongst 
this singular people, and place their pretensions in a 
more tangible form than any thing we can advance 
respecting the improbability of the notions advanced 
by Mailla. 

In the year 687 B. c. we find recorded a night’ with- 
out stars, and without clouds; and that towards mid- 
night, there fell a shower of stars, which vanished 
before they approached the earth. 

141 s.c. The sun and modn appeared of a deep red 
colour, which produced great alarm among the 
people. 

74 3.c. There appeared a star as big as the moon, 
followed by many other stars of the ordinary mag- 
nitude. 

38 s.c. A shower of stones as big as nuts. 

88 a.p. Another shower of stars. 

321. Spots in the sun visible to the naked eye. 

522. The astronomy of Hiuen-Chi-Ly was replaced 
by the astronomy of Tching-Kouange-Ly. (We do not 
understand these to be the names of astronomers but 
of systems.) In the year 892, another change is 
recorded ; and again in 956. 

In 949, in the fourth moon, there appeared a star 
in the mid-day, which was regarded as such a dread- 
ful omen, that the people were forbidden to look 
at it; and many were put to death for disregarding 
the injunction. 

These facts alone, independent of the superstitious 
fears and ceremonies, which even to this day are 
observed during the time of an eclipse, would alone 
give us a sufficient contempt for the astronomy 
of the Chinese; and lead us tuo reject as mere 
fables their pretensions to ancient observations. 
All that we can concede to them, and to the Indians, 
whose claims rest upon nearly the same grounds, is 
what we have already attributed to the Chaldeans, 
viz. that they had become, very early, observers 
of the motions and phenomena of the heavenly 
bodies; that they registered certain events, and 
thence were able to discover periods at which these 
phenomena would return again ; sufficiently approxi- 
mate to admit of their predicting an eclipse or occult- 
ation, within certain limits; but frequently, their 
prediction has been belied by the non-appearance of 
the expected phenomenon, while others have happened 
that were not foretold ; which omissions, as well as 
a false prediction, have cost some few unfortunate 
astronomers the forfeiture of their heads: of which a 
particular instance is recorded in the case of Hi and Ho. 

Upon the whole, therefore, we may conclude, that 
however ancient may be the rude observations of the 
Chinese and Indians, they possessed no science, pro- 
perly so called, but what they obtained from the 
Greeks, through the medium of the Arabs ; which 
people, after deriving it from the former source, 
carried it to Persia, whence it was transmitted to 
India and China. Such at least is the conclusion 
drawn by M. Delambre from a dispassionate exami- 
nation of all the claims of these nations. We are 
aware that this notion is totally at variance with that 
of Bailly, who has also examined the case in point 
with great labour and attention, but certainly not 
without great enthusiasm and prejudice 

338 





494 


Astronomy. lstronomy of the .4rabs. 

—~ Iinour last mention of this people, we saw them 
Astronomy acting the part of the most savage barbarians, burn- 
ofthe Arabs ing and destroying every thing, the most distantly 
connected with scientific research ; we have now to 
exhibit them in a more honourable and dignified 
point of view. We stated, in the passage referred to, 
that some of the philosophers of Alexandria, escaped 
the vengeance of their barbarous conquerors, and 
these of course carried with them some remnant of 
that general learning, for which the school was so 
deservedly celebrated. Still, however, destitute of 
books, of instruments, and probably also of the 
means of subsistence without manual labour, very 
little farther knowledge could be accumulated, and 
still less propagated ; so that in a few years, every 
species of knowledge connected with astronomy and 
mathematics, must have become extinct, had not the 
Arabians themselves within less than two centuries of 
the dreadful conflagration of the Alexandrian library, 
become the admirers and supporters of those very 
sciences they had before so nearly annihilated. They 
studied the works of the Greek authors which had 
escaped the general wreck, with great assiduity ; and 
if they added little to the stock of knowledge these 
works contained, they became sufficient masters of 
many ofthe subjects to enable them to comment upon 
them, and to set a due estimation upon these valuable 
relics of ancient science. 

The destruction of the Alexandrian school occurred 
in the year 640; and it is about a century after, 
vefore we find any author worthy of particular no- 
tice amongst the Arabs; this, therefore, brings us 
to the middle of the eighth century ; and from Ptolemy 
to this date there had passed away at least six hun- 
dred years, during which time the science had rather 
retrograded than advanced. The caliph Almansor, 
a. D. 754, is the first to claim our attention ; but rather, 
perhaps, for the impulse, which, as a philosophical 
prince, he gave to the science amongst his people, 
than for any actual improvements which he had per- 
sonally made. This impulse was, however, so great, 
that most of his successors seem to have thought it 
their duty to support and to study the different sci- 
ences, particularly astronomy. Haroun, the grand- 
son of Almansor, is particularly noticed as following 
in the steps of his great predecessor ; and one of his 
Almamon. sons, Almamon, pursued the same path with still 
A.D. 813. greater enthusiasm. He caused to be translated all 

the Greek works that he could procure ; and in par- 
He is even said to 


Almansor. 
A.D. 754. 


Haroun. 


A.D 786 


Translate ticular the Almagest of Ptolemy. 
the Alma- have made the delivery of certain manuscripts depo- 
gest. sited at Constantinople, one of the conditions of the 


peace which he concluded with the Greek emperor 
Michael III. He himself made numerous observa- 
tions, and employed and instructed others to supply 
his place, when public business prevented him from his 
favourite pursuit. He ordered the obliquity of the 
ecliptic to be observed at Bagdad and at Dumas; 
whence it was found to be 23° 35’, which is less than 
some preceding observations had indicated. 

Measures, Another important operation performed under the 

degree of orders of Almamon, was the measure of a degree of 

latitade. the terrestrial meridian; but the unit of the Arabic 
measure in which it is expressed, is too uncertain for 
us to attempt to form from the reported result any 
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decisive conclusion; nor are we to expect that any History. 
very great accuracy could be expected, seeing the ~~~ 
great discrepancy between some modern measures 

made with the assistance of the most perfect instru- 

ments. Almamon also directed certain of his philo- 

sophers to compose a work for the purpose of facili- 

tating the study of astronomy amongst his people, 

entitled, according to the Latin translation, Astronomia 

elaborata a compluribus D. D. jussu regis Maimon. which 

is still preserved in many libraries. 

In the reign of this prince, there were many other Alfraganus. 
celebrated Arabian astronomers, particularly Alfra- 4 py. 850, 
ganus, Thebit-Ibn-Chora, and Albatenius. The 
ormer composed a work, many editions of which 
have been made since the invention of printing, be- 
sides some other works more or less connected with 
this science. 

Thebit was an annalyst, a geometer, and astronomer. Thebit. 
He observed the obliquity of the ecliptic and reduced a.p. 860. 
it to 23° 33’ 30”. He also determined the length of 
the year, very nearly the same as it is now established 
by modern observations. 

Albatenius was one of the greatest promoters of Albatenius. 
Arabian astronomy. His numerous observations and A.D. 879. 
important knowledge in all the sciences of his time, 
were the cause of his being surnamed the Ptolemy of 
the Arabs ; an honour by no means ill merited. By 
a comparison of many of his own observations with 
those of Ptolemy and others, he corrected the determi- 
nation of the latter respecting the motion of the stars 
in longitude, stating it to be one degree in 70 years 
instead of 100 years: modern observations make it 
one degree in 72 years. He determined very exactly 
the eccentricity of the ecliptic, and corrected the 
length of the year, making it consist of 365 days 5 
hours 46 minutes 24 seconds, which is about 2 mi- 
nutes too short, but 4 minutes nearer the truth than 
had been given by Ptolemy. He also discovered the 
motion of the apogee; and rectified the theories of 
Ptolemy respecting the motion of the planets , and 
formed new tables of them. 

The works of this author have been collected, and 
published in ‘two volumes 4to., under the title of De 
scientia stellarum, of which there are two editions, one 
in 15387, and the other in 1646. 

Montucla, in his valuable history of mathematics, 

enumerates a long list of Arabian astronomers which 
followed Albatenius; but we meet with none de- 
serving of particular notice till we arrive at Ebn 
Iounis, who wrote in the year 1004, and even he is 
rather celebrated for his having collected and embo- 
died the knowledge of his time, than for his dis- 
coveries, although he made numerous observations. 
The work of this author is still extant, a concise no- 
tice of which Delambre has given in the Mém. de 
U Institut, vol. 2. p. 5, where we learn, that it contains 
28 observations of eclipses of the sun and moon, made 
between the years 829 and 1004 ; seven observations 
on the equinoxes ; one on the obliquity of the eclip- 
tic: and some others highly important in the deter- 
mination of certain data, particularly as regards the 
acceleration of the moon. 

Let us now turn our attention to Spain, where the 
Arabs, who had long been masters of that country, 
pursued the sciences with the same ardour as in the 
east. The most distinguished, however, of the astro-~ 
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the phenomena produced by these eccentricities, Co- History, 
pernicus rendered them still greater, by giving to each J 
a different centre, and to the sun such a position with 


Astronomy. homers in this country were Arsachel and Alhazen ; 
i the former of whom is celebrated for having added 
eater accuracy to the theory of the sun, by employ- 


A.D. 1020. ing a principle different to that of Ptolemy and Hip- 


Copernicus 
died 1543. 


System of 
Copernicus 


parchus, and susceptible of more accuracy. He made 
some fortunate changes in the dimensions of the 
solar orbit, and discovered certain inequalities in the 
sun’s motion, which have since been confirmed by 
the Newtonian theory of gravitation. 

Alhazen is also esteemed a philosopher and astro- 
nomer of high reputation ; he is said to have first 
discovered the laws of refraction, and the effect of it 
in astronomical observations. He explained the phe- 
nomenon of the horizontal moon, and indicated the 
true cause of the crepuscula in the morning and even- 
ing; beside various other minor discoveries highly 
honourable to his memory. 

From this time the science of the Arabians seems to 
have begun to decline ; we meet with very little after 
this period deserving of particular notice ; a general 
shade appears to have been cast over every species of 
human koowledge. and nearly four hundred years are 
again lost in darkness and obscurity. We then find 
the Greeks making some feeble efforts to re-establish 
astronomy in its original empire, where some faint 
glimmerings of the genius which animated Archime- 
des, Hipparchus, and Ptolemy, once more began to 
discover itself; but which, alas! like the lustre of a 
passing meteor, was soon extinguished, and darkness 
and barbarity once more assumed their reign. 


Astronomy of modern Europe. 


We may without impropriety refer the revival of 
modern astronomy to the time of Copernicus, although 
he was preceded by some others, who prevented all 
traces of the Grecian and Arabic science from being 
lost and forgotten, by their reading and studying such 
works as had been preserved, during what are com- 
monly denominated the dark . Copernicus was 
born at Thorn, in Poland, in the year 1473, but he did 
not commence his studies till about the year 1507 ; 
when after having well ‘‘ fathomed every depth and 
shoal” of the ancient doctrine of astronomy ; made 
numerous observations, and various comparisons ; he 
became at first a convert, and afterwards the most 
strenuous advocate of a system of astronomy, com- 
monly attributed to Pythagoras, and which we have 
seen Ptolemy using so many ingenious but false argu- 
ments to te. 

According to Copernicus, the sun is placed in the 
centre of the planetary world, about which the seve- 
ral bodies of our system revolve from west to east ; 
viz. 1st, Mercury, 2d, Venus, 3d, the Earth, 4th, 
Mars, 5th, Jupiter, and 6th, Saturn’; the moon re- 
volves about the earth in the same direction, while 
the latter body itself is carried in its orbit round the 
sun. In the next place, he taught that the earth turns 
on its own axis from west to east, in a little less 
than 24 hours, and that this axis is always preserved 
parallel to itself, making an angle of about 234° with 
the ecliptic. 

The orbits of the several planets he supposed to be 
circular ; but he did not make the sun their common 
cenne. We have seen that what was anciently called 
the solar orbit had been long known to be eccentric, 
as well as those of the planets; and to account for 


regard to them all, as with the addition of certain 
epicycles, best agreed with the appearances already 
observed. This part of the Copernican system is not 
often well illustrated in our elementary works on 
astronomy, where it is generally asserted, that the 
sun was placed in the common centre, and the several 
planetary orbits were circles concentric with it; by 
which means, the discoveries of Kepler are rendered 
more astonishing than they actually are; for he had 
at least this much to proceed upon; too little, it is 
true, for any man possessed of less genius and perse- 
verance than himself. ‘This is by no means the only 
service which Copernicus bestowed upon astronomy 
and trigonometry, but it is the principal one, and 
that which has added most to the celebrity of his 
name ; we shall therefore not stop to report his other 
discoveries and improvements, as we shall find 
numerous important points to refer to before we 
conclude this sketch, already considerably extended. 
The work containing his new doctrine was composed 
in the year 1530; but it was not printed till the year 
1543 ; the author having, it is said, received the last 


sheet a few hours before he expired. 


Copernicus was followed by a great number of ex- 
cellent astronomers, some of whom were firm sup- 
porters of his system ; others endeavoured to refute 
it, as Ptolemy had formerly done a similar doctrine ; 
while some few who saw its beauties and advantages, 
but who by giving too literal a signification to some 
scriptural passages, wished to modify it so as to retain 
as many as possible of its advantages, while the system 
should still be such as to correspond with the pas- 


sages in question. 


Uf this number was Tycho Brache, a noble Dane, Tycho 
greatest observers perhaps, if we except Brache died 
Kepler, that ever lived. His system consisted in depriv- 1601. 


one of the 


ing the earth of its orbicular and diurnal motion ; he 
places the earth in the centre, and made the moon and 
sun revolve about it, agreeably to the doctrine of 


Ptolemy ; but he made the sun the centre of the other His system. 


planets, which, therefore, he supposed to revolve 
with the former about the earth. By this means, the 
different motions and phases of the planets may be 
reconciled, the latter of which could not be by the 
Ptolemaic system ; and he was not obliged to retain 
the epicycles, in order to account for their retrograde 
and stationary appearances. This theory was ex- 
tremely complicated, and did not long survive its 


author. Many of his other labours were attended Tycho 


with much more important consequences ; particularly 
his discovery of the variation and annual equation of 
the moon ; the greater and less inclination of the lunar 
orbit ; the correction for refraction in astronomical 
observations ; his astronomy of comets ; his account 
of the appearance and disappearance of a great star 
which happened in his time : his reformation of the 
calendar, and some other subjects which might be 
enumerated: these have contributed most to esta- 
blish his name as a great astronomer, and will not 
fail to hand it down to the latest posterity. 


Kepler was about twenty years younger than Tycho, Kepler died 
but by no means inferior to him in ee and perse- 16351. 


verance ; the latter quality is proved by the numerous 
382 
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gbservations that he made on all the planets, particu- 


= larly on Mars; and the former from the memorable 
His obser- consequences which he drew from them. Kepler first 


vations op 
Mars. 


Kepler's 
first law. 


Kepler’s 
second law. 


Kepler’s 
third law. 


determined the line of the apsides by a method inde- 
pendent of the form of the orbit of Mars, and ascer- 
tained the ratio of the aphelion and perihelion distances ; 
the former he found to be to the latter, as 166,780 to 
138,500 ; or calling the distance of the earth from the 
sun 100,000; the above numbers will express the 
actual distances. Hence the mean distance of Mars 
was 152,640, and the eccentricity of its orbit 14,140. 
He then determined, in like manner, three other 
distances, and found them to be 147,750; 168,100 ; 
166,255. He next computed the same three distances 
upon @ supposition that the orbit was a circle, and 
found them to be 148,539; 168,883; 166,605 ; the 
errors, therefore, of a circular hypothesis, were 
789, 788, 350. But he had too good an opinion of 
Tycho's observations, (upon which he founded all 
these calculations), to suppose, that the differences 
arose from their inaccuracies; and as the distance 
between the aphelion and perihelion was too great 
according to the hypothesis in question, he conceived 
that the orbit must be an oval. And, as of all ovals 
the ellipse is the most simple, he naturally made trial 
of this figure, placing the sun in one of its foci; and 
upon making the requisite calculation, he found the 
agreement complete. He did the same for other 
points of the orbit, and still found the same accurate 
agreement ; and hence he pronounced the orbit of 
Mars to be an ellipse, and that the sun occupied one 
of its foci. Having established this important point 
for the orbit of Mars, he conjectured the same to have 
place in the other planets ; and upon trial he found 
his conjecture fully verified : and, hence, he concluded, 
that the six primary planets revolve about the sun in 
elliptic orbits, that body occupying one of the foci. 

Having thus discovered the relative mean distances 
of the planets from the sun, and knowing their periodic 
times, he next endeavoured to find, whether there were 
any relations between them; and having naturally a 
strong turn for numerical analogies, he began by com- 
paring the powers of those quantities with each other ; 
and even in the first instance (March 8th, 1616,) he 
assumed the correct law; viz. that the squares of the 
times of revolution are proportional to the cubes of the 
mean distances; but, in consequence of some error in 
his calculation, his comparison did not appear to be 
complete. Nur did he discover it till the following 
May. He then found his first conjecture to be cor- 
rect, and thus established this celebrated law, which 
Newton afterwards demonstrated to be the necessary 
consequence of a body revolving in an orbit about a 
central attracting point coinciding with one of its foci. 
Prin. Phil. lib. i. sec. ii. pr. 15. 

Kepler also discovered from observation, that the 
velocities of the planets, when in their apsides, are in- 
versely as their distances from the sun; whence it 
followed, that they described at these points equal 
areas in equal times; and although he could not 
prove the same for every point of their orbits, he had 
still no doubt that it was so. He therefore applied this 
principle to determine the equation of the orbit ; and 
finding that his calculations agreed with observation, 
he concluded that it was true in general; “‘ that the 
planets describe about the sun equal areas in equal 
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times.”" This discovery was perhaps the foundation of History. 
the Principia, probably suggesting to Newton the =~y—= 


idea, that all the planets of our system were governed 
by one general law! and that the sun was the general 
focus of action; a proposition which he afterwards 
succeeded in demonstrating, and thus founded the 
basis of physical astronomy. 

Kepler also speaks of gravity as a power which is 
mutual between all bodies ; and tells us that the earth 
and moon would move towards each other, and meet 
at a point so much nearer the earth than the moon, 
as the former is greater than the latter, if these motions 
did not prevent it. And he farther adds, that the 
tides rise from the gravity of the waters towards the 
moon. 


The beginning of the 17th century was distinguished Invention 


by two of the most important events for astronomy of the tele- 
that we have yet recorded ; viz. the invention of the °°P*: 


telescope and logarithms ; by means of the one, we 
are enabled to penetrate into the remotest parts of 
space, and to bring under our immediate view pheno- 
mena, which the most sanguine minds could never, if 
they had suspected their existence, have hoped to 
bring within the limits of human observation: by 
means of the other, all the laborious calculations of 
former astronomers were reduced to mere operations 
in addition and subtraction ; and what was before the 
labour of a month, became, as it were, the amuse- 
ment of an hour. With two such pow auxiliaries, 
the pro of astronomy could not but be extremely 
rapid ; but still the extent to which it has been since 
carried, must certainly far have exceeded what the 
boldest of the astronomers and philosophers of that 
day could have dared to hope for. It never could 
have been contemplated that this science, apparently 
so far beyond the reach of all human power, would 
become the most perfect of all the physical sciences ; 
that every disturbing force, and every celestial pheno- 
menon of our system, should be submitted, with the 
greatest precision, to one general simple principle, at 
that time wholly unknown ; and thatan analysis would 
be discovered, to enable us to investigate and com- 
pute the motion of bodies of immense magnitudes, 
and at almost immeasurable distances, with greater 
accuracy than we can calculate the motion of a pro- 
jectile from a piece of ordnance. Yet such is actually 
the case. We know, to a greater nicety, the moment 
when a planet will arrive at a certain point in the 
heavens, than we can tell the time that a cannon ball 
will employ in passing from the gun to the extremity 
of its destined range, the moment of explosion being 
given. 


As far as we have hitherto traced the progress of Origin of 


astronomy, all our knowledge has been supposed to oes 


consist in observations on the motions of the heavenly 
bodies ; and every species of computation relating to 
it, rested on no other foundation. We are now arrived 
nearly at that period, when our illustrious Newton, 
by his discovery of the law of universal gravitation, 
added an entire new branch to this important science, 
commonly denominated physical astronomy. From 
this time a greater range was given to celestial re- 
searches ; our knowledge was not confined to the mere 
observation of phenomena, and the return of certain 
bodies to certain parts of space: the causes of these 
phenomena, and of these motions, were now to be 
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Astronomy. investigated, and the amount of them computed from 
“———~\——’ the pure principles of celestial mechanics. Every 


minute inequality was henceforward to be traced to 
the same source—the action of gravitation: while, 
on the other hand, every minute variation indicated 
by this theory, ought to be observable in the heavens. 
And nothing, perhaps, is better calculated to demon- 
strate the generality of this law, and the beauty and 
profundity of the modern analysis, than the fact, that 
certain small inequalities were indicated by the theory, 
before the accuracy of instruments, and the delicacy 
of observation, were sufficiently attained to render 
them appreciable ; but the existence of which, the 
present high state of practical mechanics, and a corre- 
sponding improvement in optics, have confirmed in 
the most satisfactory manner. We shall, therefore, 
now divide the remaining part of this historical 
sketch under two distinct heads; viz. practical and 
physical astronomy ; and slightly glance at the succes- 
sive steps that have been made in each ; but a simple 
indication of them is all that can be expected, and 
indeed it is all that is requisite, since we must neces- 
sarily meet the same subjects again in the course of 
the following treatise; where we shall enter upon 
them as much at length, as is consistent with the 
limits allotted to this department of our work. 


Discoveries Our business here, is neither to give the history of 
depending the invention of the telescope nor of logarithms ; the 


upon 


former has already been treated of in our treatise of 
optics, and the other will be found in its appropriate 
place in this work. We have seen in the article above 
referred to, that the telescope is perhaps an earlier 
invention than it is commonly supposed to be; and 
that Harriot, in a very early part of the 17th century, 
viz. between the years 1610 and 16138, had actually 
observed the spots on the sun’s disc with telescopes 
of various magnifying powers ; a fact, which has been 
but lately ascertained by Baron Zach, of Saxe Gotha, 
who, in a visit to this country, had access to certain 
MSS. of this English author, in the possession of the 
Earl of Egremont, a descendant of the Earl of Nor- 
thumberland, who was Harriot’s patron. This, after 
Galileo's, is one of the earliest well attested facts of 
the application of this instrument to astronomical 


purposes. 


Galileo dis- Galileo, as we have seen in our history of optics, 
covers the was informed of the accidental discovery of Jansen's 


satellites of 


children, in the year 1609 ; and on the Sth of January, 


ae 10, 1610, he perceived, by directing his new instrument 


to the heavens, three small stars near the planet 
Jupiter ; two on the one side, and the third on the 
opposite side ; which he took at first for fixed bodies. 
But having continued to observe them on the next 
and the following nights, he found that they changed 
their places and positions ; and that they performed 
their revolutions about that planet, and were, in fact, 
satellites to it, as the moon is to the earth; and some 
days after he discovered a fourth. These four satel- 
lites he named, in honour of the house of Medici, the 
Medicean stars ; but the appellation was soon lost in 
the more general and appropriate name of Jupiter's 

tellites. This discovery was published in the month 
of March following, in a writing, entitled Nuncius 
Sydereus ; he undertook even to investigate the theory 
of their motion; and, in the year 1613, to predict 
their configurations for two consecutive months, 
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Directing his telescope to Saturn, a new surprize, 
and new pleasure presented itself. After a few im- 
perfect observations on this planet, he was led to 
believe that Saturn was not a simple globe like the 
other bodies of our system, but was compounded of 
three stars touching each other, immovable with 
regard to themselves, and so disposed, that the largest 
occupied the centre, with a smaller one on each side 
of it; but it was not long before he discovered this 
idea to be erroneous, so at least as regarded their 
immobility, or invariable appearance: he found that 
the figure was changeable, but his telescope had not 
sufficient power for him fully to unravel the mystery ; 
he found that Saturn appeared irregularly formed, and 
supposed the extreme parts, of what.was afterwards 
found to be a ring encompassing the body of the 
planet, were attached to it, forming anse, or handles; 
and it was some years after, that Huygens discovered 
the actual conformation of this beautiful telescopic 
object. 


History. 


Irregula- 
rity in the 
orm of 

Saturn. ' 


Galileo also first observed the phases of phases of 
Venus, predicted by Copernicus ; as he did also the Venus, and 


spots on the sun's disc, unless indeed our countryman spots on 
Harriot had the advantage of him, in point of time, in the sun. 


this observation. There are others who contest with 
Galileo for the honour of the important discovery of 


Jupiter's satellites, as Simon Marius, of Brandebourg, 


who asserts, that he observed them in 1609 ; but the 
truth of this seems to rest on no better foundation 
than the mere declaration of the author, in his 
Nuncius Jovialis, anno 1609, detectus, &c. published in 
1614. The spots on the sun were also observed by 
Fabricius and Scheiner ; and it is perhaps doubtful by 
whom they were first seen. 
became well known ir all 
was an object which would naturally claim the regard 
of astronomers, and it is not unlikely these spots 
might be observed by many at nearly the same time. 


' The system of Copernicus, even before these dis- gino den 


coveries, had made considerable progress ; and what 
had now occurred, had rendered the truth of it still 
more certain. Galileo, therefore, in 1615, had the 
courage openly to support it; but it caused him a 
reprimand from the Holy Inquisition ; he was impri- 
soned, but afterwards liberated upon certain conditions 
of silence. Twenty years afterwards, greater advances 
being made in the progress of this science, he again 
ventured to assert his opinion, but still with the same 
effect : he convinced all unprejudiced people ; but the 
holy fathers were not in this class, and he was once 
more obliged to abjure upon his knees his heretical 
doctrine. Such are the fruits of ignorance blended 
with bigotry and superstition. | 

We shall deviate a little in the order of time, in 
order to bring together those discoveries which have 
added to the number of the bodies of the solar system. 
Huygens, therefore, according to this arrangement, is 
the first to claim our attention. This eminent philo- 
sopher, having in 1635 constructed for his own use 
two excellent telescopes, the one of twelve, and the 
other of twenty-fuur feet, discovered a satellite to 
Saturn, which is now the sixth in the order of dis- 
tances, and determined the dimensions of its orbit, 
the duration of its revolution, &c. with an astonishing 
degree of exactness ; but falling into a metaphysical 
error, concerning the number of the bodies of our 
system, he sought to find no more, considering that 
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Astronomy. this one was al] that was wanting to render the whole 
\o-\—— planetary scheme complete. He was drawn, however, 
Discovers to a minute examination of Saturn itself, and was the 
Saturn’s first to announce the actual conformation of it. He 
eae stated, that this planet was encircled by a flat broad 
circular ring, detached from it on all sides, but which, 
according to the position under which it was observed 
from the earth, would assume the several appearances 
of a circle, an ellipse, and a right line ; he never, how- 
ever, observed it under its latter form. He discovered 
that the diameter of the exterior edge of the ring, was 
tu the diameter of the planet as 9 to 4; and that its 
breadth was equal to the space contained between the 
globe and its interior circumference ; results which, 
with some slight modifications, have been confirmed 
by more modern observations. 
Cassini dis- Four other satellites to this planet were discovered 
covers four hy Dominique Cassini: which, in the order of dis- 
oe satel- tances, are now the 3d, 4th, 5th, and 7th; the 5th 
i 1684 and 7th in 1671, and the 4th and 5th in 1684; two 
Hersche! Others have since been added by Sir W. Herschel in 
two others. 1789 ; making in all seven attendant luminaries to this 
remote and otherwise solitary planet. 
Herschel Eight years prior to the above discovery, viz. in 
ee . 1781, Sir W. Herschel had observed a small star, which 
a Sidua after a little attention, he found changed its place ; 
’ having well ascertained this fact, he communicated a 
knowledge of the circumstance to M. Laxel, a cele- 
brated astronomer of the academy of St. Petersburgh, 
who was then in London; the same information was 
also transmitted to other eminent astronomers, who 
observed it with great care, and soon afterwards it was 
announced as a new planet, the most remote in our 
system, circulating about the sun at the astonishing 
distance of nearly eighteen hundred million miles, and 
performing its orbicular revolution in about 80 of our 
years. This new planet was first named by foreign 
astronomers after its observer, the Herschel; but 
Herschel himself, in imitation of Galileo, dedi- 
cated it to his late Majesty, under the name of the 
Georgium Sidus ; both these appellations are, however, 
now nearly become extinct, that of Uranus bein 
almost universally adopted. The same indefatigable 
Discovers observer has since discovered six satellites to this 
six of its planet, which revolve about him under very peculiar 
aatelites: circumstances ; but the particulars must be reserved 
for the proper place in the subsequent treatise. 

In order to complete this part of our historical 
sketch, we must now pass to the beginning of the 19th 
century ; the first day of which is remarkable for the 

Dieses discovery of another new planet, between the orbits of 
newplanets, Mars and Jupiter; this we owe to the observation of 
Ceres, by Piazzi. This planet has received the name of Ceres. 


Piazzi. § Another new planet was discovered by Dr. Olbers, on 
the 28th of March, in the same year, 180), which is 
Ate by called Pallas; its distance and periodic revolution 


being nearly the same as that of the former. A third, 
having likewise nearly the same mean distance, was dis- 
Jano, by covered by M. Harding, at Lilienthal, near Bremen, 
Harding. September the 4th, 1804; anda fourth by Dr. Olbers, 
Vesta, by on the 19th of March, 1807, being the second we 
Olbers. owe to this indefatigable observer. Of these two, the 
former has been named Juno, and the latter Vesta. 

For the elements, and other particulars respecting 
these new planets, we must refer the reader to the 
respective articles in the following treatise. 
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Uniting together these several discoveries, it will History. 
appear, that in less than two centuries, there have —~\—/ 
been added to the known bodies of our system, no 
less than five planets, and seventeen satellites, about 
three times as many as were known at the time of the 
promulgation of our present system by its venerable 
author Copernicus. 

In the paragraphs immediately preceding, we have 
in some degree disregarded the order of time, for the 
purpose of bringing under one point of view those 
discoveries which have increased the number of the 
bodies in the solar system ; we must now, therefore, 
retrace our steps, in order to glance at some other 
facts connected with the history of this science ; but 
the bare enumeration of them is all that our limits 
will allow us to attempt. 

fn 1608, Bayer formed a catalogue of the stars, pee of 
which he published under the title of Uranometria, the Ga 
a highly important and useful work. a.D. 1603. 

Nov. 7, 1631, Gassendi observed the passage of Transit of 
Mercury over the solar disc, agreeably to the predic- ea 
tion of Kepler; and published his account of it in, 5. 1639. 
1632, in a work entitled Mercurius in Sole visus, &c. 

1688. The transit of Venus was observed over the Transit of 
sun by Horrox, a young English astronomer, which Venus. 
is described in his Venus in Sole visus, &c. A.D. 1638, 

These are the two first observations of this kind 
that had ever been made, and much importance was 
in consequence attached to them, although their great 
utility in establishing certain astronomical data was 
not then foreseen. 

In 1638, the sciences had to deplore the loss of Hevelius 
Hevelius, a celebrated astronomer and senator of died. 
Dantzic, to whose indefatigable labours we owe many 4-D- 1638 
valuable observations ; but our limits will not permit 
of our entering into particulars. 

We pass now to that period when the Royal Society Royal So- 
of London, and the Academy of Sciences at Paris, were ity and 
first instituted ,and the observatories of Paris and Green- org Bee 
wich were erected. The advantage of these institutions ; 
to the science of astronomy, is unbounded ; instruments 
of the best kind that could be obtained, were immedi- Royal Ob- 
ately constructed: the members of the two academies servatories 
communicated with each other ; various experiments of London 
were proposed and executed ; and an impulse was °2¢ Paris. 
thus given to science in general, and to astronomy in 
particular, which it would have been in vain to have 
expected from individual perseverance and talent, 
however conspicuous. 

The charter of the Royal Society was granted by 
Charles II. in 1660; that of the Academy of Sciences 
by Louis XIV. in 1666. In 1667, the observatory of 
Paris was erected ; and the first stone of the observa- 
tory of Greenwich, was laid by Flamstead (who was 
appointed astronomer royal) on the 10th of August, English as- 
1675, at the recommendation of Sir Jonas Moore, to tronomers 
whose influence we are indebted even for the institu- royal. 
tion itself. Flamstead continued to fill this situation 
in a manner equally honourable to himself and his 
country, for 43 years ; he was succeeded by Dr. Hal- 
ley, who continued in it for 23 years ; Dr. Bradley 
followed Dr. Halley, and held the office for twenty 
years: Mr. Bliss only remained two years, and was 
followed by Dr. Maskelyne, who died in 1811, after 
holding it for 46 years. 

Never has any appointment beer: more honourab.y 
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Astronomy. filled than that of the astronomer royal of England. 

w= Of the names which we have above enumerated, four 
of them will be handed down to the latest posterity ; 
but we shall only have occasion to refer to Halley and 
Bradley, because we can only nolice the more promi- 
nent features of the history of this science ; and the 
observations and results of the first and last of those 
great men, although of infinite advantage to the at- 
tainment of accurate knowledge, and would therefore 
form an important part in a complete history of 
astronomy, are still not of that striking nature to 
claim more than a general notice in this place. 

Dr. Halley. Dr. Halley, who was equally celebrated as an an- 
nalyst, a geometer, and astronomer, very early dis- 
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cient to startle those who could not expand their History. 
minds to a contemplation of the infinitude of celestial ——,— 
space ; and, accordingly, various, observations were 
made with a view of ascertaining whether or not such 
a parallax had place ; and instruments had now arrived 
at that degree of perfection, that it was thought by 
many eminent astronomers such an effect ought to be 
rendered appreciable. 

The minuteness and accuracy of these observations, 
did, indeed, show a small change in the relative posi- 
tion of some stars, but it was, generally speaking, 
directly contrary to that which ought to result from a 

arallax. This motion the cause of which was un- 
own, was denominated aberration ; and it was this 


which Dr. Bradley undertook to examine, and endea- Pr. Bradley 


‘ explains th 
voured to reduce to a general law. In the prosecution one af mi 


of this design, he found that certain stars appeared to A.D. 1736. 


tinguished himself by a geometrical method of deter- 
mining the apsides, the eccentricities and dimensions 
of the principal planetary orbits ; he afterwards un- 


dertook a voyage to the island of St. Helena, for the 
purpose of forming a catalogue of the stars in the 
southern hemisphere ; he projected the method which 
was afterwards put in practice for observing the tran- 
sit of Venus in 1761 and 1769, for determining the 
of the sun; and predicted the return of a 
comet in 1759, fixing the period of its revolution at 
75 years; this comet, which is the only one whose 
cls orbit is known, and which is expected to reappear in 
*" “1834, bears his name, as an honourable testimony of 
the truth of his prediction, and the profundity of his 
knowledge. Many other valuable works of this 

author we must necessarily pass over. : 
In 1667, a highly important discovery was made by 
. Roemer, a Danish mathematician, at that time resident 
aD. 1667, at Paris. He had long been engaged in making very 
accurate observations on the motion and eclipses of 
Jupiter's satellites; in the course of which he noticed 
that, at certain times, these bodies emerged from the 
shadow of the planet some minutes later, and at 
others, as much before the time given by the most 
accurate tables. By comparing these variations 
with each other, it appeared, that the satellite emer- 
Determines ped too late from the shadow, when the distance be- 
dig tween the earth and Jupiter was the greatest, and too 
soon when that distance was the least ; whence, after 
some conjecture, he hit upon the happy idea, that as 
the apparent emersion happened too late or too soon, 
according as the planet was more remote or nearer to 
us, it must proceed from the time that light employed 
in passing over the difference in the two distances ; in 
fact, that the propagation of light is not instantaneous ; 
but that it requires a certain time to pass from one 
point to another; and submitting his ideas to calcu- 
lation, it appeared, that a luminous ray employs about 
eleven minutes in describing a distance equal to that 
of the earth fromthe sun. This bold idea he commu- 
nicated to the Academy of Sciences on the 16th of 
November, 1667: it has since been confirmed with 
some modification, reducing the time to 74 minutes, 

and has immortalized the name of Roemer. 

Aberration Although the system of Copernicus had now gained 
of the fixed a complete ascendancy, yet many persons were in- 
stars. clined to imagine, that if it were true, some parallax 
ought to be observed in the fixed stars: that these 
bodies should be at such an immense distance, that a 
base of nearly two hundred millions of miles, the diame- 
ter of the earth’s orbit, should not sensibly alter their 
positions, was, it must be allowed, a doctrine suffi- 


have, in the course of a year, a sort of vibration, in 
longitude, without changing their latitude; some 
varied only in latitude, while others, and that the 
greater number, appeared to describe in the heavens, 
in the course of the year, 4 small ellipse, more or 
less elongated. This period of a year to which these 
variations answered, although so different from each 
other, was a certain indication that they were con- 
nected with the annual motion of the earth in its 
orbit about the sun ; and after a time, he fortunately 
perceived the cause of all the irregularities he had 
observed. He attributed the apparent aberration of 
the fixed stars to the combined motion of the earth, 
and that with which light is propagated. 

Roemer had shown that the velocity of light is 
about 10,000 times greater than that of the earth in 
its orbit , therefore, a ray of light issuing from a star, 
will not carry the impression of this star to the eye, 
till after the earth has sensibly changed its place ; and 
consequently, when the eye receives the impression, 
it ought necessarily to refer the object to a different 
point in the heavens to that in which it is actually 
placed, or to that in which it would appear, if the 
earth were at rest. This explanation satisfied every 
doubt on the subject, and amounted to nearly a ma- 
thematical demonstration of the truth of the Coperni- 
can system. 

We owe to this celebrated astronomer, another dis- Nutation of 
covery no less important than the above, viz. the the earth's 
nutation of the earth’s axis. The celestial mechanics **!. 
of our illustrious Newton had shown, that the unequal 
attractions of the sun and moon on the different parts 
of the terrestrial spheroid, ought to produce a varia- 
tion in the position of its axis as referred to the plane 
of the ecliptic. Bradley undertook to examine the 
effect of this motion by means of a long series of deli- 
cate observations, made in those positions of the sun 
and moon most proper to render them manifest. The 
result of his researches were,—l1l. That the axis of 
the earth has a conical motion, by which its extremi- 
ties describe about the pole of the ecliptic, and con- 
trary to the order of the signs, an entire circle in 
25,900 years, or an arc of about 50” annually. This 
explains the cause of the precession of the equinoxes. 

Qdly, That this axis has, with reference to the plane 
of the ecliptic, a libration, by which it inclines about 
18” in the course of one revolution of the nodes, and is 
also made contrary to the order of the signs; after 
which it returns to its first position, inclines again, 
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and so on, in each successive penod of nineteen years. 
Such are the discoveries which render the name of 
Bradley immortal in the history of this science. We 
are also highly indebted to him for numerous other 
important results, to which we shall have occasion to 
refer in the course of the following treatise. 

There still remains one department of practical 
astronomy, which requires to be briefly noticed in 
this sketch, viz. the measurement of the terrestrial 
circumference ; which is important, because the ter- 


restrial radius, in all our actual determination, is the | 


only unit of measure to which we can have recourse, 
in order to reduce the several distances of the heavenly 
bodies to known measures : but as this is also an impor- 
tant datum in the physical branch of astronomy, we 
shall defer the consideration of those measurements, till 
we have to consider it under the latter point of view. 

We have seen in our account of Kepler, that he 
had formed some general ideas of the nature ef uni- 
versal gravity ; but it was too vague to become the 
foundation of any mechanical principle. Dr. Hook, 
an English philosopher of a most extraordinary genius, 
had made a much nearer approximation to a develop- 
ment of this great law of the universe. In one of his 
communications to the Royal Society, May 3d, 1668, 
he expressed himself as follows :—‘‘ I will explain a 
a system of the world very different from any yet 
received. It is founded on the three following posi- 
tions : 

‘© 1, That all the heavenly bodies have not only a 
gravitation of their parts to their own proper centres, 
but that they also mutually attract each other within 
their spheres of action. 

‘© 2, That all bodies having a simple motion will 
continue to move in astraight line, unless continually 
deflected from it by some extraneous force, causing 
them to describe a circle, an ellipse, or some other 
curve. 

“3. That this extraction is so much the greater as 
the bodies are nearer. As to the proportion in which 
those forces diminish by an increase of distance, I own 
I have not yet discovered it, although I have made 
some experiments to this purpose. I leave this to 
others who have time and knowledge sufficient for the 
task.” 

This is a very precise enunciation of a proper phi- 
losophical theory. The phenomenon of the change 
of motion, is considered as the mark and measure 
of a change of force, and his audience is referred to 
experience for the nature of this force: he having 
before exhibited to the society a very neat experi- 
ment, contrived to shew the nature of it. A ball, 
suspended by a long thread from the ceiling, was 
made to swing round another ball, laid on a table 
immediately below the point of suspension. When 
the impulse given to the pendulum was nicely adjusted 
to its deviation from the perpendicular, it described a 
perfect circle round the ball on the table; but when 
the impulse was very great, or very small, it described 
an ellipse, having the other ball in its centre. 

Hook shewed that this was the operation of a 
deflecting force proportioned to the distance from the 


other ball; and he added, that although this illustrated 


the planetary motions in some degree, yet it was not 
suitable to their case ; for the planets describe ellipses, 
having the sun, not in their centre, but in their focus. 
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Therefore, they are not retained by a force proportional Histary. 
to the distance from the sun. — 

The exalted genius of Newton can suffer no diminu- 
tion by the enumeration of the above opinions ; for 
though the idea of such a principle as gravitation was 
notsuggested first by Newton, yet so very obscure were 
the notions of even the most enlightened philosophers 
on this subject, that it had never been successfully 
applied to the explanation of a single astronomical 
phenomenon. 

The important discovery of the law of universal Newton's 

gravitation is so intimately connected with the history discoveries, 
of philosophical science, that every circumstance re- 4-)- 1606, 
lating to it has been recorded with the greatest care. 
Dr. Pemberton relates, that Newton, in the year 1666, 
having retired from Cambridge to the country on 
account of the plague, was led to meditate on the 
probable cause of the planetary motions, and upon the 
nature of that central force which retained them in 
their orbits ; when it occurred to him, that the same 
force, or some modification of the same force, which 
caused a heavy body with us to -descend to the earth, 
might likewise retain the moon in her orbit, by causing 
a constant deflection from her rectilinear path. But 
before this could be submitted to the test of computa- 
tion, it was necessary that some hypothesis should be 
formed relative to the modification of its action with 
respect to distance ; and probably, that which has 
actually place, namely, that it is reciprocally as the 
square of the distance, almost immediately suggested 
itself to his mind, as being observed in all kinds of 
emanations with which we are acquainted. 

When Newton first attempted to verify this con- 
jecture, the requisite data with regard to the distance 
of the moon in terrestrial radii, and the measure of the 
radius itself were but imperfectly known; the result 
therefore which he obtained, though nearly, did not 
accurately agree with observed phenomena ; and he in 
consequence abandoned his theory as untenable: a 
remarkable instance of the cool and dispassionate 
frame of mind which this great philosopher observed, 
even at the moment when he flattered himself with the 
idea of having discovered one of the most important 
secrets of nature. 

Sometime afterwards, however, he was induced to 
renew his calculations; as, in the interval, more 
correct data had been obtained by the measurement of 
Picard, in France. This attempt succeeded ; and he 
is stated to have been extremely agitated towards the 
conclusion of his calculation. Whether this were the 
case or not we cannot attempt to settle: at all events, 

a moment of greater interest will never be recorded in 
the annals of science. 

Let us briefly illustrate the nature of the calcula- Principles 
tion to which we have referred. Our author having of calcula 
established as a datum, that the distance of the moon “°”’ 
from the earth, was about 60 semi-diameters of the 
latter, that is, GO times as far from the earth’s centre 
as a heavy body placed at its surface; and assuming 
the power of gravity to decrease inversely as the square 
of the distance, it would follow, that at the moon, this 
force would only be one 3600th part of what it is at 
the surface of the earth ; and, consequently, the space 
passed over by a body at this distance, when submitted 
to the terrestrial gravitation, would be only yz155 of 
that which is actually described here; or since the 
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astronomy. Spaces are as the squares of the times, and the force 
~w~—w/ inversely as the square of the distance; the moon 


ought to fall towards the earth through the same 
space in a minute, as a heavy body here describes in a 
second, viz. about 16, feet. 

Hence it follows, supposing the moon to be retained 
in her orbit by this force, that her deflection fiom the 
tangent to her orbit at any point, ought to be 16-083 
feet in one minute, or +553? in onesecond. Now the 
distance of the moon from the earth in semi-diameters 
being known, and the radius of the earth itself being 
supposed determined by actual measurement of ter- 
restrial arcs, as also the exact time of one lunar 
revolution; it would be very easy to find the circum- 
ference of the lunar orbit, and the measure of the arc 
which the moon describes in one second, whence again 
the versed sine of that arc, or the difference between 
the secant and radius, which is nearly the same thing, 
may also readily be obtained in feet; and this, as 
above observed, ought to be '$,352. This measure 
Newton verified by his calculation, and thus esta- 
blished this most important law with regard to the 
earth and moon, which was afterwards readily extended 
to the whole planetary system. ; 

Several years before this discovery of Newton's, 
Huygens had given in thirteen propositions the pro- 
perties of centrifugal and centripetal forces in a circle; 
but he did not think of applying his theory to the 
motion of the earth on its axis, and to the moon about 
the earth ; had he done this, it is highly probable he 
would have arrived at the same conclusion as Newton ; 


this grand step in his process was, however, wanting, - 


and the entire honour of the discovery justly devolved 
upon our illustrious countryman. 

In order to extend the same principles to the other 
planetary motions, Newton was led to consider, that 
when two bodies act on each other by attraction, the 
action is reciprocal ; moreover, that the attraction of 
each body is equal to the sum of the attraction of all 
its parts, and therefore proportional tothe mass ; con- 
sequently, some other data were requisite for demon- 
strating that the whole system was regulated by this 
one general principle ;—the motion of the moon 
appertaining only to the earth, while the earth and all 
the other planets revolved about the sun. 

Newton demonstrated, generally, that if a body 
projected into space be continually turned from its 
direction, by any force which urges it towards a fixed 
centre, and which causes it to describe a curve, the 
areas of the sectors comprised between the arc of the 
curve and the right lines joining the body and fixed 
centre, are proportional to the times of description, 
and vice versa, if the areas are proportional to the 
times the revolving body is necessarily urged towards 
a fixed centre. Now the primary planets observe this 
law in revolving about the sun; therefore regarding 
this body as fixed, it follows, that each planet is con- 
tinually attracted towards the sun as a centre. But 
from this condition alone he would have been able to 
determine nothing respecting the nature of this force. 
Kepler, however, furnished the law necessary for this 
determination ; for if to the condition of equal areas 
being described in equal times, we add the other con- 
dition, that the orbit is an ellipse, then it will 
follow, as demonstrated by Newton, that the force 
must vary reciprocally as the square of the distance. 

von. II. 
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Still, however, this only proved that the law obtained 
for each planet individually in different parts of its 
orbit, and it still remained to be shown that the same 
had place for every planet in the system; viz. that 
each was attracted by a force which was reciprocally 
as the square of its respective distance. Here again 
another datum of Kepler’s was of the highest import- 
ance ; he had shown that the squares of the periodic 
times were as the cubes of the distances; and this 
was sufficient for demonstrating the universality of the 
law in question ; namely, that every material particle 
in nature attracts with a force proportional to its mass, 
and reciprocally as the square of its distance from the 
body on which it acts. It is this law which regulates 
all the planetary motions, and to which we must have 
recourse for explaining any irregularities observable 
in them. 

Our planetary world is compounded of different 
syste:as: thus the sun and the primary planets may 
be considered as one system, the earth and moon as 
another, Jupiter and his satellites as a third, and so on; 
and it will be necessary to distinguish between these, 
when we are comparing the motions of bodies in one 
of those systems with those in another ; the mass of 
the central body being a necessary datum in deter- 
mining the actual motion of the circulating body ; 
and conversely, the motion of two or more revolving 
bodies being known, the masses of the attracting 
bodies may be determined. It was thus Newton 
found, that, denoting the mass of the sun by unity, 
that of Jupiter would be expressed by the fraction 
royy, Saturn by ysyr, and the earth by repver. 

We cannot follow Newton through the numerous 
inferences, calculations, and deductions, which re- 
sulted from this universal law; it will be sufficient to 
observe, that it accounted for the flux and reflux of 
the tides, the nutation of the earth’s axis, the preces- 
sion of the equinoxes, the spheroidal figure of the 
earth, and various irregular motions in the planetary 
system ; but some of these have been illustrated and 
submitted to calculations within the last few years, 
in a manner more exact and conclusive than in the 
time of our author. Analysis has taken a much 
greater , and every advance that it has made, 
has furnished some further confirmation of the truth 
and generality of the great law of universal gravitation. 

If there were but two bodies in our system, as, for 
example,—the sun and earth ; or but three,—the sun, 
earth, and moon, the determination of their actual 
and disturbing forces on each other would be compa- 
ratively a problem of easy solution; but when we 
consider the influence of several bodies, whose posi- 
tion with respect to each other is perpetually chang- 
ing, and then endeavour to estimate their effects on 
any one in particular, we shall find the question 
involved in the greatest perplexity, and apparently far 
beyond the reach of human intellect to comprehend ; 
yet such has been the progress of analysis within the 
last half century in the hands of D Alembert, Euler, 

» La Place, and some others, that not a 
single phenomenon now remains, nor the smallest 
irregularity in the motions of the principal bodies of 
our system, that is not accounted for; its amount 
computed, and its origin traced to that law which it is 
the glory of Newton to have first discovered. 

As these subjects must necessarily come before us 
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Astronomy. in our treatise on physical astronomy, we shall not 
\~ we’ detain the reader with the nature of the particular 
solutions and investigations of the authors above 
alluded to; but shall pass on to the only remaining 
topic—the figure and magnitude of the earth. 
Magnitude We have seen that this problem had been attempted 
and figure by Eratosthenes, and again by the Arabian mathemati- 
of theearth. cian Almamon, but we know very little of their deter- 
minations; we may however easily imagine, knowing 
how great the difficulty of the operation is, even with 
the most perfect instruments, that their approximations 
must necessarily have been very remote from the 
. truth ; and probably the early attempts of this kind 
‘ in Europe were not attended with much better success. 
We shall briefly notice those which seem to be of 
the greatest importance. 
NDifferent In 1525, M. Fernelius measured a degree of the 
measures. meridian northward from Paris, which he made 
68°7634 English miles. Snellius, professor of mathe- 
matics at Leyden, and our countryman, Norwood, 
measured each of them a meridional degree; the 
former in Holland in 1620, and the latter in England 
between London and York, in 1635. Snellius’ mea- 
sure, when reduced to English miles, is 66°91; and 
that of Norwood 69°545 miles. In 1644, Riccioli also 
undertook a similar task, and performed it according 
to three different measures, between mount Parderno 
and the tower of Modena in Italy, and obtained a 
mean length of 75066 English miles to a degree. 
These results differed too much from each other to 
inspire the least confidence in any of them, and conse- 
quently nothing could thence be deduced respecting the 
figure of the earth ; nor was this indeed, at that time, 
suspected to be any other than a perfect sphere, abstract- 
ing from the irregularities on its surface. But after the 
construction of the telescope had received consider- 
able improvement, and when observations had been 
reduced to greater nicety, it was found that the planet 
Jupiter was considerably flattened at his poles; and 
the pendulum experiment of Richer, 1671, had shown 
that there was a difference in the action of gravity at 
the equator and in the latitude of Paris ; and these two 
circumstances probably first suggested to Huygens 
that the earth was not spherical; and its rotatory 
motion about its axis naturally led him to conclude 
that it was flattened at its poles ; from the combination 
of its centrifugal force with that of gravity, he calcu- 
Determined lated that its polar axes were to its equatorial diameter 
by oe as 578 to 579. But as he regarded all the power of 
wens, >) tetrestrial attraction to be collected in the centre of 
~ the earth only, his solution was obviously defective ; 
and Newton soon after undertook the same determi- 
nation, on more correct principles, by supposing every 
particle in the whole mass to have a reciprocal attrac- 
tion towards all the others; from which he found 
the figure to be an ellipsoid, having its polar and 
equatorial diameters to each other at 229 to 230. 
Determined In this state the question remained for many years, 
hy practical till M. Picard undertook the measurement of a degree 
vcts. 28 France, in 1669, which was afterwards revised by 
ae Cassini in 1718; the result of which tended to show, 
that the earth was not an oblate but a prolate sphe- 
roid. Picard obtained for the length of a degree 
68'945 English miles, and Cassini 69°119; whereas 
the latter, being the most southern, ought to have 
been the shortest. A circumstance so unexpected as 


Figure of 
the earth. 


several degrees of latitude. 
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this, naturally produced a great curiosity, and a con- Aistorv. 
siderable degree of inquiry and controversy between ==—~,—— 
the astronomers and mathematicians of that period ; 

and the French government, at the recommendation 

of the Academy of Sciences, in 1735, sent out two 
companies of mathematicians to determine the point 

in question, by measuring two degrees, one at the 
equator, and the other in as high a northern latitude 

as possible. Accordingly, MM. Godin, Bouguer, and 
Condamine, from France, with Dons Juan and Ulloa, 

from Spain, proceeded to Peru; while Maupertuis, 
Clairaut, Camus, La Monnier, &c. accompanied b 

Celsus, a Swedish astronomer, proceeded to Lapland. 

After experiencing many unforeseen difficulties and 
delays, both parties accomplished the object of their 
missions, and returned to France; those from Lap- 
land in 1737, and the other division in 1744. The 
former made the length of their degree, the middle 
point of which was in latitude 66° 20’, equal to 69°408 
English miles; while at the equator the length, as 
determined by the other party, was found to be 68°724 
English miles, taking the mean of three different 
results, deduced from the same operation. In the 
interval between the outfitting of the above expedi- 
tions, and the publication of their results, the degrees 
of Picard and Cassini were examined, recomputed, 
and found now to be, the first, whose middle point 
was in latitude 49° 22’, 69°121 English miles, and 
other 69°'092 miles, its middle point being 45°. 

The results therefore of all these measures confirmed Oblate f- 
the earth to be an oblate spheroid ; but as they were gure esta- 
compared together in pairs, they gave very different blished 
degrees of ellipticity ; nor has all the accuracy that 
has since been introduced into these operations been 
sufficient to establish this point. Colonel Mudge in 
England, has measured an arc extending from the sou- 
thernmost point in the kingdom to the northernmost 
of the Shetland islands; and Messrs. Delambre, Ellipticity 
Mechain, Biot, Arago, &c. have carried another still. uncer- 
from Dunkirk to Fomentara, one of the Balearic isles. in 
It is perhaps never to be expected that greater 
accuracy can be introduced into any operations, nor to 
see greater talents employed in conducting them, 
than in the cases to which we have last referred ; and 
yet these two measures, compared with each other, in 
different portions, give very different ellipticities ; 
different parts of the same arcs give very discordant re- 
sults ; even some of those of the lish survey, are 
such as to lead again to the idea of the prolate figure 
of the earth. What are we then to conclude from the 
whole of these deductions, but that the irregularities of 
local attraction, or some other causes which we can- 
not discover, produce a certain influence or disturbing 
power, which renders useless the comparisons of small 
arcs, and that those results only can be depended upon 
that are drawn from measurements that extend through apa — 
Adopting this principle, ™ = 
we may state, that the mean length of a degree in the 
latitude 45° is 68°769 English miles, and that the 
ellipticity of the earth is between 53 and s+,. 

One other point still requires to be alluded to before 
we conclude our history. It was observed by Bou- 
guer, in his operations in Peru, that the high moun- 
tains in some parts of that country, very sensibly 
disturbed the verticality of his plumb-line ; that is, 
the lateral attraction drew the line out of its per- 
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4.tronemy. pendicular direction, a certain quantity which he 
determined. This suggested to the Royal Society 
the idea of employing this deflection, in order to as- 
ty of certain the actual density of the earth as compared 
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§ IL. Introduction —Containing a popular view and illus- 
tration of the most remarkable phenomena of the hea- 


the earth. 


with water, or any other kuown substance. In order 
to this, it was necessary to select some isolated moun- 
tain, whose density and magnitude might be ascer- 
tained : when by observing how much a pendulum or 
plumb-line was deflected on opposite sides of it, at 
given distances, the proportional forces between the 
earth and mountain would become known, and hence 
from the established laws of attractions, the relative 
masses of the two bodies would be determined, and 
hence the density of the earth, its magnitude being 
supposed already ascertained. 

The mountain selected for this purpose was Sche- 
hallian, in Scotland, and Dr. Maskelyne, in 1742, was 
requested to direct the operations. The mean height 
of Schehallian above the surrounding valley is about 
2000 feet, and its direction is nearly east and west. 
Two stations were chosen for observation, one on the 
north, and the other on the south side of the moun- 
tain. Every circumstance that could contribute to 
the accuracy of the experiment, was attended to with 
particular care; and from the observations on ten 
stars near the zenith, Dr. Maskelyne found the appa- 
rent difference of the latitudes of the stations to be 54’ 
6”: and from a measurement by triangles from the 
two bases, on different sides, he found the actual dif- 
ference of their parallels to be 4364 feet, which, in the 
latitude of Schehallian, 56° 40’, answers to an arc of 
the meridian of 43’, which is less, by 11’ 6”, than that 
found by the sector. These data being submitted to the 
calculation indicated above, a task which was performed 
by Dr. Hutton, it appeared that the density of the whole 
mass of the earth as compared with water, was nearly 
in the ratio of 44 to 1. Phil. Trans. vol. 65, and vol. 68 ; 
but from more accurate observations on the geology 
of this mountain by Playfair, it appears that there was, 
in the first instance, some error in assuming its den- 
sity ; and the corresponding reduction being made in 
Dr. Hutton's determination, gives the density of the 
earth 4:95, that of water being 1 ; which more nearly 
agrees with the determination of Mr. Cavendish, who 
on other principles, which are explained in the Phil. 


vens. 


1. General remarks. 


1. Astronomy differs very essentially from all other 
mathematical sciences, with regard to the connection 
of its propositions, and the force of its demonstrations. 
In geometry, for example, after the requisite defini- 
tions have been laid down, and certain axioms and 
postulates granted, the reader finds no farther claims 
made upon him for the admission of this or that hypo- 
thesis; he judges for himself at every step; and 
every step furnishes him with some new truth, as cer- 
tain and incontestable as his own existence. So also, 
in theoretical mechanics: our investigations, if they 
do not always preserve the same concatenation, 
as in geometry, furnish an equal conviction to the 
mind of the reader, because he is never required to 
give his assent to a proposition, till the means are 
prepared to rest its demonstration upon something 
previously established. 

In astronomy, on the contrary, a student is called 
upon for the admission of an hypothesis which is con- 
trary to the evidence of his senses. While he and 
every thing about him are in a state of apparent 
permanent rest, he must admit that they are moving 
with an inconceivable velocity; and on the other 
hand, that those bodies, which, judging from his senses 
only, he supposes to be in rapid motion, are actually 


_at rest; moreover, he must wait till the whole chain 


of reasoning is established before he will be able to 
judge, and to be convinced of the truth of the hypo- 
thesis which he has previously admitted. He will 
then at least feel this conviction, viz. if the law of 
gravitation, and the constitution of the solar system 
were such as he has assamed, that every phenomenon, 
the most important as well as the most minute, would 
happen exactly in the same manner as they actually 
do ; and hence, he will be able to judge of the high 
degree of probability, that the supposition he has 
made is strictly and positively correct. 


Introduc- 


tion. 


To mention a few of the most prominent facts, we pacts on 
may observe, that the law of gravitation, and the hy- which the 
pothesis of the earth’s rotation on its axis, render it truth of the 


Trans. for 1798, makes it 5°48.* 
We have now given, it is presumed, a sketch of all 


the more prominent points connected with the history 
of astronomy ; much highly important matter is, we 
are aware, also either wholly passed over, or very 
slightly alluded to; but to have noticed all the cir- 
cumstances worthy of record would have carried us 
far beyond our proposed limits; moreover, many of 
the minutiz we shall have occasion to refer to in our 
illustration of the various topics in the following 
treatise ; where we shall also take the opportunity of 
introducing the titles of some of the more important 
and useful works on this subject, and to which we 
would refer our readers for the attainment of a perfect 
knowledge of the ancient and present state of astro- 
nomical science. 





* In the last volume of the Phil. Trans. Dr. Hutton has given a 
paper on this subject, pointing out certain errors of calculation in 
Mr. Cavendish’s Memoir; and which, when corrected, make the 
poe moore approximative to the last determination of this vener- 

i tei 


highly probable, that the terrestrial globe is nota 
perfect sphere, but an oblate spheroid ; and the va- 
rious geodetic operations that have been carried on in 
different countries, leave no longer any doubt that 
such is its actual figure. Again, the same hypothesés 
indicate, that the intensity of gravity ought to be 
different in different latitudes ; not merely in conse- 
quence of the figure of the earth, but on account of 
the difference in the centrifugal force in different 
latitudes ; and therefore, that the seconds pendulum 
ought to be longer at or near the poles, than at the 
equator; and that such is truly the case, has been 
demonstrated by various experiments. The aberra- 
tion of the stars, the nutation of the earth’s axis ; the 
precession of the equinoxes : phenomena, whose exist- 
ence have been ascertained by observation are inex- 
plicable upon any other supposition ; and to this we 
may add, that of all the minute inequalities which the 
accuracy of modern instruments, and a corresponding 
3T2 


modern as- 
tronomy is 


founded. 


Sketch of 
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Astronomy. delicacy of observation have rendered appreciable in 
\= we the motion of the planetary bodies, there is not one 


of them but what is immediately shown to be the ne- 
cessary consequence of the law of universal gravitation, 
and the assumed constitution of the solar system. 
These facts, and many others which we might have 
advanced, if they do not amount to actual demonstra- 
tion, necessarily involve in them such a high degree 
of probability as falls very little short of it; leaving 
on the mind a conviction little inferior to that which 
we derive from absolute certainty. 
_ This conviction, however, as we have before ob- 
served, cannot be felt till the entire chain of reasoning 
has been established ; till this is effected, same doubt 
may be allowed to remain on the mind of the student ; 
he will, it is true, as he advances, find greater and 
more substantial reasons for admitting the truth of 
his hypothesis, but he will not feel complete satisfac- 
tion till he is able to compare and weigh the whole. 
2. In the following sketch, therefore, which we have 


thearrange- given of the constitution of the solar system, we do 
inent of the not require the implicit assent of the reader; we 


several 
jects. 


wish him only to consider what we have stated, as 
the enunciation of a proposition, or of a chain of 
propositions, of which we shall endeavour, step by 
step, to demonstrate the truth ; nor shall we attempt, 
in the first instance, to give the particulars with the 
utmost nicety ; because this is unnecessary, where 
we wish simply to indicate a general view of the 
planetary motions; but in the subsequent part of our 
treatise, we shall exhibit only the most modern and 
authentic results. We shall enter upon our subject, 
on the supposition that our reader is wholly una- 
quainted with even the first principles of the science, 
and therefore that he requires an explanation of every 
phenomenon. This explanation we propose to render 
in the frst instance merely popular, viz. without at- 
tempting any but the most simple computations ; for 
example, we shall first illustrate the most remarkable 
celestial phenomena, the changes of season, the alter- 
nation of night and day, the phases of the moon and 
planets, the general principles of eclipses, &c. &c. 
Having thus indicated to the student, the first prin- 
ciples of the science, and given him a concise view of 
what we propose to establish ; we shall then describe 
to him the circles of the sphere, the construction of 
some of the most indispensable astronomical instru- 
ments, introduce him to the observatory, and point 
out to him the nature of the observations that are 
necessary as the groundwork of his computations. 
These observations, however, will stand in need of 
certain corrections, the cause and quantity of which 
he must therefore be next instructed in; after which, 
he will find no difficulty in following us through the 
remaining part of this division of our subject. 

Having said thus much with reference to the plan 
we propose to follow in this treatise, we shall begin 
by exhibiting a brief description of the ‘stars, and of 
the constellations into which they have been divided. 


2. Of the fixed stars. 


Ofthe fixed 3. It is impossible to conceive a more magnificent 


stars. 


spectacle, nor one more worthy of the contemplation 
of an intelligent being, than that which is presented 
to our view by the starry firmament in an unclouded 
sky ; afew hours after the setting of the sun. We 


then observe innumerable brilliant points spread in Piane 
every direction over the azure canopy of the heavens ; Astronomy. 
various in magnitude and lustre ; differently disposed ~~" 
with regard to each other, and arranged in groups 

to which the imagination will readily attribute nume- 

rous ideal forms and characters. 

If this scene be attentively observed for some suc- 
cessive ee it will be perceived that the greater 
number of those bodies preserve constantly the same 
relative position with regard to each other; to these 
therefore has been given the name of fired stars. 

Others of them are perpetually changing their places, 
varying in their lustre, and apparently traversing dif- 
ferent circles of the celestial space ; these are, there- 
fore denominated, wandering stars or planets ; while a 
third class, much more rare in their appearance, and 
totally distinct from all others in their figure and 
motion, are sometimes observed, surrounded by a 
faint sphere of light, and followed by a like luminous 
train, which at times extend over a considerable are 
of the celestial vault. This sphere of light, from its 
supposed resemblance to hair, has given to these 
celestial visitants the name of comets. These three 
classes of bodies will form the subject of distinct 
chapters in thecourse of this treatise ; at present our 
business is to take a popular view of the fixed stars, 
in order to illustrate the important uses to which they 
are applied, both in practical and physical astronomy. 

4. One of the first objects of a student in this science pivisionsof 
should be to make himself acquainted with the names the starsin- 
and situations of the most conspicuous stars and con- 0 constel 
stellations; the latter being a term used to denote lations. 
those groups of stars which are supposed to have 
some resemblance in their form to the animal or other 
objects, whose names they bear. The division of the 
stars into cunstellations is of very remote antiquity ; 
and though it may be useless, and sometimes even 
inconvenient, for the purpose of minute observation ; 
yet for a general recollection of the great features of 
the heavens, these arbitrary names and associations 
cannot but greatly assist the memory. It is also 
usual to describe particular stars by their situation 
with respect to the imaginary figure, to which they 
belong, as Spica Virginis, Cor Hydra, &c. or more 
commonly at present, by the letters of the Greek 
alphabet, which were first applied by Bayer in 1608, 
and in addition to these by the Roman letters, and by 
the numbers of particular catalogues. 

5. The stars are again divided into different classes or Apparent 
magnitudes, according to the degrees of their apparent magnitudes. 
brightness. ‘The largest or most vivid of which, are 
said to be of the first magnitude ; the next in order of 
brightness of the second, and so on to the sixth, which 
latter class includes all those that are barely percep- 
tible to the naked eye; all of a smaller kind, are 
generally called telescopic stars, being invisible without 
the assistance of the telescope. 

In order to become familiar with the names and Method of 
positions of the principal stars and constellations, the ®quiring a 
student must place himself in an open situation, where Se. 
he can observe the whole of the celestial hemisphere ; 
he will then perceive, after an attentive observation of 
their motion, that certain of the stars exposed to his 
view, will, after attaining their greatest altitude, de- 
cline and sink below the horizon ; others will attain 
to the meridian, descend again, but will not sink 
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right angle towards the milky way, reaches Aldeba- Plane 
ran, or the bull's eye, and the shoulder of Orion, who Astronomy. 
is known by his belt, consisting of three stars placed —~—— 


Astronomy. below the horizon ; and by directing his view with 
“~~” attention towards that part of the heavens where this 
occurs, he will perceive some few stars, and one in 





Different 


particular, which have no perceptible motion: this 
latter is called the pole star, because it is about an 
axis passing very near to this, that the apparent 
motion of the heavens takes place. The place of this 
star referred to the horizon is called the north, the 
Opposite point the south, that to the right hand the 
east, and to the left the west. 

6. There are two principal modes of representing 


methods Of the stars; the one by delineating them on a globe, 


rag the 
stars. 


Their con- 
nections, 
&e. 


where each star occupies the spot in which it would 


appear to an eye placed in the centre of the globe, 


and where the situations are reversed when we look 
down upon them; the other mode is by a chart, 
where the stars are generally so arranged as to repre- 
sent them in positions similar to their natural ones, 
or as they would appear on the internal concave sur- 
face of the globe. 

In acquiring a knowledge of the particular stars, it 
will be most convenient to begin with such as never 
set in our climates ; after which, we may readily refer 
the situations of others to their position with respect 
to these. 

7. The Great Bear is the most conspicuous of the 
constellations, which never set in our latitude; it 
consists of seven principal stars, placed like the 
four wheels of a waggon, and its three horses, 
except that the horses are fixed to one of the wheels. 
The hind wheels are called the pointers, because they 
direct us to the pole star, in the extremity of the 
tail of the Little Bear ; and further on to the con- 
stellation Cassiopeia, which is situated in the milky 
way (See Plate I. Astronomy,) which consists of 
several stars nearly in the form of the letter W; or 
we may easily imagine them to represent a chair; 
whence these few in particular form what is more 
commonly called Cassiopeia's Chair. 

The two northernmost wheels of the Great Bear, 
or Wain, point at the bright star Capella, in 
Auriga. Descending along the milky way from 
Cassiopeia, if we go towards Capella, we come to 
Algenib, in Perseus, and a little further from the 
pole Algol, or Medusa’s Head; but if we take the 
opposite direction, we arrive at Cygnus, the Swan, 
and beyond it, a little out of the milky way, is the 
bright star Lyra. The Dragon consists of a chain 
of stars, partly surrounding the Little Bear; and 
between Cassiopeia and the Swan, is the constellation 

heus. 

Near Algenib, and pointing directly towards it, are 
two stars of Andromeda, and a third is a little beyond 
them. A line drawn through the Great Bear and 
Capella, passes to the Pleiades, and then turning at.a 


in the middle of a quadrangle. Aldebaran, the Plei- 
ades, and Algol, make the upper end, Menkar, or the 
whale’s jaw, with Aries, the lower point of a W. In 
Aries we observe two principal stars, one of them 
with a smaller attendant. 

A line from the pole, midway between the Great 
Bear and Capella, passes to Gemini, the twins, and to 
Procyon; and then in order to reach Sirius, it must 
bend across the milky way. Algol and the Twins 
point at Regulus, the lion’s heart, which is situated at 
one end of an arch, with Denabola at the other end. 

The pole star, and the middle horse of the wain, 
direct us to Spica Virginis, considerably distant: the 
pole and the first horse, nearly to Arcturus in the 
waggoner, or Bootes. Much further southward, and 
towards the milky way, is Antares in the Scorpion ; 
forming, with Arcturus and Spica, a triangle, within 
which are the two stars of Libra. The northern 
crown is nearly in a line between Lyra and Arcturus ; 
and the heads of Hercules and Serpentarjus are be- 
tween Lyra and Scorpio. In the milky way, below 
the part nearest to Lyra, and on a line drawn from 
Arcturus, through the head of Hercules, is Aquila, 
making, with Lyra and Cygnus, a conspicuous tri- 
angle. The last of the three principal stars in Andro- 
meda, make, with three of Pegasus, a square, of which 
one of the sides points to Fomalhaut, situated at a 
considerable distance in the southern fish, and in the 
vicinity of the whale, which has been already mention- 
ed. By means of these supposititious lines, all the prin- 
cipal stars that are ever visible in our climates may be 
easily recognised. Of those which never rise above 
the horizon, there are several of the first magnitude ; 
Canopus in the ship Argo, and Achernar in the river 
Eridanus, are the most brilliant of them ; the feet of 
the Centaur, and the Crosier are the next; and, 
according to Humboldt’s observations, some others 
perhaps: may require to be admitted into the same 
class. See Prater II. 

The constellations to which we have above referred, 
are divided into three principal classes ; those on the 
northern side of the equator are called northern con- 
stellations, and those on the opposite, southern con- 
stellations ; while those which are situated in that 
part of the concave hemisphere where the principal 
planets and other bodies of our system are observed 
to move, forming a zone, which crosses the equator 
in two points, are called zodiacal constellations. The 
names of these, with the number of stars belong- 
ing to each, in four of the principal catalogues; the 
names of the principal stars; and the characters of 
the zodiacal constellations, are as follow :— 
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‘VABLE OF THE CONSTELLATIONS. 


























Lodiacal. 

5 
onchanciat Names and Characters of the Constellations. Number of Stars in different Catalogucs. Principal Stars. een 
—— 

SN ee re ee ee et jer’ 
Ptolemy. Tycho. Hevelius. | Flamstead. May’. 
Aries ...... ry the Ram.......... 1s Q1 Q7 66 
Taurus...... t the Bull .......... 44 48 5] 141 Aldebaran ...... 1 
Gemini...... W the Twins ........ 25 Q5 33 85 Castor and Pollux | 1~2 
Cancer...... o the Crab.......... 13 15 29 83 
DRO sieisantices Q the Lion, with Coma 
Berenices...... 35 30 49 95 Regulus Mucdeneens 1 
Virgo ...... mp the Virgin ........ 32 33 50 110 = {Spica Virginia ..| 1 
Libra ...... m the Scales ........ 17 10 20 51 Zubenich Meli ../ 2 
Scorpio - m the Scorpion ...... 24 10 20 44 Antares ....... ‘. ] 
Sagittarius .. f the Archer ........ 31 14 22 69 
Capricornus.. yp the Goart.......... 28 23 29 51 
Aquarius vw the Water Bearer .. 45 41 47 108 Scheat ........ s 
Pisces ...... }% the Fishes ........ 38 36 39 113 
Northern Constellations. 
Names of the Constellations. Numoer of Stars in different Catalogues. Principal Stars. 
Ptolemy. Tycho. Hevelius. | Flamstead. Mag 

Ursa Minor, the Little Bear.......... 8 7 12 24  |Pole-star...... ‘| 2 
Ursa Major, the Great Bear .......... 35 29 73 87 Dubhe.......... 1 
Perseus .......... cc cece ce ce cceces 99 29 46 59 «| Algenib ........ 2 
oe the Waggoner .............. 14 y 40 66 |Capella.......... 1 
BOOtes ss 3 9s iawn cea tua dedews 23 18 52 54 [Arcturus ........ 1 
Draco, the Dragon. .........-.5-e00- 31 32 40 80 Rastaber ........ £ 
Cepheus 4i2 i c-caee sei eet ct thades 13 4 51 35 Alderamin ...... < 
* Canes Venatici, viz. Asterion et Chara, 

the Greyhounds .................. ee “te 23 25 
*Cor Caroli ........ 0. cece cece cece ie a% at 3 
Triangulum, the Triangle............ 4 4 12 16 
* Triangulum Minus ................ ee os oe 10 
PM INIMSCE: Serie se Sinte dae eid ose oyna ales ae is as 6 
WBN 5 Session silane at swear si: es 19 44 
* Leo Minor, the Little Lion ........ as a se 53 
* Coma Berenices, Berenice's Hair .... as 14 21 43 
* Camelopardalus ...............02- ‘a a 32 58 
* Mons Menelaus ...............00. e wile - li 
Corona Borealis, the Northern Crown. . 8 8 8 21 
Serpens, the Serpent ................ 13 13 22 64 
* Scutum Sobieski, Sobieski's Shield . . a ae 7 8 
Hercules, cum Ramo et Cerbero 
Hercules, since called Engonasia...... 29 28 45 113 |Ras Algiatha ....| 8 
Serpentarius, sive Ophiuchus.......... 29 15 40 74 |Ras Alhagus ... 3 
* Taurus Poniatowski ............ ‘a se ane a 7 
Lyra, the Harp ................ 10 ll 17 22 |Vega ..........] 1 
*Vulpeculus et Anser, the Fox and Goose] .. Pe 27 37 
Sagitta, the Arrow ................... 5 5 5 18 
Aquila, the Eagle, with Antinous...... ne 12—3 | 23—19 71 Altair ..... eaarwe 1 
Delphinus, the Dolphin.............. 10 10 14 18 
Cygnus, the Swan .................. 19 18 47 81 Deneb Adige ....] 1 
Cassiopeia, the Lady in her Chair...... 18 26 37 55 
Equulus, the Horse's Head .......... 4 4 6 10 | 
* Lacerta, the Lizard................ ote vie 5 16 ‘ 
Pegasus, the Flying Horse .......... 20 19 38 s9  |Markab ........| 2 
ANGrOMeCUG: «:oe20e sc catencaeee aman 23 23 47 66 |Almaac ........ 1 2 








Those constellations distinguished * are new constellations. 
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Southern Constellations. 
Names of the ConsteHationa. Number of Stars in different Catalogues. Principal Stars. 
Ptolemy. | Tycho. | Hevelius. | Flamstead. Mag. 
POETS a ow ie bce: Sa Shwe ea a8 18 
* Officina Sculptoria ........... ect ag a 12 
Eridanus .........2-ec0 eee 34 10 27 &4 Achernar ...... l 
* Hydrus, the Water Snake .......... as scr bg 10 
Cetus, the Whale...... pemoad thet be 22 21 45 97 Menkar ...... 2 
* Fornax Chemica.................. sa is : 14 
* Horologium. ..............eseeees i eg ; 12 
* Reticulus Rhomboidalis............ Si a ae 10 
* Xiphias, Dorado, the Sword Fish.... es Se : 7 
* Celapraxitellis ........... 0. eee ai sag es 16 
Lepus, the Hare .................. 12 13 16 19 
* Columba Noachi, Noah's Dove is ‘3 33 10 Betelgense l 
OMRON 5. Glace hae tau es astaa alot 38 43 62 78 Canopus ...... 1 
Argo Navis, the Ship .............. 45 3 4 64 
Canis Major, the Great Dog.......... 29 13 Zl Sl Sirlus ........ l 
* Equuleus Pictorius................ oe 3 o 8 
* Monoceros, the Unicorn .......... es es 19 3l 
Canis Minor, the Little Dog ........ 2 g 13 14 Procyon ...... l 
* Chameeleon ........... ccc ce ee enee ee ‘6 oe 10 
* Pyxis Nautica ................000. - we oe 4 
* Piscis Volans, the Flying Fish ...... = se di 8 Cor Hydre . l 
DV eG hnsicc ec ures ced sen eneck 27 19 31 60 
WS Sextane <6 isso veeesgeee ses ce eaters she es ll 41 
* Robur Carolinum, the Royal Oak. . ee a oe 12 
* Machina Pneumatica .............. oi se ‘ls 3 
Crater, the Cup.............000000% 7 8 10 $l Alkes ........ 3 
Corvus, the Crow .............000.- 7 4 ve - 9 Algorab ....0¢] 3 
* Crosiers, et Cruzero .............. oe es 6 
* Apis Musca, the Bee or Fly ...... oa as oe 4 
*Apus, or Avis Indica, the Bird of Paradise} 3 “i Bs 11 
* Circinus, the Compass ......... ele 5 ee 4 
Centaurus, the Centaur ......... 37 _ é 35 
Lupus, the Wolf... .......... 19 . 24 
* Quadra Euclidis ............ ‘3 : 12 
*Triangulum Australe, the Southern 
fy ts) -4 | re er ee we oe 5 
Ara, the Altar ae eee ear eee a 7 ° 9 
*Telescopium .............. i ae : 9 
Corona Australis, the Southern Crown 13 es ‘ 12 
* Pavo, the Peacock ........... a ‘ ‘ 14 
* Indus, theIndian............ ; ag 12 
*Microscopium ............. ; 10 
* Octans Hadleianus ........... 43 
*Grus, the Crane ............ 14 
Toucan, the American Goose ...... bie 9 
Piscis Australis, the Southern Fish . . . 18 24 Fomalhaut ....| 1 |! 
Total Number of Constellations. Number of Stars in each Magnitude, British Catalogue. Total No. 
Ist Mag. | 2d Mag. | 3d Mag. | 4th Mag. | 5th Mag. | 6th Mag. 
Zodiacal 12 5 16 44 120 183 646 1014 
Northern 34 6 24 95 200 291 635 1251 
Southern 45 9 36 84 190 221 323 863 
91 20 76 223 510 | 695 | 1604 sizes | 
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S. Itappears from the preceding summary of the stars 
in the British catalogue, that the number of them in 
the entire celestial sphere, including all those of the 
sixth magnitude, does not much exceed 3000; and it 
is generally stated, that not more than 1000 are ever 
visible at one time to the naked eye: but when a 
telescope is employed, their number appears to in- 
crease without any other limit than that of the per- 
fection of the instrument. Sir W. Herschel has observed 
in the milky way above 10,000 stars in the space of 
one square deyree. This luminous track 


‘“‘ Which nightly, asa circling zone, thou seest 
Powder'd witua stars,” 


encompasses the heavens, and forms nearly a great 
circle of the celestial sphere. It traverses the con- 
stellations Cassiopeia, Perseus, Auriga, Orion, Ge- 
mini, Canis Major, and the Ship, where it appears 
most brilliant ; it then passes through the feet of the 
Centaur, the Cross, the southern Triangle, and returns 
towards the north by the Altar, the tail of the Scor- 
pion, and the arc of Sagittarius, where it divides into 
two branches, passing through Aquila, Sagitta, the 
Swan, Serpentarius, the head of Cepheus, and returns 
to Cassiopeia. The ancients had many singular ideas 
respecting the cause of this phenomenon, .but modern 
astronomers have long attributed it to an immense 
assemblage of stars too feeble to make distinct impres- 
sions ; and Herschel has shown, by the observation 
above referred to, that these conjectures were well 
founded. 

Besides the milky way, there are numerous other 
parts of the heavens, which exhibit an appearance of 
very nearly the same kind, which are called Nebule; 
the most considerable of which is that midway between 
the two stars in the blade of Orion's sword. This 
was first observed by Huygens ; it contains only seven 
stars; the other part appearing like a luminous spot 
upon a dark ground, or like a bright opening into 
regions beyond. 

9. We have hitherto spoken of the fixed stars, as 
preserving actually the same relative situations with 
regard to each other ; this, however, is not strictly 
true. The delicacy of modern observations. has shown 
that some of these bodies have a progressive motion : 
Arcturus, for example, has a proper motion, amount- 
ing to about two seconds annually ; and De. Maskelyne 
found, that out of 36 stars, of which he ascertained 
the places with great accuracy, 35 of them had a pro- 
gressive motion. 

Mr. Michell and Sir W. Herschel have conjectured 
that some of the stars revolve round others which are 
apparently situated near them; and perhaps even all 
the stars may in reality change their places more or 
less, although their relative situations, and the direc- 
tion of their paths may render their motions imper- 
ceptible. 

That some of the stars have a periodical change of 
brightness has been well ascertained from repeated 
observations; and different hypotheses have been 
advanced to account for these singular phenomena. 
New stars have also appeared at certain times, re- 
mained stationary like the others, and have afterwards 
disappeared. Such a temporary star was observed by 
Hipperchus; and it was this circumstance which 
suggested to him the idea of forming a catalogue of 
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them, and of delineating their situations. A new 


Plane 


star was also discovered in Cassiopeia in 1572, which Astronomy, 
was so bright as to be seen in the day-time, but it —"“v— 


gradually disappeared in 16 months. Another was 
observed by Kepler in 1604, more brilliant than any 
other star or planet, and changing perpetually into 
all the colours of the rainbow, except when it was 
near the horizon. This star remained visible about 
a year; and several other cases of the like kind are 
recorded. 


As to the actual magnitude and distance of the Distance 
stars, we may be said to be almost wholly unac- and magni- 


quainted with either; all that we ure able to state ° 
‘with certainty is, that their distance is immense. We 


shall show, in a subsequent chapter, that the distance 
of the sun from the earth is nearly 100 million miles ; 
and, consequently, the diameter of our orbit is nearly 
200 million miles; we therefore view the stars, or 
any one of them in particular, from two points at 
different times of the year, which are distant from 
each other 200 million miles, and yet we are not 
able to detect any difference in their apparent places, 
If a change of place, ea only to one second, 
actually obtained, there is no doubt that it would be 


detected by the accuracy of modern observations ;*_ 


we know, therefore, that an isosceles triangle having 
the diameter of the earth's orbit for its base, and 


d 
known. 


jade un- 


having its vertex in the nearest fixed star, does not 


subtend an angle of one second; the nearest star 
must therefore be distant from us more than 20 
billions of miles. How much their distance may ex- 
ceed this, it is impossible for us to say; and much 
less are we able to offer even the most distant con- 
jecture as, to their actual magnitude ; judging from 
analogy, we can only suppose them to be bodies 
resembling our sun, some of preater, and some of less 
magnitude ; that they shine like the sun by their 
own light, each forming the centre of its particular 
system, dispensing light, heat, and animation to 
thousands of worlds, and to myriads of beings. 
What a wonderful idea do these reflections give us of 
the immensity of the universe, and of the power and 
omniscience of the great Creator and Director of so 
stupendous a machine ! 


3. Of the Solar System. 


10. The system of Copernicus has been already refer- The soler 


red to in our historical chapter. 
according to this astronomer, all the principal planets 
revolve about the sun as a general, but not as a com- 
mon centre; the several planets being supposed by 
him to describe circular orbits, each however having 
its particular point of circulation. The Copernican 
and the modern system are not therefore the same, 
although these terms are frequently employed synoni- 
mously. We shall here confine our description to the 
modern or true system, without, however, deducing 
any facts in proof of its accuracy : we ‘shall be content 





* It is proper to observe, that since this was written, Dr. 
Brinkley, of Trinity College, Dublin, bas been led to think, that 
he has detected a sensible parallax in several stars; but as Mr. 
Pond, the Astronomer Royal, has not yet been able to verify Dr. 
Brinkley’s observations, we do not feel ourselves justified in stating 
the existence of a parallax; although, from the confidence we 
feel in the talents and accuracy of the observer, we have no doubt 
that his deductions will be hereafter veri“ed by other astronomers. 


We have seen, that, system. 
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Astronomy. that the reader receives it at present merely as an 
——~—” hypothesis, or rather as the enunciation of a propo- 
sition ; and that he suspends his decision, till, in the 
course of the following chapters we advance such 
proofs as can leave him no longer in any doubt re- 
specting the constitution of the solar system, nor of 
the mechanical principles on which its motions depend. 

The sun has probably, as well as every body in the 
universe, a progressive motion in space; but if such 
a motion has place, he is accompanied in it with the 
whole system of which he forms the general centre, 
as well as the source of its light, heat, and motion ; 
we may therefore consider this body at rest, as far as 
regards the relative motion of the other constituents 
of our system. 

The sun, then, according to the modern hypothesis 

occupies a fixed centre, about which the several prin- 
cipal planets revolve, in elliptic orbits, one foci of each 
of which is found in the same point, coinciding very 
nearly with the solar centre. Several of these planets 
are again accompanied with attendant luminaries, 
which observe the same laws in their revolutions 
about their primaries, as these primaries do with 
respect to the sun. 
Inclination 11. The orbits of the several planets are not all situated 
ofthe orbits in the same plane, but are variously inclined to each 
of the other, and to a fixed plane passing through the sun, 
planets. called the plane of the ecliptic. Even this plane is 
not actually fixed, but is subject to a certain annual 
motion, to which, however, we shall not refer in this 
description. The several planets of our system, with 
the exception of the four small ones lately discovered. 
have their inclinations very small; the particular 
measures of which will be stated below; and their 
Motion of Motions are all made in one direction, viz. from west 
the planets. to east. Several of these bodies are also known to 
Inclination have a rotatory motion on their respective axes, but 
oftheir § these axes are differently inclined with respect to the 
axes. plane of the ecliptic, each, however, always preserving 
its own direction parallel to itself. This rotatory 
motion is likewise performed from west to east, at 
least in all those bodies in which it has been hitherto 
observed ; but some, either from their immense dis- 
tance, their inconsiderable magnitude, or from their 
proximity to the sun, have not yet had their diurnal 
revolution decitedly ascertained. 

12. The ortits of the planets we have seen are all 
elliptical, but these ellipses have very different deyrees 
of eccentricity ; that is, the ratio of the major and 
minor axes vary very considerably in the orbits of the 
different planets. The orbits of the satellites have also 
various eccentricities, and are differently inclined to 
the ecliptic, and to each other ; in some of the secon- 
daries this inclination is extremely great, while in all 
the principal bodies of our system it is very inconsi- 
derable. 

These general remarks being premised, we shall 
proceed concisely to describe the particular circum- 
stances attending the motion of each planet, beginning 
with the sun, and proceeding orderly with the other 


The snn is 
the central 
body. 


Eccentrici- 
thes of the 
orbits. 


bodies, according to their respective distances from. 
him 


13. The sun, which is known to be 882,270 English 
miles in diameter, performs its diurnal revolution in 
25 days 14h. 8’, about an axis, which is inclined 82° 
30’ from the plane of the ecliptic. 
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14. Mercury is the nearest planet to the sun; its mean Plane 
distance is about 36 millions English miles ; the time Astronomy. 
of its sideral revolution 87 days 23h. ; its diameter 
3123 miles ; the inclination of its orbit to the eclip- Mercury. 
tic, 7° 0’ 9”; and the ratio of the eccentricity of its 
orbit to that of its semi major axis "2055149. Thein- 
clination of its axis is unknown, and the time of its diur- 
nal revolution doubtful ; it has been stated at 24h. 5’. 

15. Venus is the second planet in order from the sun ; Venus, 

her mean distance being 68 millions of miles, and the 
time of her sideral revolution 224 days 16 hours. 
The diameter of this planet is 7702 English miles ; 
the inclination of its orbit 3°23’; and the ratio of its 
eccentricity to the semi major axis of its orbit ‘0068529. 
Its diurnal revolution is performed in 23h. 21’, about 
an axis, which, like that of Mercury, is of unknown 
inclination. 

16. The Earth is the third planet in the system ; its The Earth 
distance from the sun is 93 million miles, andthe G4 
time of its sideral revolution 365 days 6h. 9’; which / 
must not be confounded with the length of the solar 
year, this being only 365 days 5h. 48’ 48”; the dia- 
meter of this planet is 7916 miles. The orbit of the 
earth being that to which the plane of the other 
planetary orbits are referred, its inclination is nothing ; 
the eccenyicity of its orbit is ‘0168531 ; its diurnal 
revolution is performed in 23h. 56m. 4”, (which is 
called a sideral day), about an axis which inclines to 
the ecliptic in an angle of 66° 32’ 3”, the complement 
of which, viz. 23 27’ 57”, is the obliquity of the ec- 
liptic as referred to the equator. 

17. The next primary planet in our system is Mars; its Mars. 
mean (listance from the sun is 142 millions of miles, 
and its sideral revolution is performed in 686 days 
V3yh. ; its diameter is little more than half that of the 
earth, being only 4398 miles. 

Its orbit is inclined to the ecliptic in an angle of 
1° 51’ 3”; the eccentricity of its orbit is -0931340, 
and its diurnal revolution is performed in 24h. 39m., 
about an axis, which is inclined to the plane of the 
ecliptic at an angle of 59° 41’ 49”. 

18. The next planets in order from the sun, are the Vesta, 
four new ones ; Vesta, Juno, Ceres, Pallas, of which lit- Juno, 
tle is knuwn, except their times of revolution, and the &*re*» 
inclination of their orbits ; and these may even here- a 
after be found to stand in need of some corrections : 
they are at present stated as follows :— 

Vesta ; mean distance, 225 million miles; time of 
sideral revolution, 1335 days 4h.; inclination of orbit, 
7° 83’; eccentricity, (0932200. 

Juno; mean distance, 253 million miles ; period of 
sideral revolution, 1590 days 23h.; inclination of 
orbit, 21°; eccentricity, ‘254944. 

Ceres ; mean distance, 263 million miles; period 
of revolution, 1681 days 12h.; inclination of orbit, 
10° 37’; eccentricity, ‘0783456. 

Pallas ; mean distance, 265 million miles ; period 
of revolution, 168) days 17h.; inclination of orbit, 
84 50’; eccentricity, ‘245384. 

The diameters of these planets (which must, how- 
ever, be considered as doubtful,) have been given as 
follow :—Vesta, 238 nriles ; Juno, 1425 miles ; Ceres, 
1024 miles; and Pallas, 2099 miles. 

19. Jupiter, the largest ofall the planets ofoursystem, Jupiter 
is the next after Pallas; its mean distance from the 
sun is 485 million miles, and its diameter is 91592 

3 u 
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Astronomy. miles, more than eleven times that of the earth: the 
~~ inclination of his orbit to the ecliptic is 1° 18’ 51”, 
and his sideral revolution 4,332 days 14 hours, the 
ratio of its eccentricity to the semi major axis ‘0481784. 
The diurnal revolution of Jupiter is performed in 9 
hours 55’ 49”, about an axis which is inclined to the 
ecliptic at an angle of 86° 547’. 

20. Saturn is next to Jupiter, as well in magnitude 
as in distance ; the latter being 890 million miles, and 
its diameter 76,068 miles; his sideral revolution is 
performed in 10,758 days, or about thirty of our years, 
and the eccentricity of his orbit :0561683. The diur- 
nal revolution of Saturn is made in 10 hours 16 19”, 
about an axis which is inclined to the ecliptic at an 
angle of 58° 41’. 

Uranus, or 2. Last in the solar system is the Georgium Sidus, 

Georgium or Uranus; whose mean distance is more than double 

Sidus. that of Saturn, being no less than 1800 million miles ; 
its diameter is 35,112 miles, and the eccentricity of 
its orbit 0446708. Its sideral revolution is per- 
formed in about eighty of our years: but its diurnal 
revolution, and the inclination of its axis, are not at 
present determined. 

22. We have endeavoured to represent, the planetary 
distances, eccentricities, and proportional magnitude 
in Plate III., with the exception of the sun, which is 
there represented nearly as a point, whereas, in com- 
parison with the magnitude we have given to the 
planets, its diameter ought to have exceeded even 
that of the orbit of Saturn. The several orbits in 
the plate are all represented as if situated in one 
plane ; it is necessary therefore for the reader to bear 
in mind the measures of the several inclinations above 
indicated. 

Characters 23. The following are the characters or symbols em- 

ofthe pla- ployed by astronomers for denoting the several 

nets. planets :— 
The Sun 
Mercury 
Venus 
The Earth 
Mars 
Vesta 
Juno 

24, At present we have spoken only of the primary 
planets, it now remains for us to say afew words with 
reference to the satellites by which some of them are 
attended. 

The first, and that which ijn this place claims our 

particular attention, is the moon, which revolves 
about the earth, as the earth itself does about the 
sun. Her mean distance from the terrestrial centre 
is 237,000 miles ; her diameter is 2,160 miles, and 
the eccentricity of her orbit is -0548553. The period 
of ber orbicular and diurnal revolutions, are exactly 
alike, being completed in 27 days 7 hours 43’ 47. 
The inclination of her orbit is 5° 9’, and of her axis 
88° 29’ 497. 
Satellitesof It is unnecessary in this place to enter into the 
Jupiter, Se- game minutie with respect to the other satellites ; it 
turn, &¢- will be sufficient to observe, that Jupiter has four, 
Saturn seven, and Uranus six, as represented in the 
plate above referred to. 

Besides the seven satellites which accompany Sa- 
turn in his dreary path, he is also encompassed by a 


Saturn. 


Ceres 
Pallas 
Jupiter 
Saturn 
Uranus 
The Moon 
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double ring, by which he is distinguished from all. 
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the other planets of our system. This ring, which is pian. 
very thin, not exceeding 4,500 miles, is inclined to Astrunoayy. 
the plane of the ecliptic at an angle of 31° 19’ 12”, —~—— 
and revolves from west to east in 10 hours 29 168 ; 

this rotation is performed about an axis perpendicular 

to the plane of the ring, passing through the centre of 

the planet. 

We shall not enter more particularly in this place 
into a description of this singularly beautiful telescopic 
object ; as we shall of course have to treat of it at 
length in a subsequent chapter, in which we shall state 
its several dimensions as determined from the best 
observations ; it will. be sufficient here to observe, 
that its outside diameter is 204,863 miles, and its 
inside 146,345, consequently, its mean breadth is 
about 30,000 miles. 

25. We come now to the third class of bodies, which Comets. 
are only visible to us for a short time. The planets per- 
form their revolutions about the sun within the limits 
of our observation, and at distances from him which 
vary comparatively very little in the different parts of 
their orbits ; but those to which we now refer, if 
they all actually revolve about the sun, are, for a 
very considerable time far beyond the known limits 
of the solar system. These are called comets: they 
generally appear attended with a nebulous light, either 
surrounding them as a coma, or stretched out to a 
considerable length as a tail, and sometimes they 
appear to consist of such light only. Their orbits are 
so eccentric that in the remoter parts of them they 
are invisible to us, although at other times they ap- 
proach much nearer to the sun than any of the planets : 
the comet of 1680, for example, when nearest the 
sun, was at the distance of only one sixth of the sun's 
diameter from its surface. Their tails are frequently 
of great extent, appearing as a faint light directed 
towards a point always opposite to the sun. It is 
quite uncertain of what matter they consist, and it is 
difficult to say which of the conjectures concerning 
them is the least improbable. Nearly 500 comets are 
recorded as having been seen at different times, and 
certain particulars relative to the orbits of about a 
hundred of them, have been accurately ascertained : 
but commonly, we have no opportunity of observing 
a sufficient portion of the cometary path, to determine 
with accuracy the entire dimensions of the ellipse or 
other conic section to which the observed part ap- 
pertains ; on which account little can be known of 
the periods and other circumstances of these wan- 
dering bodies. Only one comet has been recognized 
in its return to our system, which is that of 1759. 
Dr. Halley, by comparing together the elements of 
the several comets that had been observed up to his 
time, conjectured that those recorded to have appeared 
in 1531, in 1607, and in 1689, were, in fact, one and the 
same comet, and, consequently, that its return might 
be expected about the year 1758 or 1759, and its 
actual appearance in the last of those years, verified 
the conjecture. Another comet, which appeared in 
1770, was suspected to move in an elliptic orbit ; and 
if so, its period ought, by Mr. Lexel’s computation 
(which has heen since remade by Burckhardt), to be 
about 5 years and 7 months ; it has never, however, 
been since observed ; but this circumstance must not 
lead us to discredit either the observations made on 
it, or the calculations founded on them, fur it has 
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been satisfactorily shown, that supposing all the data 
passed so near to Ju- 
piter, that its orbit would be deranged, and the body 
rendered in future invisible to us. 

We shall not enter further on the subject of comets 
in this place, except to observe, that whether their 
orbits be all ellipses, or some of them parabolas or 
hyperbolas, avery small portion of them fall within 
the limits of our system ; if they are all ellipses, they 
are of very great eccentricity, and are only for a short 
period visible in these regions of celestial space. The 
orbits of two of these bodies are shown in our Plate III. 


4. Phenomenu in the heavens, due to the motion of the 
earth and planets. 


26. We have already in our second section given a 
general view of the celestial sphere, with an enumera- 
tion of the several constellations ; we propose now 
to illustrate a few particular phenomena, and to de- 
scribe certain circles which astronomers have ima- 
gined for the better comprehension of the celestial 
motions. 

We have seen that a person being situated in an 
open plane, in a star light evening, and watching at- 
tentively the motion of the fixed stars, will perceive 
them rise or emerge above the earth, continue to 
ascend, till they have attained a certain height, and 
then descend and disappear in the opposite side of 
the heavens to that in which they first rose. He will 
perceive, that accordingly as these stars are nearer 
the northern or southern points of the heaven, so they 
will appear visible to him fora greater or less time ; 
and that certain stars very near the north point, never 
either rise or set, but would be always visible were not 
their light rendered imperceptible by the more refulgent 
rays of the sun. 

One of the stars in this quarter of the heavens, to 
which we have already alluded, has scarcely any sen- 
sible motion, but, as far as the naked eye can distin- 
guish, retains constantly the same situation; this 
is called the pole star, and those to which we have re- 
ferred above, that appear to be constantly circulating 
about it, are, for that reason, called, circumpolar stars. 

The first impression that this apparent motion of 
the stars would make on the mind of an uninformed 
observer would be, that the entire celestial vault was 
uniformly revolving from east to west, about an ima- 

i axis, which passes through or near the pole 
star, in a direction perpendicular to the planes of the 
circles described by the several stars which are alter- 
nately observed to rise and set ; and consequently, that 
this line produced would again meet the celestial 
sphere in an opposite point, which may thence be de- 
nominated the south pole. This, as we have observed, 
would doubtless be the first impression made on an 


511 


great velocity, although they were in an absolute state — pane 
of rest. This phenomenon must have presented itself Astronomy. 


to every one who has travelled in a close carriage in 
a narrow road, when at times it is difficult to be per- 
suaded but that the trees, gates, &c. which we pass 
are not moving in an opposite direction to that of the 
vehicle ; and the same appearances are observed still 
more strikingly in the cabin of a ship when sailing 
with a moderate gule near the land. In fact, every 
intelligent observer, whether he admits the actual 
motion of the earth or not, will not for a moment 
deny, that if it had such a motion as we have sup- 
posed, the appearances would be exactly such as he 
observes in the heavens. This then will be one step 
towards his conviction, and various others will after- 
wards suggest themselves to his mind; which, how- 
ever, we shall not at present insist upon, because from 
what has been stated, it is obvious, that we may at 
any rate be allowed to advance such an hypothesis as 
the diurnal revolution of the earth, without in any re- 
spect changing the appearance of any observed phe- 
nomenon. We shall therefore proceed upon the sup- 
position of the earth being a sphere or a spheroid of 
small ellipticity, and that it performs a motion of rota- 
tion from west to east in about 24 hours; or rather, 
as we shall see in a subsequent chapter, in 23 hours. 
56’ 4-1. 

27. By observing attentively the stars which first ap- 


Apparent 


pear visible in that part of the heavens where the sun motion of 
sets, and continuing to observe them for several suc- the sun. 


cessive nights, we shall soon peyceive that those stars 
which in the first instance we had observed to set imme- 
diately after the sun, are no longer to be seen. but that 
their places are supplied by certain others, which in 
their turn will also be lost in the solar beams. If 
now we observe the heavens in the morning before 
the rising of the sun, we shall find that those stars 
which in the first instance we had observed to set just 
after the sun, and which in the course of a few nights 
were absorbed by his rays, are now rising before him ; 
the sun therefore has made an apparent motion in the 
heavens contrary to the general metion of the stars, 
that is, from west to east; and by following his pro- 
gress in this manner during the course of a year, we 
shall find that he has described a complete circle of 
the heavens, and now rises and sets with the same 
star as we had observed exactly a year before. This 
circle which the sun thus appears to describe in the 
heavens is called the ecliptic, it is not directly east and 
west, but deviates nearly 24 from these points of the 
heaven, as shown in Plates I. and II., and to his obli- 
quity itis, that we owe the variations in the seasons, 
and various other phenomena, as we skall show in a 
future chapter. 

28. This progressive motion of the sun in the hea- 


f 


: : : This appa- 
vens, which is only apparent, is due to the actual rent motion 
proper motion of the earth in its orbit about the sun. of the sun 
‘or let AB (Plate IV., fig. 1) represent two positions . due to 
.of the earth in its orbit ABC about the sun S, oft, 
and let 7, 6, I, &,» &c. represent the ecliptic or the earth. 


nninformed observer; but at the same time, if he 
possess the requisite intelligence, it would not be dif- 
ficult to convince him that the very same appearances 
would be produced by supposing the earth to be of a 
globular form, and that it performed a motion of ro- 


tation about an axis corresponding with the supposed 
axis of the heavens, but in an opposite direction, that 
is, from west to east; numerous instances might be 
recalled to his recollection in which he had appeared 
at rest, when he was actually in rapid motion, and 
when objects were apparently seen to move with 


the apparent path of the sun. Then when the earth Fig. 1. 


is at A, a spectator will refer that body to that part 

of the heavens marked 7 ; but when the earth is 

arrived at B, he will then see it in IT; and being in 

the mean time insensible of his own motion, the sun 

will appear to him to have described the arc 7 I, 
3 U8 
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Astronomy. just the same as if it had actually passed over the arc but we shall reserve this subject for a subsequent Plane 
ww SS’, and the earth had, during that time, remained chapter. Astronomy | 
quiescent in its first position A. This fact will ex- 5. Of the Seasons. —— | 
plain why certain remarkable stars and constellations 
are seen in the south in different seasons of the year, 30. It will appear sufficiently obvious from what has Of the 
and at different hours of the night. For the hour been shown in the preceding sections, that the alter- sessous. 
depends wholly on the sun; it is noon when the sun nations of day and night are attributable generally to 
is south, and midnight when it is north; the stars the rotation of the earth on its axis; but the differ- 
directly opposed to him will therefore, by the rotation, ence in the length of the days in different seasons of 
appear in the south about midnight ; and as the sun, the year still remains to be illustrated. 
from one day to another, shifts its place in the hea- We have seen that the two extremities of the ter- Equator 
vens, so, of necessity, will different stars be opposed restrial axis about which the diurnal rotation is per- defined. 
to him, and become south at midnight at different formed, are called its poles, as N S, (fig. 2 and 3) ; Fig. 2, 3. 


seasons of the year. 
29. Similar phenomena may be observed with regard 


and if at a quadrant distance from these we conceive a 
circle QE to be described, dividing the earth into 


Proper é 
motion of to the planets ; by tracing their motions in the heavens, two equal hemispheres, that circle is called the equa- 
the planets. and comparing them with the stars near to whichthey tor ; the hemisphere towards the north pole N is 


appear, they will also be seen to have a motion of called the northern hemisphere ; and that towards the 

their own, but it will be more irregular than that of south pole, the southern. Now if the path of the Conse- 

the sun; for we shall sometimes observe them mov- earth in its orbit, or, which is the same, the apparent sci 

ing like that body from west to east, then become motion of the sun in the heavens coincided with the (4t would 
‘ Oe Sa ° i : follow if 

stationary, maintaining the same position for several plane of the terrestrial equator, then it is obvious, the equator 

nights ; then moving in a contrary direction, or from that, at all times during this revolution, we should and ecliptic 


east to west; again become stationary, and again havethe same equal alternations of day and night, coincided. 


assume their direct motion. 

These phenomena, which the ancients spent so much 
labour and ingenuity to account for, by epicycle upon 
epicycle, are perfectly consistent with the system as 
we have described it in our third plate, being due to 
the proper motions of the earth and planets in their 
respective orbits. Ip order to illustrate this, let 
vv v” represent the orbit of the planet Venus; and 
suppose her to be in the point v when the earth is at 
A; then it is obvious that a spectator will refer her 
place in the heavens to 7, and as her motion is from 
» towards v’, while the earth is moving from A to B, 
her apparent motion will be direct; or from 7 to- 
wards % : if, on the other hand, Venus had been at 
v’ while the earth was at A, as their motions now 
are made in the same way, we may suppose Venus to 
have arrived at v’”’”, while the earth had passed from 
A to A’; and during this time, it is manifest her place 
in the heavens will appear to retrograde, or go back- 
ward, contrary to the order of the signs: in like 
manner it will appear, that for a very short time 
before and after the Earth and Venus attained their 
positions A and v”, their motions would so agree with 
each other, that the. planet, during this period, 
would appear stationary. We shall enter more at 
length upon these phenomena in a subsequent chap- 
ter; we have merely referred to the subject here, to 
show that these appearances are strictly conformable 
with the constitution which we have supposed of the 
solar system. 

Notwithstanding these irregularities in the apparent 
motion of the planets, they each, respectively, are 
observed to describe oe circles of the sphere, but 
more or less inclined to the plane of the ecliptic ; 
they deviate, however, but little from it; all their 
motions, with the exception of the new planets, being 
performed in a zone, whose breadth does not exceed 
16 degrees, and which we have already spoken of 
and described in our first and second plates, under the 
denomination of the zodiac. 

Similar observations show that the moon also 
describes her particular path amongst the stars; 


each 12 hours induration. For example: let NQSQ 
represent the earth ; NS, its axis; and QEQ’, its equa- 
tor: and let the plane of this circle produced pass 
through the sun S; then it is obvious, that, if we 
suppose the earth to revolve round the sun at the 
extremity of the line SE as a radius; and that during 
this revolution, it performed uniformly its rotatory 
motion about its axis NS : that line, NS, or the circle 
of which it is the projection, would terminate the 
limits of day and night; and the rotatory motion 
being uniform, every point of the globe, except the 
two poles, would have an equal succession of light 
and darkness during the entire revolution. We should 
then have no spring, no summer, no winter; these 
changes so pleasing in themselves, and so necessary 
for the production and re-production of the fruits of 
the earth would be wanting, and nature would thus 
be divested of a great portion of its charms. 


This, however, is not the case; we have seen that Conse- 
the sun appears to describe an oblique motion in the quences of 
heavens ; it rises higher in the summer than in the % 


winter, and by thus darting upon us more perpendi- 
cularly its refulgent beams, produces a greater por- 
tion of heat, and describes a larger circuit in the 
heavens, lengthens out the days, and thus gives time 
for that heat to become more effective. 

The actual motion of the earth is therefore as re- 
presented in (fig. 3,) where we still suppose it to 
describe its annual motion at the extremity of the 
radius SE; but such, notwithstanding, that the axis 
NS preserves its inclination and parallelism, whereby 
it is always directed to the same point in the heavens. 
The axis NS being now inclined to the plane of the 
earth's motion, it is obvious, that, as it revolves on 
its axis, some parts of the earth will experience per- 
petual day for a certain portion of the year, while 
other parts will have to contend with an equal du- 
ration of night. In the position of the earth, as shown 
in the figure, the parts about the north pole will be 
in continued darkness, and those near the southern 
pole in perpetual light; while, from the nature of 
the annual motion, it is clear that it will be exactly 
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the reverse when the earth shall have attained the 
opposite point of its orbit; the regions of the south 
pole will then be involved in darkness, and those of 
the northern will enjoy their return of light, as will 
appear obvious by supposing the sun to be transferred 
to the other side of the earth, which is exactly equi- 
valent to the change of place in the earth. 

31. Dr. Long, in his astronomy, gives us a pleasing 
illustration of this change of the seasons, with the 
variable lengths of the days and nights, by means of 
the following experiment :— - 

Take about seven feet of a strong wire, and bend 
it into a circular form, as bed, (fig. 4,) which being 
viewed obliquely, appears elliptical, as in the figure. 
Place a lighted candle on a table, and having fixed 
one end of a thread K to the north pole of a small 
terrestrial globe H, about three inches in diameter ; 
cause another person to hold the wire circle, or fix it 
so that it may be parallel to the table, and as high as 
the flame of the candle I, which should be in or near 
the centre ; then having twisted the thread as towards 
the left hand, it will, by untwisting, turn the globe 
round eastward, or contrary to the way which the 
hands of a watch move ; hang the globe by the thread 
within the circle, nearly contiguous to it; and, as 
the thread untwists, the globe, which is enlightened 
half round by the candle as the earth is by the sun, 
will turn round its axis, and the different places upon 


it will be carried through the light and dark hemi- | 


sphere, and have the appearance of a regular succes- 
sion of days and nights, as our earth has in reality by 
such a motion. As the globe turns, move the hand 
slowly, so as to carry the miniature earth round the 
candle according to the orders of the letters a, 6, c, d, 
&c., keeping its centre even with the wire circle, and 
it will be perceived, that the candle, being still per- 
pendicular to the equator, or rather in the plane of the 
equator produced, it will enlighten the globe from 
pole to pole, as we have shown in fig.2, and that 
during the whole of ‘ts orbicular revolution; conse- 
quently every place on the globe goes equally through 
the light and dark, as it turns round by the untwisting 
of the thread. The motion of the globe turning in 
this way represents the earth revolving on its axis; 
and the motion of the same in the circle of wire, its 
revolution round the sun ; and shows, that if the orbit 
of the earth had no inclination to its equator, all the 
days and nights in every part of the globe would be 
of equal duration throughout the year, as described in 
the first of the preceding figures. 

Now desire the person who holds the wire to incline 
it obliquely, in the position ABCD, raising the side 
% just as much as he depresses the side yp, that the 
flame may be still in the plane of the circle; and 
twisting the thread as before, that the globe may turn 
round its axis the same way as you carry it round the 
candle; that is, from west to east. Let the globe 
down into the lowermost part of the circle yp ; and if 
the latter be properly inclined, the candle will shine 
perpendicularly on the globe at a, and the region 
about the north pole will be all in the light, as shown 
in the figure, and will still keep in the light while 
the globe revolves on its axis. 

From the equator to the north polar circle, all the 
places have longer days and shorter nights ; but from 
the equator to the north pole just the reverse takes 
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place—the nights being longer than the days. The 


sun does not set to any part of the northern frigid Astronouv 
zone, as is shown by the candle constantly shining —~— 
upon it while the globe is in this position: and on the 


same principles, it will appear that the southern arctic 
regions are, during this time, involved in constant 
darkness ; the revolution of the globe never bringing 
any part of it within the illuminated hemisphere ; and, 
therefore, if the earth remained constantly in this 
part of its orbit, the sun would never set in the 
northern frigid zone, nor rise in the southern. In 
fact, we should thus have perpetual summer in the 
former, and perpetual winter in the latter; and the 
same would he the case with the hemispheres to which 
these zones appertain. 

But as the globe moves round its axis, move your 
hand slowly forward, so as to carry it from H 
towards E, and the boundary of light and darkness 
will approach towards the north pole, and recede from 
the south ; the northern places will pass through less 
and less light, while the southern will be more and 
more involved in it ; whence is shewn the decrease in 
the length of the days in the northern hemisphere, and 
the increase of the same in the southern. When the 
globe is at E, it is in a mean state between the highest 
and lowest points of its orbit ; the candle is directly 
over the equator, the boundary of light and darkness 
Just reaches both the poles, and all places on the globe 
pass equally through the light and dark hemispheres, 
thereby showing that the days and nights are then 
equal in all parts of the earth excepting only the poles, 
the sun, there appearing as setting to the northern and 
rising to the southern. | 

The globe being still moved forward, as it passes 
towards A, the north pole is more and more involved 
in the dark hemisphere, and the south pole advances 
more into the enlightened part; till, when it arrives 
at F, the candle is directly over the circle b6, and the 
days are then the shortest and the nights the longest 
throughout the northern hemisphere: and the reverse 
in the southern, the days there being the longest and 
the nights the shortest. The southern polar zone is 
now in perpetual light, and the northern in continual 
darkness. 

If the motion of the globe be still continued, as it 
moves through the quarter B, the north pole advances 
towards the light, and the south pole recedes from it ; 
the days lengthen in the northern hemisphere and 
shorten in the southern ; till, when the globe arrives 
at G, the candle will be again over the equator (as 
when it was at E); the days and nights will be again 
equal in all parts of the earth; the north pole will be 
just emerging out of darkness, and the southern pole 
beginning to be involved in it, as the northern pole 
was in the former instance when the earth was at E. 

Hence is shown the reason of the days lengthening 
and shortening from the equator to the polar circle 
every year, and why there is sometimes no day or 
no night for several revolutions of the earth within 
the two frigid zones; and why there is but one day and 
one night ina year at the poles themselves. We see 
also that the days and nights at the equator are equal 
all the year round, this being always equally bisected 
by the circie bounding the light and darkness. 

A similar representation of these phenomena is ex- 


hibited in fig. 5; and in a subsequent chapter we shall Fig. 5. 
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Astronomy. enter more particularly on the subject ; showing the 
\——\-—~= method of computing the length of the day in any 


Phases of 
the moon. 
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Lue moon, 


given latitude; and the time of the rising, setting, 
and southing of the sun on any proposed day, and in 
any given place. 


6. Of the Phases of the Moon. 


32. The moon, ofall the celestial bodies, is that which 
perhaps attracts most the attention, both of illiterate 
and scientific observers, The former class are drawn 
to their observations by the remarkable beauty and 
serenity of her light, her numerous changes or phases, 
the inconstancy of her illumination, the enjoyment of 
her light at certain seasons of the year, when the 
sun sinks early below the horizon, and the want of it 
when both luminaries rise and set at nearly the same 
hour. 

The philosophic observer examines her varying 
phases through his telescope ; sees the shadows of the 
hills on her surface projected to a considerable distance 
through plains and vallies, rendered by the power of 
optics nearly as distinct as those of a terrestrial plain 
at the distance of only a few miles ; he examines what 


~he considers to be lunar volcanoes, and marks the 


progress of the lava from the crater to the vallies be- 
low ; he looks to determine sume indication of erup- 
tions in present action; endeavours to distinguish her 
seas and continents, to measure the heights of her 
mountains, .and to ascertain the existence or non-ex- 
istence of a lunar atmosphere. 

Again, the practical astronomer is watching care- 
fully her deviating course in the heavens, and is 
endeavouring to submit her oscillating motion to the 
general principles of celestial mechanics ; and to con- 
struct formule and tables, for the purpose of predict- 
ing her place at any appointed day and hour. 

These subjects will each engage our attention in the 
course of the following chapters of this treatise ; but 
at present we only propose to present to the reader an 
explanation of her most obvious phenomena, and to 
show their complete accordance with the motions and 
constitution of the solar system as described generally 
in the third chapter of this introduction. | 

33. The first lunar phenomena to which we shall call 
the readers’ attention, is the continual change of 
figure, or the phases which she exhibits to a terres- 
trial spectator. At one time perfectly full or globular, 
at others half or a quarter illuminated, and at others 
again exhibiting only a fine arched line, barely 
perceptible to the naked eye. These appearances are 
doubtless due to the revolution of the moon in her 
orbit ; and the reflection of her light (which she re- 
ceives from the sun) towards the earth. The lunar 
globe is necessarily always one half illuminated as we 
have shown the earth to be in the last section; and 
therefore, to a spectator placed in a line between the 
moon and sun, she would always present a full illu- 
minated circle or hemisphere ; but out of that line a 
greater or less part of the enlightened surface will be 
perceived, and which will obviously entirely vanish 
in certain positions. This may be illustrated by means 
of an ivory ball, as in the experiment described in the 
last section ; for the ball being held before a candle 
in various positions, will present a greater or less 
portion of the illuminated hemisphere to the view of 
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the observer, according to his situation with regara 
to the illuminated axis. 

34 The same may be otherwise exhibited by means 
of our figure 6 ; where T is the earth, S the sun, and 
A, B, C, &c. the moon in different parts of her orbit. 
When the moon is at A, in conjunction with the sun 
S, her dark hemisphere being entirely turned towards 
the earth, she will disappear as at a, there being no 
light on that side to render her visible. When she 
comes to her first octant at B, or has gone an eighth 
part of her orbit from her conjunction, a quarter of 
her enlightened side is towards the earth, and she ap- 
pears horned, as at 6. When she has gone a quarter 
of her orbit from between the earth and sun to C, she 
shows us one half of her enlightened side, as at c, and 
we say she is a quarter old. At D, she is in her second 
octant ; and by showing us more of her enlightened 
side she appears gibbous, as at d. At E, her whole 
enlightened side is towards the earth ; and therefore 
she appears round, as at e; when we say it is full 
moon. In her third octant at F, part of her dark side 
being towards the earth, she again appears gibbous, 
and is on the decrease, as at f. At G, we see just one 
half of her enlightened side; and she appears half 
decreased, or in her third quarter, as at g. At H, we 
only see a quarter of her enlightened side, being in 
her fourth octant ; where she appears horned, as at h. 
And at A, having completed her course from the sun 
to the sun again, she disappears; and we say it is 
new moon. Thus, in going from A to E, the moon 
seems continually to increase ; and in going from E 
to A, to decrease in the same proportion ; having like 
phases at equal distances from Ato E. But as seen 
from the sun S she is always full. 

The moon appears not perfectly round when she is 
full in the highest or lowest part of her orbit, because 
we have not a full view of her enlightened side at that 
time. When full in the highest point of her orbit, a 
small deficiency appears at her lower edge, and the 
contrary when full in the lower point of her orbit. 
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35. The moon, as we have seen, shines by her reflected qe earth 
light ; in the same manner, the earth, by throwing is a moon 
back the light it receives from the sun, becomes in to the 
its turn a moon to the moon ; being full to the inha- ™02- 


bitants of the lunar sphere when our moon changes, 
and vice versa. For, when the moon is at A, new to 
the earth, the whole enlightened side of the earth is 
turned towards the moon; and when the moon is at 
d, full to the earth, the dark side of the latter is 
turned towards the former. Hence a new moon an- 


-swers to a full earth, and a full moon to a new earth. 


The quarters are also reversed with respect to each 
other. 


86. The position of the moon’s cusps, ora right line Position of 
touching the points of her horns, is very differently the cusp: of 


inclined to the horizon, at different hours of the same 
day of age. Sometimes she stands as it were upright 
on her lower horn, which is then necessarily perpendi- 
cular to the horizon ; when this happens, she is said 
to be in her nonagesimal degree, which is the highest 
point of the ecliptic above the horizon ; the ecliptic 
at that time being 90° from each side of the horizon, 
reckoning from the point where it is then cut by 
the former circle. But this never happens when the 
moon is on the meridian, except when she is in the 
beginning of Cancer or Capricorn. 


€ moon. 
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37. The moon turn3 on an axis which is nearly per- 


—-—~ pendicular to the plane of the ecliptic, and in such a way 
The moon as to make one complete diurnal rotation during one 


| always pre- 


cents the 


sume face 


lunation, and therefore always presents to us the same 
race or hemisphere, as is demonstrable by observations 


~ utheearth, made on her by the telescope ; both these revolutions 


Prases of 


are performed in 27 days 7 hours 43’, viz. from any 
star to the same star again, but from one lunation to 
another is about 294 days. In consequence of this re- 
markable coincidence, which is still unaccounted for 
on physical principles, the earth must appear to a spec- 
tator on the moon to be permanently at rest. It will 
never quit any position in which it is once found, at 
whatever height it may be above the lunar horizon, 
or in whatever quarter it may appear; it will go 
through all its changes, but retain its position ; con- 
sequently to one half of the moon the earth is always 
invisible, while the other half enjoys a constant illu- 
mination from its reflected rays; but each side has 
an equal participation of the solar light. 

88. The phases of the inferior planets, Mercury and 


pane Venus, strongly resemble those of the moon, but they 


Of eclipses, 


are invisible except by means of the telescope. Co-. 
pernicus, after having laid down his system of celes- 
tial motions, predicted that future astronomers would 
find that Venus underwent the same changes, and ex- 
hibited similar phases to the moon ; which prediction 
was first fulfilled by Galileo, who ee his tele- 
scope to this planet, observed the phases foretold by 
the father of modern astronomy ; he observed her to 
be sometimes full, sometimes horned, and sometimes 
gibbous. 

Mercury also presents similar appearances. All the 
difference being, that when these are full, the sun is 
between them and us, whereas, when the moon is full, 
we are between her and the sun. Mars appears some- 
times gibbous, but never horned, its orbit being ex- 
terior to that of the earth. 

We shall have again to recur to this subject, ma 
subsequent chapter, our purpose here being merely a 
popular illustration of. the most striking lunar phe- 
nomena. 


7. Of lunar and solar eclipses. 


$9. The phenomena of eclipses are amongst the num- 
ber of those which have most e the attention 
of mankind ; the learned and the unlearned have found 
an equul interest in them; the one to observe their 
appearances, to discover the cause of the deprivation 
of light which we then encounter, te predict their re- 


.turn, &c. ; and we have seen, in our historical sketch, 


the various absurd ideas that have been entertained on 
this subject by many of the most eminent philosophers 
of antiquity. Amongst the common peopke, the interest 
excited by such phenomena, arose from the fear which 
they inspired; they were considered by them as 
alarming deviations from the regular course of nature, 
and as the forerunners of some portentous event ; 
hence, actuated either by curiosity or timidity, the 
subject of eclipses has probably from the earliest times. 
engaged the serious attention of mankind, and they 
are still amongst the most interesting of the celestial 
phenomena. In illustrating the cause of eclipses, we 
shall follow still the method we have hitherto pursued 
in this introduction ; that is, we shall render our ex- 
planation as popular and simple as possible, leaving 
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all the minute particulars for another place, where we 
shall enter more fully upon the subject, and illustrate 
the principles of those calculations on which the pre- 
diction of eclipses depends. 

40. The earth being an opaque hody enlightened by 
the sun, it necessarily projects a shadow into the regions 
of space in a contrary direction ; and when it so hap- 
pens that the moon in the course of her revolution 
about the earth, falls into this shadow, she loses the 
sun's light by which alone she is visible, and appears 
to us eclipsed. Let us suppose two straight lines 
drawn from the opposite parts of the solar disc tan- 
gents to the surface of the earth as AB, a6, (fig. 7) 
these lines will represent the limits of the shadow, 
and as the sun is much larger than the earth, these 
lines will meet at a point, and cross each other behind 
the earth; and the shadow will thus assume the figure 
of a right cone. When the moon enters this shadow, 
and a part of her disc is still enlightened by the sun, 
this part is not terminated by a straight line, but has 
the form of a luminous crescent, the concave part 
being turned towards the shade. The same circum- 
stance happens again, when the moon begins to quit 
the shadow. 

When the moon approaches the terrestrial shadow, 
she does not lose her light suddenly, but it gradually 
becomes more and more faint till the obscurity arrives 
at its greatest intensity. In order the better to com- 
prehend this phenomenon, we have only to attend to 
the figure, and observe, that an opaque body may be 
so placed between an object and the sun as only to 
intercept a part of its light ; let us suppose this object 
to be M, it will then be less illuminated than if it re- 
ceived the whole of the light, but more of it than if 
it were placed at m in total obscurity. 

41. This intermediate state comprehended between 
the angular space EBC on one side of the umbra or 
shadow, and FBC on the other, is called the penumbru; 
and it is the entrance of the moon into this partial 
shade, which produces the faint obscurity observed 
immediately before the eclipse commences, and after 
it is over. 

The limits of this penumbra may be found by draw- 
ing two lines as Ae, a E touching the surface of the 
sun and the earth, so as to cross at a point C between 
them. The angles EBC, ec will determine the space 
occupied by the penumbra; for at a point situated 
beyond this space, the whole disc of the sun will be 
visible, and the visible portion will diminish fronythe 
line EB to CB, when. it will entirely disappear, and 
consequently the penumbra will gradually increase in 
its intensity from its first limit EB, to its second C, 
where it ceases, or is confounded with the shadow itself. 

42. When the moon enters completely into the sha- 
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dow of the earth, we still do not entirely lose sight of it ; observed in 
its surface is still faintly illuminated with a reddish atotal lunar 


light, something similar to that reflected by the 
clouds after the setting of the sun. This effect arises 
from the solar rays that have been refracted by our 
atmosphere, and afterwards inflected behind the earth ; 
for those rays which are not enough refracted to reach 
the surface of the earth, continue their course through 
the atmosphere, and if not entirely absorbed by it, 
are inflected towards a focus or point in the same 
inanner as in a convex lens. 

The light thus refracted behind the earth is very 


eclipse. 
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Astronomy. considerable: regarding only one luminous point 
we —w/ of the solar disc, it can only project one ray to every 
point of the surrounding space, but through the me- 
dium of the terrestrial atmosphere, a course of lumi- 


mountains and the plains, depriving them for some Plane 
instants of the light of the sun. This total darkness Astronums. 

“under the most favourable circumstances may last “~~~ 
about five minutes. The smallest apparent diameter 
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nous points is collected behind the earth, an object 
placed in the focus or vertex of this cone, would be 
more strongly illuminated than by the direct light of 
the sun; every point of the sun producing a similar 
effect, the length and extension of the terrestrial sha- 
dow are much diminished ; and if the atmosphere did 
not absorb a very great portion of the solar rays, the 
light reflected from the disc of the moon would be 
very great ; it is, however, so much modified by the 
circumstances alluded to, as to exhibit only that 
faint red light above described. 

It may be proper to observe, that this faint illumi- 
nation of the lunar disc at the time of a total eclipse, 
has been accounted for upon different principles, but 
the above appears to us the most satisfactory. 

43. An eclipse of the sun is an occultation of the sun's 
body, occasioned by the interposition of the moon be- 
tween the earth and sun. On this account it is by 
some considered rather as an eclipse of the earth, be- 
cause the light of the sun is hidden from the earth by 
the moon, whose shadow involves a part of the terres- 
trial surface. The cause of a solar eclipse, and the 
circumstances attending it are represented in fig. 8, 
where S is the sun, m the moon, and CD the earth, 
rmso the moon's conical shadow traversing a part 
of the earth CoD, and thus producing en eclipse to 
all the inhabitants residing in that track, but no where 
else ; excepting that for a large space around it, there 
is a fainter shade included within all the space rCDs, 
which, as in the lunar eclipse, is called the pe- 
numbra. 

Hence, solar eclipses happen when the moon and 
sun are in conjunction, whereas the lunar eclipses only 
take place when they are in opposition ; that is, the 
former happen at the time of the new moon, and the 
latter at the full. 

44. Notwithstanding the moon is very considerably 
less than the sun, yet from its proximity to us, it so hap- 
pens, that its apparent diameter differs very little from 
that of the latter body, and even sometimes exceeds 
it. Suppose an observer situated in a right line which 
joins the continuation of the sun and moon, he will 
see the former of these bodies eclipsed, as we have 
above stated. Ifthe apparent diameter surpasses that 
of the sun, the eclipse will be total, and the observer 
will be entirely immerged in the conical shadow which 
is projected behind the moon: if the diameters are 
equal, the point of the cone. will terminate at the 
earth's surface, and there will be a momentary total 
eclipse. If the diameter of the moon be less than that 


‘of the sun, the observer will see a zone of the sun 


surrounding the moon like a ring, and the eclipse 
will be central and annular. And lastly, if the obser- 
ver be not exactly in the line joining the centres, the 
eclipse may be partial ; that is, a part of the solar disc 
may be hid while the remaining part continues per- 
cectly visible. Total eclipses, which are very rare 
occurrences in any particular place, are remarkable 
for the darkness which accompanies them, and which 
they spread over different parts of the surface of the 
earth, in the same manner as the shadow of a dense 
-loud, carried along by the wind, sweeps over the 


of the sun is 31’ 30”; the diameter of the moon at 
its mean distance 31’ 25”, that is less than that of the 
sun ; consequently there canno- be a total eclipse 
when the moon is beyond its mean distance. Eclipses 
of the sun are also modified as to quantity by the 
height of the moon above the horizon which increases 
her diameter ; other circumstances also contribute to 
produce certain changes which must be considered in 
the computations relative to these phenomena, but 
which it would be useless to detail in this place. 
From what has been already stated we may draw the 
following general conclusions. 


1. That no solar eclipse is universal ; that is, none General de 
can be visible to the whole hemisphere to which the ductioas 


sun is risen: the moon's disc being too small and 
too near the earth to hide the sun from a whole ter- 
restrial hemisphere. Commonly, the moon's dark 
shadow covers only a spot on the earth's surface, 
about 180 miles broad, when the sun's distance is 
greatest, and the moon's least. But her partial sha- 
dow or penumbra, may then cover a circular space of 
4,900 miles in diameter, within which the sun is more 


: or less eclipsed, as the places are nearer to or farther 


from the centre of the penumbra. In this case, the 
axis of the shade passes through the centre of the 
earth, or the new moon happens exactly in the node, 
and then it is evident that the section of the shadow iz 
circular; but in every other case the conical sba- 
dow is cut obliquely by the surface of the earth, and 
the section will be oval, and very nearly a true ellipsis. 

2. Nor does the eclipse appear the same in all parts 
of the earth, where it is seen ; but when in one place it 
is total, in another it is only partial. Moreover, 
when the apparent diameter of the moon is less than 
that of the sun, as happens when the former is in apo- 
gee and the latter in perigee, the lunar shadow is then 
too short to reach the earth's surface ; in which case, 
although the conjunction be central, yet the sun will 
be to no place totally eclipsed, but to certain observers, 
a bright rim of light will be seen surrounding the 
moon while the latter is on the solar disc; and the 
eclipse is then said to be annular. 

3. A solar eclipse does not happen at the same time 
in all places where it is seen; but appears earlier to 
the western parts, and later to the eastern; as the 
motion of the moon, and consequently of her shadow, 
is from east to west. 

4. In most solar eclipses, the moon’s disc is covered 
with a faint light ; which is attributed to the reflec- 
tion of the rays from the illuminated part of the 
earth. 

Lastly. In total eclipses of the sun, the moon’s 
limb is seen surrounded by a pale circle of light, 
which has been considered as indicative of a lunar 
atmosphere ; others, however, doubt this explana- 
tion, and offer different conjectures as to the cause of 
the phenomenon ; but this is not the place fur dis- 
cussing this question. 

Having thus given a brief description of the consti- 
tution of the solar system, with an illustration of the 
most remarkable phenomena which it presents to 
nuked vision, as far as they can be iilustrated inde- 
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Astropamy. pendent of astronomical computation, we shall now 
conclude our introduction by describing certain astro- 
nomical machines, constructed for the purpose of ex- 


upon it. In the same manner, the arm points out her  prane 
place in the ecliptic B, in signs and degrees, called Astrunon.e 
her geocentric place ; that 1s, as seen from the earth, ——,—— 


hibiting, in a simple and popular manner, all the most 
remarkable celestial movements and phenomena. 


8. Description of astronomical machines. 
45. By astronomical machines is here to be under- 


The moon's orbit is represented by the flat rim A; 
this orbit is made to incline to any desired angle. 
The earth of this instrument is usually made of a 3- 
inch, or 14-inch globe, papered, &c. for the purpose ; 
and by means of the terminating wire, that goes over 


Astronomi 
ca} ma- stood any piecesof mechanism constructed forexhibiting it, points out the changes of the seasons, and the dif- 
chines. the motions and phenomena of the heavenly bodies, be- ferent length of days and nights. It may also be made 


ing thus distinguished from astronomical instruments, 
which include all such constructions as are employed 
for the purpose of measuring altitudes, angles, &c. 
necessary for astronomical computation. The one, in 


to represent the Ptolemaic system, which places the 
earth in the centre, and the planets and sun revolving 
about it. This is done by an auxiliary small sun and 
earth, wnich change their places in the instrument 


> Refutatios 


but at the same time it affords a most manifest con- of ptoje- 
futation of it. For it is obviously perceived in this maic sys- 
construction, first, that the planets Mercury and Ve- tem. 


fact, are merely employed for explanation ; the other, 
for the purpose of research and calculation. Various 
improvements have been made by different artists in 


the construction of planetary machines, and that which 
is now exhibited in the lectures of the Royal Institu- 
tion, is perhaps the most perfect of its kind; but it 
would carry us too far to describe this instrument, 
with all its apparatus, wheel work, &c. Beside, we 
cannot help observing, that much time, ingenuity, and 
expence are frequently wasted in these kind of con- 
structions ; because, after all, they are only, as we 
have before observed, explanatory ; for which purpose 
the same degree of accuracy is not required as in in- 
struments employed in astronomical observation. 
That student who stands in need of the assistance 
of such machines, will never become a great profi- 
cient in astronomy ; to pursue this study with effect, 
a beginner must acquire the habit of constructing his 
own planetarium in his mind's eye, and of soaring 
with it into the regions of celestial space; he ought 
to conceive the orbits of the heavenly bodies in a 
non-resisting medium, their nodes, their inclinations, 
and eccentricities unimpeded by the intervention of 
brass rings or ebony frames; which have always the 
effect of giving a stiffness and unnatural representa- 
tion extremely offensive to the eye of the professed 
astronomer. We must, however, acknowledge, that 
to children or mere novices, these machines may be 
of some assistance, and shall therefore describe one or 
two of the most simple of them in this place. 


Planetarium. 
46. The machine exhibited in fig. 9, isa planetarium, 


nus being both within the orbit of the sun, cannot at 
any time be seen to go behind it, whereas, in nature, 
we see them as often go behind as before the sun in 
the heavens. It shows that as the planets move in 
circular orbits about the central earth, they ought at 
all times to be of the same apparent magnitude ; 
whereas, on the contrary, we observe their apparent 
magnitude in the heavens to be very variable; and 
so far different, that Mars, for instance, will some- . 
times appear nearly as large as Jupiter; while, at 
others, he will scarcely be distinguishable from a fixed 
star. 

The planetarium, when thus adjusted, shows also 
that the motions of the planets ought always to be 
regular and uniform; that they ought always to 
move in the same direction ; whereas, we find them, 
sometimes direct, at others stationary, and even retro- 
grade ; which plainly shows the fallacy of the Ptole- 
maic hypothesis, at the same time that the modern 
system is thus clearly represented. Let us, for ex- 
ample, take the earth from the centre, and replacing 
it by the ball representing the sun, also restoring the 
earth to its proper situation amongst the planets, and 
every phenomena will then correspond and agree ex- 
actly with celestial observations. For turning the 
handle H, we shall see the planets Mercury and Ve- 
nus go both before and behind the sun, or have two 
conjunctions ; we shall perceive also that Mercury 
can never have more than a certain angular distance 
21° from that body, nor Venus a greater than 47°. 


Planeta- 

‘am, by constructed by the late Mr. Jones, of Holborn. It It will likewise be seen, that the superior planets, par- 

=. represents, in a general manner, by various parts of it, ticularly Mars, will sometimes be much nearer to the 
9. all the principal motions and phenomena of the hea- earth than at others; and, consequently, must vary 


venly bodies. 

The sun occupies the centre, with the planets Mer- 
cury, Venus, the Earth with its moon, Mars, Jupiter, 
with his four satellites, Saturn with his seven, and an 
occasional long arm may be attached for exhibiting 
the Herschel or Uranus, with his several attendants. 
To the earth and moon is applied a frame, CD, con- 
taining only four wheels and two pinions, which serve 
to preserve the earth's axis in its proper parallelism 
in its motion round the sun, and to give the moon her 
due revolution round the earth at the same time. 
These wheels are connected with the wheel work in 
the round box below, and the whole is set in motion 
by the winch H. The arm M that carries round the 
moon, points out on the plate C her age and phases 
for any situation in her orbit, which are engraved 

VOL. II. 


considerably in their apparent magnitude ; we shall see 
that these planets cannot appear from the earth to 
move with equal velocities ; but that this will appear 
greater when they are nearest, and less as they are 
more remote; that their apparent motions ought 
sometimes to be direct, sometimes retrograde, while 
in particular positions they will seem to be stationary ; 
all which are consistent with the actually observed 
phenomena. 

These particulars are shown somewhat more mi- 


nutely in fig. 10, where a hollow wire, with a slit at Fig. !¢ 


top, is placed over the arm of the planet Mercury or 

Venus, at E. The arm DG represents a ray of light 

proceeding from the planet at D to the earth, and is 

put over the centre which carries the earth at F. The 

machine being then put in motion, the planet D, us 
3x 
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The frame of it, which contains the wheel work, Plane 
&c. and regulates the whole machine, is made of Astronomy. 
ebony, and about four feet in diameter. Above the —~— 
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Astiunomy, seen in the heavens from the earth at F, will undergo 
\o\ ewe the several changes of position as above described ; 
and a similar application may be made to the superior 


Fig. 11. 


Of the Or-.. 
rery. 


Fig. 12. 


planets. 

This apparatus serves also to illustrate the diurnal 
rotation of the earth on its axis; the cause of the 
different seasons, the difference in the lengths of the 
days and nights, &c. For as the earth is placed on 
an axis inclined to the plane of the ecliptic at an angle 
of 234°, we shall have, when the machine is in motion, 
the most satisfactory illustration of the different in- 
clination of the sun's rays upon the earth. The dif- 
ferent quantities which fall on a given space, the 
unequal quantities of the atmosphere they pass 
through, and the unequal duration of the sun above 
tne horizon at the same place at different times of the 
year; which circumstances constitute the primary 
causes of all that change of seasons and variable 
lengths of days and nights which we experience. 

The globe representing the earth being moveable 
about an axis, if we draw upon it a circle to denote 
cur own horizon, we may, by means of the terminat- 
ing wire going over it, very naturally exhibit the 
cause of the different lengths of the days and nights 
in our particular latitude, by simply turning the arti- 
ficial earth with the hand to imitate its diurnal rota- 
tion ; but in some of the more modern instruments of 
this kind, this rotatory motion is communicated to 
the globe by the wheel work of the machine itself. 

The eclipses of the sun and moon are still more 
perfectly shown by this machine than the phenomena 
to which we have above alluded; for by placing a 
light in the centre instead of the brass ball, denoting 
the sun (fig. 11), and turning the handle till the 
moon comes into a right line, between the centres of 
the light, or sun, and the earth, the shadow of the 
moon will fall upon the latter, and all the inhabitants 
of those parts over which the shadow passes, will see 
more or less of the eclipse ; and on the other side the 
moon passes through the shadow of the earth, and is 
by that means eclipsed to the inhabitants of those 
parts to which the lunar disc is at that time visible. 

All the phenomena of the satellites of Jupiter, 
Saturn, &c., might also, with equal facilities, be ex- 
hibited by this machine, and are actually so exhibited 
in some of the larger apparatus, denominated orreries ; 
in the machine we are at present describing, these 
satellites are only moveable by hand. 


Orreries. 


47. The term Orrery, to denote such a machine as that 
we are about to describe, appears rather singular, and 
is one of those derivations, which, if the history were 
lost, would involve future etymologists in inexplicable 
difficulties. The first machine of this kind appears to 
have been made by the celebrated instrument maker, 
Graham, by whom it was probably considered only 
as an improved planetarium: but Rowley, an artist 
of reputation in his time, copied Graham's machine, 
and the first of his construction was made for the Eurl 
of Urrery ; whence Sir R. Steel, who knew nothing 
of Graham's original claim, called the instrument 
after the name of the supposed first purchaser an 
Urrery, which designation it still bears. One of the 
most usual constructions of this kind is shown in 
(fig. 12,) which may be briefly described as follows :— 


frame is a broad ring supported by twelve pillars, 
which ring represents the plane of the ecliptic. Upon 
it are two circles divided into degrees with the names 
and characters of the twelve signs of the zodiac. Near 
the outside is a circle of months and days, exactly 
corresponding to the sun's place at noon each day 
throughout the year. Above the ecliptic stand some 
of the principal circles of the sphere corresponding 
with their respective situations in the heavens ; viz.aa 
are the two colures, divided into degrees and half de- 
grees; 6 is one half of the equinoctial circle, making 
an angle of 234 degrees with the ecliptic. The tropic 
of Cancer and the arctic circle are each fixed parallel 
at their proper distances from the equinoctial. On 
the northern half of the ecliptic is a brass semicircle 
moveable upon two fixed points in 7 and +. 

This semicircle serves as a moveable horizon, to be 
put to any degree of latitude on the north part of the 
meridian, and the whole machine may be set to any 
latitude, without disturbing any of the internal mo- 
tions, by means of two strong hinges fixed to the bot- 
tom frame upon which the instrument moves, and a 
strong brass arch, having holes at every degree, 
through which a pin may be passed at any required 
elevation. These hinges, with the arch, support the 
whole machine when set to the proposed latitude. 

When the Orrery is thus adjusted, set the move- 
able horizon to any degree upon the meridian, whence 
may be formed a pretty correct idea of the respective 
altitude or depressions of the several planets, both 
primary and secondary. The sun S stands in the 
centre of the system on a wire making an angle with 
the ecliptic of about 82°; next in their order follow 
the planets Mercury, Venus, and the Earth, the axis 
of the latter being inclined to the plane of the ecliptic, 
at an angle of 664°, which is the measure of the in- 
clination of the earth's axis. 

Near the bottom of this axis is a dial plate, having 
an index pointing to the hours of the day, as the Earth 
revolves ; and about the latter is a small ring, sup- 
ported by two small pillars, representing the orbit of 
the moon, with divisions answering to the moon's 
latitude. The motion of this ring represents the 
motion of the lunar orbit according to that of the 
nodes ; and within it is a small ball with a black cup, 
or case, by which are exhibited all the phases of this 
celestial body. 

Beyond the orbit of the earth are those of Mars, 
Jupiter, and Saturn, and in some instruments the 
Georgium Sidus, or Uranus. Jupiter is attended by 
his four satellites, and Saturn by his seven satellites 
and ring. 

The machine is put in motion by turning a handle, 
or winch ; and by pushing in, and pulling out a small 
pin above the handle. hen it is in, all the planets, 
both primary and secondary, will move according to 
their respective periods. When it is out, the motion 
of the satellites of Jupiter and Saturn are stopped, 
while all the rest move without interruption. There 
is also a brass lamp, having two convex glasses to 
put in the place of the sun; and also a smaller earth 
and moon made somewhat in proportion to their dis- 
tance from each other, and which may be put on or 
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The ecliptic orbit is divided into 12 equal parts or Plane 


Astronomy. removed at pleasure. The lamp turns round at the 
——,———_/ Same time with the earth, and the glasses of it cast a 


Cometa- 
nam. 


Fig. 13, 34. 


strong light upon her. When it is intended to use 
the machine, the planets must be first placed each in 
its respective position by means of an astronomical 
ephemeris, anda black patch or wafer may be placed 
on the middle of the sun ; against the first degree of 
Y (Aries); patches may also be placed upon Venus, 
Mars, and Jupiter. Now turn the handle, one revo- 
lution of which corresponds to one diurnal revolution of 
the earth about its axis, and consequently answers to 
24 hours upon the dial plate, placed at the foot of the 
wire on which the ball is fixed. 

Again, when the index has moved over the space 
of 10 hours, Jupiter will have made one revolution on 
his axis, and so of the rest according to their respec- 
tive periods of diurnal rotation. By these means the 
revolution of the planets, and their motion round 
their axis, will be represented to the eye, if not ex- 
actly, yet in nearly their due intervals of time. 

48. We might have entered into the description of 
orreries on other and more correct principles than the 
above, but the explanation must have been propor- 
tionally longer; and we have already observed, that 
such machines are, in our opinion, rather calculated to 
show the ingenuity of their constructors, than to offer 
any advantages to the student. It is true, that they 
may convey to the uninformed reader some ideas of 
the planetary motions, but we think it is extremely 
probable, that the idea thus given, if not actually 
false, may, in many cases, be rather injurious than 
useful; and as instruments for computation, the 
most perfect of them are wholly incompetent, we 
shall therefore make no apology for not having ex- 
tended our description of orreries to a greater length. 
What has been said, and a reference to the plate, will 
be quite sufficient for showing the general principle 
of their construction and operation, which, we con- 
ceive, is all that is requisite to be introduced in this 
place. 


Cometarium. 


49. This machine, which must also be considered rather 
as an object of curiosity than utility, shows the motion 
of a comet, or very eccentric body, moving round the 
sun, and describing equal areas in equal times; and 
may be so adjusted, as to show such a motion for any 
degree of eccentricity. The first projection of it we 
owe to Desaguliers. 

The dark elliptical groove, a bc d &c. (fig. 13,) 
is the orbit of the comet Y ; which is carried round 
in this groove according to the order of those letters, 
by the wire W fixed to the sun S, and slides on the 
wire as it approaches nearer or recedes further from, 
the sun ; being nearest, or in its perihelion in a, and 
most distant in the aphelion g. The areas aS b, 6Sc, 
cSd, &c. or the contents of these several trilaterals, are 
all equal ; and in every turn of the winch, or handle, 
N, the comet Y is carried over one of these spaces ; 
consequently, in the same time as it moves from ¢ to 
g, or from g toh, it will also move from m to a, or 
from a to 6, and so of the rest, its motion being quick- 
est at a, and slowest atg. Thus the comet's velocity 
in its orbit continually decreases from the perihelion 
to the aphelion, and increases in the same proportion 
from 4 to a. 
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signs, with their respective degrees, as is also the Astronomy. 


circle no pq, &c., which represents a great circle 
in the heavens, and to which the comet's motion is 
referred by a small knob on the point of the wire W. 
While the comet moves from f to g in its orbii, it 
appears to move only about five degrees in this circle, 
as is shown by the small knob on the end of the wire 
W; but in as short a time as the comet moves from 
m to a, or from a to b, it appears to describe the large 
space in the heavens ¢ 7, or no, either of which spaces 
contains 120°, or four signs. If the eccentricity of 
the orbit were greater, the greater also would be 
the difference in the cometary motion. 

The circular orbit ABC, &c. is for showing the 
equable motion of a body about the sun S, describing 
equal areas in equal times, with those of a body Y in 
its elliptic orbit above referred to, but with this differ- 
ence, that the circular areas ASB, BSC, &c. or the 
equal arcs AB, BC, &c. are described in the same 
times as the unequal elliptic arcs a b, be, &c. 

If we conceive the two bodies Y and R, to move 
from the points a, A, at the same moment of time, 
and each to go round its respective orbit, and to 
arrive at the same points again at the same instant, the 
body Y will be more forward in its orbit than the body 
R all the way from a to g, and from A to G: but R 
will be forwarder than Y through all the other half 
of the orbit; and the difference is equal to the equa- 
tion of the body Y in its orbit. At the points a A, 
and g G, that is, in the perihelion and aphelion they 
will be equal; and then the equation vanishes. This 
shows why the equation of a body moving in an ellip- 
tic orbit, is added to the mean or supposed circular 
motion from the perihelion to the aphelion, and sub- 
tracted from the aphelion to the perihelion, in bodies: 
moving round the sun, or from the perigee to the 
apogee, and from the apogee to the perigee in the 
moon's motion round the earth. 

This motion is performed in the following manner 
by the machine, (fig. 15.) 
the box containing the wheel-work), above which are 
the wheels D and E, and below it the elliptic plates 
FF and GG ; each plate being fixed on an axis in one 
of its foci, at E and K; and the wheel E is fixed 
on the same axis with the plate FF. These plates 
have grooves round their edges precisely of equal 
diameters to one another, and in these grooves is the 
cat-gut string g g, g g crossing between the plates at 
h. On H, the axis of the handle or winch N in fig. 
13, is an endless screw iu fig. 15, working in the 
wheels D and E, whose numbers of teeth being equal, 
and equal to the number of lines aS, 6S, cS, &c. in 
fig. 14, they turn round their axis in equal times to 
one another, as do likewise the elliptic plates. For, 
the wheels D and E having equal numbers of teeth, 
the plate FF being fixed on the same axis with the 
wheel E, and turning the plate GG of equal size by a 
cat-gut string round them both, they must all go 
round their axis in as many turns of the handle N as 
either of the wheels has teeth. 

It is easy to see, that the end A of the elliptical 
plate FF being farther from its axis E than the oppo- 
site end I is, must describe a circle so much the larger 
in proportion, and must therefore move through so 
much more space in the same time; and for that 

3x 2 


ABC is a wooden bar (in Fig. 15. 
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Astronomy. reason the end h moves so much faster than the end 

aw I, although it goes no sooner round the centre E: at 
the same time the quick-moving end h of the plate 
FF leads about the short end h K of the plate GG with 
the same velocity ; and the slow-moving end 1 of the 
plate FF coming half round as to B, must then lead 
the long end & of the plate GG about, with a corres- 
vonding slow motion : so that the elliptical plate FF 
and its axis E move uniformly and equally quick in 
every part of its revolution; but the elliptical plate 
GG. together with its axis K, must move very une- 
qually in different parts of its revolution ; the differ- 
ence being always inversely as the distance of any 
point of the circumference of GG from its axis at K ; 
or in other words, if the distance K k, be four, five, or 
six times as great as the distance K h, the point 4 will 
move in that position, four, five, or six times as fast 
as the point & does when the plate GG has gone half 
round ; and so on for any other eccentricity or differ- 
ence of the distances Kk, Kh. The I on the plate 
EF, falls in between the two teeth at 4 on the plate 
GG; by which means the revolution of the latter is 
adjusted to that of the former, so that they can never 
vary the one from the other. 

On the top of the axis of the equally moving wheel 
D (fig. 15) is the sun S (fig. 14) which by means of 
the wire attached to it, carries the ball R round the 
circle, ABC, &c. with an equable motion, according 
to the order of the letters ; and on the top of the axis 
K of the unequally moving ellipse GG in (fig. 15, is 
the sun S (fig. 14) carrying the ball Y unequally 
round the elliptic groove abcd, &c. which elliptic 
groove must be exactly equal and similar to the verge 
of the plate GG, which again is also equal to that of 
EF. 


Eclipsarean. 


Eclipsarean 50. The eclipsarean is an instrument invented by Mr. 
Ferguson for exhibiting the time, quantity, duration, 
and progress of solar eclipses, in all parts of the earth. 
This machine consists of a terrestrial globe A, (fig. 

Fie 16,17. 17) turned by a winch M, round its axis B, inclining 

234°, and carrying an index round the hour circle D; 
a circular plate E, on which the months and days of 
the year are inserted, and which supports the globe 
in such a manner, that when the given day of the 
month is turned to the annual index G, the axis has 
the same position with the earth's axis at that time ; 
a crooked wire F, which points to the middle of the 
earth’s enlightened disc, and shows to what place of 
the earth the sun is vertical at any given time; a 
penumbra or thin circular plate of brass I, divided 
into twelve digits by twelve concentric circles and so 
proportioned to the size of the globe, that its shadow, 
formed by the sun, or a candle, placed at a convenient 
listance, with its rays transmitted through a convex 
ens, to make them fall parallel on the globe, may 
cover those parts of the globe which the shadow and 
penumbra of the moon cover on the earth; an up- 
right frame HHHH, on the sides of which are scales 
of the moon’s latitude, with two sliders K and K, 
fitted to them, by means of which the centre of the 
penumbra may be always adjusted to the moon's lati- 
tude ; a solar horizon C, dividing the enlightened 
from the darkened hemisphere, and showing the places 
wneic the general cclipse begins and ends with the 


rising or setting sun, and a handle M, which turns _‘ Plane 
the globe round its axis by the wheel work, and Astronomy 
moves the penumbra across the frames by threads ““\—" | 
over the pulleys LLL, with a velocity duly propor- | 
tioned to that of the moon's shadow over the earth 

as the earth turns round its axis. 

51. If the moon's latitude at any conjunction exceeds Rectifica- 
the number of divisions on the scales, there can be no tion. 
eclipse ; if not, the sun will be eclipsed to some parts of 
the earth ; the appearance of which may be represented 
by the machine, either with the light of the sun, or of 
acandle. For this purpose, let the indexes of the sli- 
ders KK, point to the moon’s latitude, and let the plate 
E be turned till the day of the given new moon comes 
to G, and the penumbra be moved till its centre comes 
to the perpendicular thread in the middle of the 
frame, which thread represents the axis of the eclip- 
tic ; then turn the handle till the meridian of London 
on the globe comes under the point of the wire F, 
and turn the hour circle D till 12 at noon comes to 
its index ; also turn the handle till the hour {index 
points to the time of new moon in the circle D, and 
then screw fast the collar N. Lastly, elevate the ma- 
chine till the sun shines through the sight holes in 
the small upright plates OO, on the pedestal, or 
place a candle before the machine, at the distance of 
about four yards, so that the shadow of the intersec- 
tion of the cross thread in the middle of the frame, 
may fall precisely on that part of the globe to which 
the wire F points ; with a pair of compasses take the 
distance between the centre of the penumbra and the 
intersection of the threads, and set the candle higher 
or lower, according to that distance; and place a 
large convex lens between the machine and candle, 
so that the candle may be in the focus of the lens ; 
and thus the machine is rectified for use. 

52. Let the candle be turned backward till the pe- Phenumens 
numbra almost touches the side, HF, of the frame, shown by 
and then turning it forward, the following phenomena a: aa 
may be observed. Serene 

1. Where the eastern edge of the shadow of the 
penumbral plate I, first touches the globe at the solar 
horizon, those who inhabit the corresponding part of 
the earth, see the eclipse begin on the uppermost 
edge of the sun, just at the time of its rising. 

2. In that place where the penumbra's centre first 
touches the globe, the inhabitants have the sun rising 
upon them centrally eclipsed. 

3. When the whole penumbra just falls upon the 
globe, its western edge at the solar horizon touches, 
and leaves the place where the eclipse ends at sunrise 
on his lowermost edge. 

4. By continued turning, the cross lines in the cen- 
tre of the penumbra will go over all those places on 
the globe where the sun is centrally eclipsed. 

5. When the eastern edge of the shadow touches 
any place of the globe, the eclipse begins there ; when 
the vertical line in the penumbra comes to any place, 
then is the greatest obscuration at that place; and 
when the western edge of the penumbra leaves the 
place, the eclipse ends there, and the times are shown 
on the hour circle ; and from the beginning to the 
end, the shadows of the concentric penumbral circles 
show the number of digits eclipsed at all the interme- 
diate times. 

6. When the eastern edge of the penumpra leaves 
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Astronomy. the globe at the solar horizon C, the inhabitants see 
—\—~ the sun beginning to be eclipsed on its lowermost 
edge, at its setting. 

7. Where the centre of the penumbra leaves the 
globe, the inhabitants see the sun centrally eclipsed; and 
lastly, where the penumbra is wholly departing from 
the globe, the inhabitants see the eclipse ending on 
the uppermost part of the sun's edge, at the time of 
its disappearing in the horizon. 

This instrument will likewise serve for exhibiting 
the time of sun rising and setting; and of morning 
and evening twilight, as well as the places to which 
the sun is vertical on uny day, by setting the day on 
the plate E to the index G, turning the handle till the 
meridian of the place comes under the point of the 
crooked wire F, and bringing XII on the hour circle 
D to the index: then if the globe be turned till the 
place touches the eastern edge of the horizon C, the 
index shows the time of sun setting ; and when the 
place comes out from below the other edge of C, the 

index shows the time when evening twilight ends ; 
morning twilight and sun rising are shown in the 
same manner on the other side of the globe. And 
the places under the point of the wire F are those to 
which the sun passes vertically on that day. Fergu- 

| son's Astronomy, by Brewster, or Phil. Trans. vol. 

| xI viii. 

| 53. The celestial and terrestrial globes may also be 
considered as astronomical machines of the kind we 
have been describing ; but it would too much inter- 
rupt the order of our treatise to enter upon a descrip- 
tion of these instruments in this place; they will, 
therefore be described under the proper head in our 
alphabetical arrangement ; and we shall now proceed, 
having given the foregoing succinct view of the more 
popular celestial phenomena, to treat the subject un- 

I der a more scientific point of view, in the following 

7 sections. 

| PART II. 


PLANE ASTRONOMY. 


§ III. Containing the principles of astronomical com- 
putation. 


1. Definitions. 


54. Previous to our entering upon this subject, it 
tere dee Will be requisite for the reader to render himself familiar 
tations, with the following definitions. Some of them have 

been already given, but the convenience of baving one 
decided place of reference will compensate for the few 
| repetitions that occur. 

_ Arreatcir- 1. A great circle of a sphere is any circle QRST (fig. 
: ‘ 18) whose plane passes through the centre of the 

re sphere ; and a small circle is any circle, BHK, whose 
plane does not pass through the centre. All great 
circles bisect each other. 7 
A diameter 2. The diameter of a sphere is any line, PE, passing 
through the centre and terminated on both sides by 
the circumference ; this diameter is said to be the 
cxris of that great circle to which it is perpendicular ; 
and the extremity of the axis PE are called the poles 
of that circle. 
Hence it follows, that the pole of a great circle is 90° 
distant from every point of it upon the sphere; and 
that the arcs subtending any angles at the centre of a 


(Of the 


521 


sphere are those of great circles. Consequently, all Plane 
the triangles formed on the surface of a sphere for the Astronon-y 
solution of spherical problems must be formed by the “~v——~ 
arcs of grent circles. 

3. Secondaries to a great circle are great circles, as Seconda- 
PQE, PREF, which pass through its poles, and whose "es. 
planes are therefore perpendicular to the plane of the 
latter. Hence every secondary bisects its great cir- 
cle ; a secondary also bisects every small circle that 
is parallel to the great circle to which it is secondary. 

Since every secondary passes through the pole of its 
great circle, and is perpendicular to it; it follows, 
that ‘if a secondary passes through the poles of two 
great circles, it is perpendicular to each of them. 
And conversely, if one circle be perpendicular to two 
others, it must pass through their poles. 

55. The above definitions belong wholly ead 
sphere considered abstractedly as a geometrical solid ; terrectrial 
the following appertain to the sphere considered with spherc. 
reference to astronomy. 

1. Let pep’ of (fig. 19) represent the earth which Fig. 19. 
at present we shall consider as a perfect sphere, and 
let pp’ be the line about which it performs its diurnal 
rotation ; then pp’ are called its poles, and the line 
pp’ its avis. And if we assume the circle PEP’Q to 
denote the circle of the celestial sphere, and conceive 
pp’ to be produced to the heavens meeting them in 
PP’, these will be the poles of the celestial sphere. 

2. The terrestrial equator is a great circle erqs, of 
the earth perpendicular to its axis; and if we con- 
ceive the plane of this circle to be produced to the 
sphere of the fixed stars, it will mark out the great 
circle ERQS, which is called the celestial equator. 

Hence it follows, that the poles of the terrestrial 
and celestial spheres are the same as the poles of the 
respective equators. 

The equator divides either spheres mto two equal Equator. 
portions, called the northern and southern hemispheres, 
and the corresponding poles are in like manner deno- 
minated the north and south poles. The northern be- 
miisphere is the part of the earth which lies on the 
side of the equator which we inhabit, and which in 
the figure we may assume to be epq. 

2. The latitude of a place on the earth's surface is Latitude 
its angular distance from the equator, measured upon terrestrial. 
a secondary to it: thus the arc eb, measures the 
latitude of the point 6. Any circle on which we 
measure the latitude of a place is called a terrestrial 
meridian; and when produced to the heavens a celes-- Meridixo, 
tial meridian. 

3. The small circles parallel to the terrestrial equa- 
tor are called parallels of latitude. 

4. The secondaries to the celestial equator are called 
circles of declination ; and the small circles parallel to 
the equator on the earth's surface parallels of declina- 
tion. Declination, therefore, in the celestial sphere, 
corresponds to latitude on the terrestrial sphere, thus 
the arc e6 which measures the latitude of a place on 
the earth, corresponds to EZ, the declination in the 
heavens. 

5. The longitude of a place on the earth's surfave Longitude 
is an arc of the equator, intercepted between the me- terrestrial 
ridian passing through the place, and another called a 
first meridian, passing through that place from which 
you begin to measure; which latter is different in 
different countries. Most nations account their first 
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Astro.omy. meridian that passing over their capital. The English, 
~~ for example, take the meridian of London, or rather 
that of the Royal Observatory, Greenwich ; the French, 
that of Paris, &c. 

6. If 6 be supposed to denote any place on the 
earth, and a tangent plane be supposed to be drawn 
to that place, and produced to the heavens, meet- 
ing them in the points ac, the circle a 6c, which 
is here projected into a right line, is called the sensible 
horizon. 

And the great circle HOR, which is drawn parallel 
to it, passing through the centre of the earth O, is 
called the rational horizon. It is in the former of those 
circles, which all the heavenly bodies are observed to 
rise and set. 

Small circles parallel to the horizon are called 
almucantars. 

4. Ifthe radius Ob of the earth at the place b of a 
spectator be produced both ways to the heavens, that 
point Z vertical to him is called the zenith, and the 
opposite point N the nadir, Consequently, the zenith 
and nadir are the poles of the rational horizon. 

8. Vertical circles are those secondaries which are 
perpendicular to the horizon, and which therefore 
pass through the zenith: it is in these circles the 
altitude of the heavenly bodies are taken. The celes- 
tial meridian of a place is therefore a vertical circle 
passing through the pole and zenith of that place ; as 
PEHP’ in the figure above referred to. 

The two points in the horizon R H, which are cut 
by the meridian of any place, are called the north and 
south points, according as they are towards the north 
or south poles. 

9. That vertical circle which cuts the meridian of 

any place at right angles, dividing it into two equal 
hemispheres, and which cuts the meridian in the east 
and west points, is called the prime vertical, as ZN, 
which is projected into the right line ZN. 
Azimuth 10. When a body is referred to the horizon by a 
and ampli- vertical circle, the distance of that point of the hori- 
ue: zon from the north or south points, is called the azi- 
muth, and its distance from the east or west points its 
amplitude. 

11. The ecliptic is that great circle of the heavens 
which the sun appears to describe in the course of the 

ear. 
” 12. The angle which the ecliptic forms with the 
celestial equator, is called the obliquity of the ecliptic; 
‘and the two points in which these circles intersect and 
bisect each other, are called the equinoctial points. The 
times when the sun comes to these points are called the 
equinores. 

For the signs, order, and characters of the twelve 
signs of the ecliptic, or zodiac, see our table of con- 
stellations, p. 506. 

Of these signs, the first six which lie on the north- 
ern side of the equator, are called northern signs ; 
viz. Aries, Taurus, Gemini, Cance:, Leo, Virgo: and 
the other six, Libra, Scorpio, Sagittarius, Capricormnus, 
Aquarius, Pisces, the southern signs. 

' The equinoctial points correspond to the first points 
of Aries and Libra. 

The six signs, Capricorn, Aquarius, Pisces, Aries, 
Taurus, and Gemini, are called ascending signs, the 
sun approaching our's, or the north pole, while it 
passes through them; the others, Cancer, Leo, &c., 
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ure, for a corresponding reason, called descending Plane 


signs; the sun, while passing through them, being A*tronomy 
— —— 


receding from our pole. 

14. The zodiac is a zone of the celestial sphere, Zodiac. 
extending 8° on each side of the ecliptic, within which 
the motion of all the principal planets are performed. 

The signs of the ecliptic and of the zodiac are the 
same. 

15. When any of the heavenly bodies appear to Direct and 
move according to the order of the signs, viz. through retrograde. 
Aries, Taurus, &c. their motion is said to be direct, or 
in consequentia ; when contrary to that order, retro- 
grade, or in antecedentia. (See art. 29) 

The real motion of all the planets is according to 
the order of the signs. 

16. We have seen, that the declination of any Right as- 
heavenly body is measured by the arc of a declination cension. 
circle, or secondary to the equator, and the distance 
of that secondary on the equator from the first point 
of Aries, estimated according to the order of the 
signs, is called its right ascension. 

Hence the right ascension of a heavenly body cor- 
responds with the longitude of a terrestrial one, ex- 
cept as to the point whence it is measured. 

17. The latitude of a heavenly body is measured by Latitude 
a secondary to the ecliptic passing through that body ; and Jongi- 
that is, by the angular distance between it and the tude in the 
ecliptic, as by the arc ms, fig. 20: and the longitude abi 
is measured by the arc of the ecliptic, intercepted be- | ™ “” 
tween the first point of Aries and the point where the 
secondary meets the ecliptic, estimated according 
to the order of the signs, as o m, considering o as the 
first point of Aries. 

Hence the latitude and longitude of a heavenly body 
are the same with reference to the ecliptic and its 
secondaries ; as those of a terrestrial body or place 
with reference to the equator and meridians. 

18. The oblique ascension is an arc of the equator, Oblique 
intercepted between the first point of Aries, and that ascension. 
point of the equator which rises with any body; and 
the difference between the right and oblique ascension 
is called the ascensional difference. 

19. The tropics are two celestial circles parallel to Tyopis. 
the equator, and touching the ecliptic ; the one at the 
beginning of Cancer, called the tropic of Cancer ; the 
other at the beginning of Capricorn, called the tropic 
of Capricorn. The two points where the tropics touch 
the ecliptic, are called the solstitial points. 

20. The arctic and antarctic circles are two parallels Arctic ‘and 
of declination ; the former about the north, and the antarctic 
latter about the south pole: the distance of each from “"*!€- 
the pole is equal to the distance of the tropics from 
the equator. 

These two circles, and those of the tropics, when Zones. 
referred to the earth, divides it into five zones; two 
called the frigid zones, which are those towards the two 
pules; the temperate zones being those between éach — 
tropic and its corresponding polar circle; and one 
torrid zone, including all the space between the two 
tropics, extending therefore about 23}° on each side 
of the equator. 

21. The nodes are the points where the orbit of a Nodes 
planet cuts the plane of the ecliptic ; and the nodes of 
a satellite, are the points where its orbit cuts the plane 
of the orbit of its primary, or that about which it re- 
volves. 
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Astronomy. The ascending node is that where the body passes 
—~\— from the south to the north side of the ecliptic, and 
the other is called the descending node. 
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shall have ac = ce, and mt =rt, each equal to a __ Plane 
quadrant, or 90°. Astronomy 
Now if we conceive the figure referred to as exhi- “~V~ 
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22. The aphelion is that point of the orbit of a planet 
which is farthest from the sun ; and the perihelion that 
point where it is nearest. 

The apogee and perigee have the same signification 
with reference to the earth. ‘The moon, for instance, 
is said to be in apogee when farthest from us; and in 
pengee, when nearest. 

The above definitions will be sufficient for our pre- 
sent purpose ; others, which require a previous know- 
ledge of certain subjects not yet discussed, are reserved 
for those places in the course of the subsequent sec- 
tions in which they naturally occur. 


2. Illustration of certain celestial phenomena. 


56. Let us now proceed to show the application of 
the doctrine of the sphere, to the illustration of cer- 
tain celestial phenomena, as the rising, setting, south- 
ing, &c. of the heavenly bodies. . 

57. In art. 55. we have defined the sensible and 
rational horizon ; but with reference to the sphere of 
the fixed stars, these may be considered as coinciding, 
the angle which the arc Ha (fig. 19) subtends at the 
earth, becoming then insensible in consequence of the 
immense distance of these bodies. Now, if we sup- 
pose, as we have hitherto dene, the earth to revolve 
daily about its axis, all the heavenly bodies must suc- 
cessively appear to rise and set, or revolve about the 
pole, in circles, whose planes are perpendicular to the 
earth's axis, and consequently parallel to each other ; 
and will, to every appearance, be the same as if the 
spectator were at rest in the centre of a concave sphere, 
which revolved uniformly about him; or that the 
stars each revolved in parallel cireles on such a sphere. 
We may therefore consider the earth but as a point 
with reference to the radius of the sphere of the fixed 
stars, and leave it out of the consideration in our far- 
ther inquiries upon this subject, and only employ the 
zenith, equator, poles, horizon, &c. of the celestial 
sphere, and such circles of declinations, as correspond- 
ing with the motion of the given bodies. _ 

58. Let then fig. 21. represent the position of the 
heavens to an observer, whose zenith is Z in north 
latitude ; EQ the equator, PP’ the poles, HOR the 
rational horizon, PZHP’R the meridian of the spec- 
tator. 

Draw the great circle ZON perpendicular to the 
meridian, and passing throvgh the zenith Z, which 
from our definition will be the prime vertical; and 
being in the plane of the eye, this being supposed to 
he perpendicular over the pole of the meridian, will 
be projected into a right line ZN, as will be shown in 
sur treatise on Projection and Perspective. The same 
will also be the case with the equator EQ, the horizon 
HR, and the great circle POP’, supposed to be drawn 
perpendicular to the meridian ; the common inter- 


section of all these circles being in the point O, the. 


pole of the meridian. 

Draw the small circles, or parallels of declinations, 
wH, mt, ae, Rv, yx, which will represent the cir- 
cles described by any of the heavenly bodies ; and as 
the great circle POP’ bisects the equator, it will 
bisect all the small circles parallel to it, conse- 
quently mt, ae, are bisected in r and c; and we 


biting the eastern hemisphere, the several arcs QE, 
ae, tm, &c. will represent the paths of bodies placed 
at those distances from the pole, as they ascend from 
the meridian under the horizon to the meridian above ; 
and the points b, O, s, will be the places where they 
rise, or begin to appear above the horizon; and é Ee, 
the points where they attain their greatest or meridian 
altitude; as ae, QE, mt, are bisected in c, O, r; e 6 
must be greater than 6 a; QO, equal to OE, and ts 
less than s m. 

Whence it follows, that a body on the same side of 
the equator as the spectator, will be longer above the 
horizon than below it ; when the body is in the equa- 
tor it will be as long below as above the horizon ; and 
when it is on the contrary side of the equator to the 
spectator, it will be longer below the equator than 
above it; for the arc e 6 is greater than b a, EO=OQ, 
and ¢s less than s m, and the motion with which these 
arcs are described are uniform. 

The bodies describing ae, mit, rise at b ands; and 
as O is the east point of the horizon, and H and R the 
north and south points; a body on the same side of 
the equator as the spectator rises between the east 
and the north; and a body on the contrary side, be- 
tween the east and the south, the spectator being 
supposed in north latitude ; and a body in the equator 
rises in the east at O. 


59. When bodies come to @ andr, they are in the Circles of 


prime vertical, or in the east; hence, a body on the 
same side of the equator as the spectator comes to the 
east after it has risen; a body in the equator rises in 
the east, and one on the contrary side of the equator 
has passed the east before it rises. The body which 
describes the circle Rv, or any one nearer to P, never 
sets; and such circles are called circles of perpetual 
apparition, and the stars which describe them cirsum- 
polar stars. The hody which describes the circle w H, 
just become visible at H, and then instantly descends 
below the horizon; but those bodies which describe 
the circles nearer to PY are never visible. 

Such is the apparent diurnal motion of the heavenly | 
bodies, when the spectator is situated any where be- 
tween the equator and either poles; and this is called 
an oblique sphere; because all bodies rise and set 
obliquely to the horizon. 

In the above deductions we have supposed the figure 
to represent the eastern hemisphere, and the bodies 
to ascend through their respective arcs ; but it may. 
be equally supposed to denote the western hemi- 
sphere, only in this case, these arcs will represent the 
paths of the body as they descend from their greatest 
altitude above the horizon to their meridian below the 
horizon. And hence, it is obvious, that supposing a 
body not to change its declination, it will be at equal 
altitudes at equal times before and after it has attained 
its meridian altitude. 


60. In the preceding article we have supposed the Right 
spectator to be in north latitude, or, which is the ‘Phere 


same, the zenith of the spectator to be between the 
equator and north pole ; and it is obvious, that what 
we have said would apply equally to a spectator simi- 
larly situated in south latitude; but when he is 
situated either in the equator or in one of the poles, 
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is obvious that he will be sometimes to the north of Plane 
\—=-\——e” former case we call it a right sphere, and in the lattera 


the equator, as in q, at others to the south, as in p, ““Tonomy: 


parallel sphere. If the spectator be at the equator, 
then E coincides with Z, and Q with N, as in (fig. 
22) ; consequently also PP’ coincides with HR; and 
the declination circles ea, tm, which are always paral- 
le] to the equator, are in this case perpendicular to the 
horizon ; and as these circles are always bisected by 
PP’, they must now be bisected by the horizon HR ; 
hence in this position of the spectator all the heavenly 
bodies, which change not their declination, will be 
an equal time above and below the horizon, and will 
rise perpendicularly to it ; whence the denomination 
of the right sphere. 

On the other hand, if the spectator be situated 
at the pole, then the sphere will be as represented in 
fig. 23, that is, we shall have P coincide with Z, and 
EQ, with HR, or the equator will coincide with the 
horizon ; and all the parallels of declination, ae, mé, 
described by the heavenly bodies, will be therefore 
parallel to the horizon ; any body, therefore, which is 
above the horizon, and which changes not its declina- 
tion, will remain constantly above the horizon, and 
at the same altitude ; and those which are below the 
torizon will continue constantly below. Conse- 
uently,.a spectator at the pole would never see the 
. eavenly bodies rise and set, but would observe them to 
describe circles in the heavens parallel to the horizon ; 
whence the denomination parallel sphere. 

61. We have had two or three times occasion to 
use the words, ‘‘ those heavenly bodies which change 
not their declination ;"" it may be here proper to ex- 
plain to the reader, that by this we mean the fixed 
stars only, these being the onlv celestial body that 
are not subject to a change of declination; and some 
of these even are liable to such a change, it is however 
too inconsiderable to be attended to inthis place. But 
the sun, moon, and planets are constantly changing 
their declination, in consequence of the proper motion 
of the earth and themselves ; let us, therefore, now 
bestow a few words in explanation of these cases, par- 
ticularly as regards the sun. 

We have already stated in our introduction (art.27) 
that by attentively observing the stars which set and 
rise with the sun during the course of the year, that 
he appears to have described a great circle of the 
celestial sphere, forming with the ecliptic an angle of 
about 234°, or more exactly 23° 28’. This circle is 
called the ecliptic, and is denoted by the line LC, into 
which it is projected in the three last figures; which 
circle cuts the equator, as we have seen, in two points 
called the equinoctional points. The sun, therefore, 
during one part of the year, is on one side of the equa- 
tor, and in the other, on the contrary side; and by 
this means his rising and setting is subject to all that 
variety which we have noticed in the stars in the two 
hemispheres, and hence the cause of the different 
lengths of the days at different times of the year, the 
succession of seasons, and the several phenomena at- 
tending them, as we have already endeavoured to 
explain in a popular manner in the preceding intro- 
duction. 

Let us now endeavour to illustrate the same a little 
more particularly by referring again to our fig. 2). 
Here since in the course of the year, the sun appears 
to de cribe the circle of which LC is the projection, it 


and at others in the equator, as atO. In the former 
case, that is, when he is in g, P denoting the north 
pole, it is obvious, as we have already remarked re- 
specting any body describing the declination circle ae, 
that he will rise between the north and east, attain to 
the prime vertical, after he has risen, and will be 
longer above the horizon than below it, which is the 
case in our latitudes, from about the 21st of March to 
the 22d ef September, these being nearly the times 
when the sun crosses the‘equator. On those two days 
he rises in the east, and is an equal time above and 
below the horizon to every part of the globe except 
the two poles; and the days and nights being then 
equal, these points are called the equinoctial points, 
and the sun itself is said to be in the equinores. The 
former of these is called the vernal, and the latter the 
autumnal equinox. When the sun is on the south 
side of the equator, as at p, then the same remarks 
apply as we have already made with respect to any 
body describing the declination circle, mi, that is, he 
will rise between the south and the east, and will be 
longer below than above the horizon, and our days 
will be shorter than our nights, as is the case from the 
autumnal to the vernal equinox, that is, from about 
the 22d of September to the 21st of March. 

When the spectator is in the equator, then the 
sphere being right (see fig. 23), the sun will be 
always an equal time above and below the horizon ; 
and when the sun is also in the equator, he will rise 
east and describe a great circle corresponding with the 
prime vertical, and will be vertical over the head of 
the spectator in the middle of his course: at other 
times he will rise between the north and the east or 
the south and the east, acre as his declination is 
north or south. There is, therefore, even in these re- 
gions, a change of seasons; but as the sun will dart 
his vertical beams upon every point of the equator, twice 
in the course of one revolution, the inhabitants may 
be said to have two summers and two winters in the 
course of ayear. When the spectator is at the pole, 
the sphere will be parallel (see fig. 23), and the sun 
from the vernal to the autumnal equinox, will be con- 
stantly visible to the north pole, and perpetually hid- 
den below the horizon during the other half of the 
year ; and the contrary for the south pole. That is, 
in the former, he will be visible from the time he 
passes from O to L, and from L to O, and be invisible 
while he is describing the other half of the ecliptic. At 
each of the poles, therefore, the days and nights are 
each halfa year in length. It must not, however, be 
understood here, that the length of the days and 
nights are each exactly equal to half a year, for we 
shall see hereafter, that the sun is not so long on the 
northern as on the southern side of the equator, the 
cause of which will likewise be illustrated in a subse- 
quent chapter. At present, it will be sufficient to ob- 
serve, that such is known to be the case from obser- 
vation. 


62. We have seen in our definitions that the earth Zones do: 
_is considered as divided into five zones, by referring: scribed. 


to the earth the two polar circles, and the two tropics. 
Now from what has been above stated, it is obvious, 
that to an observer in either hemisphere, in the lati- 
tude of 23° 28’, his zenith will coincide with the sun’s 
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Astronomy. place at noon, on that day when it has attained its 

—\-—”’ greatest north declination, if the observer be in north 
latitude ; or south, if he be situated in south latitude ; 
consequently, in either situation, on one day in a year 
the sun will be vertical to the inhabitants of either 
tropic, and of course to all places situated between 
them, except those on the equator, who, as we have 
seen, have the sun vertical twice. 

Beyond the tropics, either to north or south, the 
sun is never vertical, the zenith of all such places 
being farther from the equator than the extreme de- 
clination of the sun or the obliquity of the ecliptic. 

Those who inhabit the two polar circles will have 
one day and one night of twenty-four hours, or there 
will be one day in each of those circles when the sun 
will not set, another on which he will not rise, as will 
be immediately obvious by referring to the preceding 
figures. 7 

From these circles to the poles themselves the sun 
will be for a greater or less time above and below 
the horizon, till in the actual poles, the nights and 
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days will be half a year each, as we have already pane 

stated. Astronomy. 
S. Synopsis of spherical trigonometry. a 

62. As in the course of the following articles, we spherical 

shall have frequent occasion to refer to the several ‘igonome- 

cases of spherical trigonometry, we conceive that it °% 

will be very convenient for the reader to have a gene- 

ral synoptic table of all the principal results and 

theorems belonging to this doctrine, the investigations 

of which will be given in our Treatise on Trigonome- 

try, Part I. We collect them here merely for the 

convenience of reference, and have chosen those only 

which are most general in their application. They 

are sufficient for the solution of any spherical pro- 

blem, although, in certain cases, they may not offer 

the most expeditious mode of solution ; we shall not 

therefore uniformly adopt the formule given in the 

table, but when a more expeditious form presents it- 

self, we shall avail ourselves of it; in the greater 

number of cases, however, our solutions will be de- 

duced from the tabula formule. 


Taste I. For the solution of all the cases of right angled spherical triangles. 







Given. Required. | Value of the Terms required. Cases 2 a 
Angle opposite tigen = sin given leg } If the given leg be less than 
L the given leg. sin hypoth. 90°. | 
Angle adjacent to _ tan given leg If the things given be of 
Hypothenuse |the given leg. pee tun hypoth } the same affection*. 
and one leg. 
= Other leg. Its cos = oe } Idem. 
| cos given leg 













Its sin = an pen Te } Ambiguous. 
Il. sin given ang. 
. _ tan given leg 
One leg and its a tan given ang. } Mere: 
opposite angle. 





Ite sin = 


cos given ang. 
cos given leg 






} Idem. 





a Hypothenuse. Its tan = ae eee } If i ae oo be of 
One leg, and the| Other angle. Its cos = cos giv. leg x sin giv. ang. { eee leg be less | 
sehacent 2061°- | Other leg. Its tan = sin giv. leg tan giv. ang. { ae ene cee 
| Adjacent leg. Its tan = tan hyp. x cos giv. ang. { If aL ae be of 
; besa deine oe } Its sin = sin hyp. x sin giv. ang. If the given angie be acute. 
and one angle. Other angle. { ee cot giv. angle } oe aoe be of 


cos hypothen 


{ If the given legs be o 


ee Siegen treren ore er ee? like affection. 
gles. } Its tan = a } If ee oepomes leg be less 
VI. Hypothenuse. Its cos = rect. cot given angles eee be of like af- 
The two angles./Kitherofthelegs.| Ite cos = —— re } If the opposite be acute. 


sin adjacent angle 


® Angles or sides are of the same affection when they are both greater or both less than a right angle; and in the third column- - 
of our Table we have stated when the result is of the same affection with the things given, and when it is ambiguous. ae 


V 
The two legs. Either of the an- 
VOL. III. 


8 Y 
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Astronsmy. In working by logarithms the reader must observe, 
——\-~—~ that when the resulting logarithm is the log. of a 
quotient, 10 must be added to the index; and when it 
is the log. of a product, 10 must be subtracted from 
the index. Thus, when the two angles are given, 
log. cos hypothenuse = log. cos one angie + log. 
cos other angle — 10. 
log. cos either leg = log. cos opp. angle — log. sin 
adjac. angle + 10. 


Quadrantal triangles. 


In a quadrantal triangle if the quadrantal side be 
called radius, the supplement to the angle opposite to 
that side be called hypothenuse, the other sides be 
called angles, and their opposite angles be called legs ; 
then the solution of all the cases will be asin the 
above table for right angled spherical triangles. 
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Piane 
Astronomy. 


Napier’s circular parts are, the complements of the : 
two angles that are not right angles, the complement 
of the hypothenuse and the other two sides ; that is, 
denoting the sides by a, b,c, and the angles by A, B, C, 
A being the right e, the parts are 90°—a, 90°—B, 
90°—C, and b, c; of these, any one may be the middle 
part, and the two parts next adjacent, one to eiti::r 
hand (not including the right angle) the adjacent 
parts; and the other two the opposite parts; then 
the analogies are 

rad x sin middle part = rectangle of the tangents 
of adjacent parts. + 

rad x sin middle part = rectangle of the cosines :f 
the opposite parts. 

And by making the transformations above explained, 
these will also apply to quadrantal spherigal triangles. 


Napier's analogies for stght angled spherical tri- 
angles. 


Tasie II. For the solution of oblique angled spherical triangles. 


Given. Required. 
Side opposite to| ¢ By common ana- 
other angle. logy 
“Let fall a perpen- 
dicular upon the 
Third side. side contained 
Two angles and between the giv- 
a side opposite to en angles. 
one of them. 
‘ Let fall a per. as 
Third angle. before 
The angle oppo- 
site to the other te fis een 
side. analogy: 
Il. 


Two sides and an| between the giv- 
angle opposite to| en sides. 


Angle included \ dicate a perpen- 


included angle. 


one of them , 
Third si Let fall a perpen- 
ee dicular as before. 
An angle oppo-|*) Let fall aperpen- 
ITI. site to one of the } een from the 
given sides. third angle. 
Two sidesand the 
included angle. Let taiv a perpene 
Third side. {sicaa on one of 
the given sides. 
A side site|) Let fall a perpen- 
IV to one of the } dials on the 
given angles. third side. 


A side and the 
two adjacent an- 
gles. 

“hE gies. 


} Sines of sides are as sines of their opposite angles 


dicular from the< |Cos2 seg. = 


Let fall a perpen- 
; dicular from one 
Third angle. ‘i the given an- 


Values of the quantities required. 


} Sines of angles, are as sines of opp. sides. 


Tan 1 seg. of this side = cos adj. angle x tan 
given side. 
Sin 2 __ sin 1 seg. X_ tan ang. adj. given side, 
Ne Seg tan ang. opp. given side. 


Cot 1 seg. of this ang. = cos giv. side x tan adj. 
ang. 


Sin 2, seg. x sin 1 seg. X cos ang. opp. giverside. 


cos ang. adj. given side. 


“|Cot 1 seg. ang. req. = tan giv. ang. x cos adj. 
side. 
cos 1 seg. x tan giv. side adj. giv. ang 
tan side opp. given angle. 
Tan 1 seg. side req. = cos giv. ang. x tan adi 
side. 
cos 1 seg. X cos side opp. giv. ang. 


} eee cos side adj. given angle. 


Tan 1 seg. of div. side = cos giv. ang. x tan side 
opp. ang. sought. 

tan giv. ang. x sin 1 seg. 
sin 2 seg. of div. side. 


Tan 1 seg. of div. side = cos giv. ang. x tan other 
given side. 


Tan ang. sought = 


cos side not div. x cos 2 seg. 


Cos side sought = ~~ 1 seg. of side divided. 


opp. side sought. 

tan giv. side x cos | seg. div. ang. 
cos 2 seg. of divided angle. 

{ Cot 1 seg. div. ang. = cos given side x tan other 


{ Cot 1 seg. of div. ang. = cos giv. side x tan ang. 


Tan side sought = 


giv. angle. 


Cos angle sought = cos ang. not div. x sin 2 seg. 


sin 1 seg. div. angle. 
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Taste I1.—Continxed. 





Required. | Value of the quantities required. 










ing the angles sought, and s = a + b +c. Then, 








(“ a, b, c, be the three sides; A, B,C, the angles; 6 and c, includ- 


An angle by the 
sine or cosine of 


its half. 


sin. (48 — 5) sin (48 — c) 


sing =, /* 
sin b sinc. 
bac = [Pines sin (4s — a) 
sin 6. sin c. 
Let S be the sum of the angles A, B, C, and B and C be adjacent to 
a, the side required ; then, 
: ] cos 4S cos (4 S— A) 


sin B. sin C. 


con pay /— % (4S — B) sin (48 — A) 


sin B. sin C. 







The three sides. 











VI. Aside by the sine 
or cosine of its 
The three angles. | half. 











Taste III. 
For the solution of all the cases of oblique angled spherical triangles, by the analogies of Napier. 
Given. Required. | Value of the terms required. 
Side opposite to By the common analogy ; 
I ae S1V€0! (The sines of the angles are as ate sines of the opposite sides 
_ tan $ dif. giv. sides x sin 4 sum opp. ang. 
ale pale Third side tan of its half ain 4 dif. of those angles. 
to one of them. , oe __ tang sum giv. sides xX cos ar sum opp. ang. 
cos 4 dif. those angles. 
Third angle. By the common analogy. 
Angle opposite to 
the other known ey the common analogy. 
IL side. 


__ tan 4 dif. other two ang. x sin 4 sum giv. sides 


: sin 4 dif. those sides. 
cot of its half __ tan § sum other two ang. x cos § sum giv. sides 


“ cos % dif. those sides. 
Third side. By common analogy. 
| : cot 4 giv. angle x sin 4 dif. given sides 
III. om ES 
tng oe sin § sum of those sides. 


: The two other 
Two sides and|angies, cot 4 giv. angle x cos } dif. given sides 
cos 4 sum of those sides. 


Two sides and an |ny ; 4 angle. 
opposite angle. 





the included an- tan § sum. = 
gle. Third side. By the common analogy. 


tan 4 giv. side x sin 4 dif. giv. angle 





IV . The other two ent sin 4 sum of those angles 
Two angles and sides. ond sun tan 4 giv. side x cos 4 dif. giv. angle 
the included side. cos $ sum of those angles. 
Third angle. By common analogy. 
Let fall a perpendicular on the side adjacent to the angle sought ; 
V. then, 


Either of the an- 17 4 sum or dif. of the seg- } __ tan § sum x tan dif. of the sides 
The three sides. | gles. ments of the base = tan } base. 
Cos angle sought = tan adj. seg. x cot adj. sides. 





: These will be determined, by finding the corresponding angle, by the 
ue ane of the { last case, of a triangle, which has all its parts supplemental to 
The three angles. ; those of the triangies, whose three sides are given. 





Sy 


528 


Astronomy. 4. Problems relative to the determination of the posi- 
tion of the heavenly bodies. 


68. It is obvious from what we have stated relative to 
the position of the different circles of the sphere, that 
one of the most important data in the solution of as- 
tronomical problems is the latitude of the place of the 
observer, from which the zenith Z in the preceding 
figures is determined. This may be found as follow. 


Prosiem I. 


To find the latitude_of any place on the earth's surface. 


To deter- 1. Observe the altitude of the pole above the hori- 
mine the zon of any place, and that altitude will be equal to the 
latitude of latitude. 
the place. §'The latitude of any place on the earth is measured 
by the arc EZ, that is, by the arc subtended between 
the equator and zenith. But EZ + ZP = 90° and 
ZP + PR = 90’; whence 
: EZ + ZP = ZP + PR 
Consequently EZ = PR 
That is, the latitude of any place is equal to the ele- 
vation of the pole above the horizon of that place. 


Rising and 
setting of 
the heaven- 
ly bodies. 


yee ' The elevation of the pole above the horizon, may 
Me peat be practically determined by observing the greatest 


polar stars, and least altitude of any of the circumpolar stars, and 
taking half the sum of the two altitudes ; the proper 
corrections being made for refraction, parallax, &c. 
according to the principles explained in a subsequent 
chapter. 

For let xy, fig. 21, represent the circle of declina- 
tion described by any circumpolar star, then Rz will 
be its greatest meridian altitude, and Ky its least, and 
it is obvious that 

RP = § (Ry + Re) 
By obser- § 2. The latitude may also be found by observing the 
vations on altitudes of the sun when he has attained his greatest 
vhe sun. north and greatest south declination. Half the sum 
will be the elevation of the equator above the horizon, 
and the complement of that angle the latitude of the 

place of the observer. 

Referring to the same figure, let ea be the declina- 
tion circle described by the sun when he has the 
greatest north declination, then eH will be his great- 
est altitude on that day ; let s¢ in like manner be the 
declination circle described on the day when he has 
the greatest south declination ; then He, will be its 
meridian altitude on that day ; and since Ee = Es, it 


is obvious that 
HE = } (He + Hs) 
And 90° — HE = EZ the latitude. 

64. It is obvious, also, from what is stated above, 
and referring to our definition of the obliquity of the 
ecliptic, that this angle is measured by half the arc 
se, that 

4 (He — Hs) = the obliquity of the ecliptic 


Prosuem II. 


To find the time of the rising, setting, &c. of the heavenly 


bodies. 


To findthe 65. Let the proposed body be the sun, and let us 
time of ris guppose that its declination remains constant during 
ing, &C tg re from one meridian to the other, and that a 
clock is adjusted to go 24 hours during this one appa- 
rent revolution of the sun, and moreover, that the 
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clock shows 12 exactly, when the sun is on the meri- Plane 
dian ; to find the time of its rising, and its azimuth at Astronomy, 
that time; the latitude of the place and the declination 
of the sun being given. 
Referring to fig. 24, and comparing it with what Fig. 24. 
has been stated with reference to fig. 21 (art. 59,) :t 
appears that the sun rises when it comes to J; that 
it is twelve o'clock when the sun is upon the meridian 
at e, and that the whole circle aea is described in 24 
hours ; that is uniformly at the rate of 489° = 15° per 
hour ; to find the time of rising, therefore, we have 
only to compute the angle ZPé, and to convert it into 
time at the rate of 15° to an hour in time; and to find 
its azimuth from the north we must compute the an- 
gle RPd, for which computations we have the fol- 
lowing data : 
bZ = 90°, Ee = declination ; eP = Pb co-declination 
EZ = latitude ; ZP = co-latitude 
Hence in the triangle ZP+, we have the three sides 
given and one of them Zb = 90°, to find the angle 
ZPb. This case may therefore be solved by our fifth 
form in the preceding Table II. for oblique angled 
triangles, but one of the sides being 90°, it will be 
more readily solved by means of Napier's analogy ; 
viz 
rad ; cot bP °: cot ZP : cos ZPb = hour angle 
or rad ; tan.dec ;; tan.lat : cos ZPb = hour angle 


Exam. 1. Let us, for example, suppose the latitud+ 
of the place to be 52° 13’ north; the declination 23° 
28’, to find the time of sun’s rising. 

By the above analogy, 
FOG bss Gee 10°'0000000 
tan 23° 28’.. 9°6376106 
tan 52° 13’... 101105786 

Cos 124° 2” 9°7481892 
(taking the supplement of the tabular angle 55° 59’, 
the angle being obviously greater than 90°.) 

According to either solution, therefore, we have the 
hour angle = 124° 2’, 
which converted into time gives 


15° : 124° 2’ :: Ih. : Sh. : 19$ time from noon 
consequently, 

hm ” 

12 O O 

8 194 0 


8S 401 0 the time of rising | 


That is in the latitude 52° 13’, on the longest day, or 
when the sun has 23° 28’ north declination, he will 
rise at Sh. 404m. 

To find the azimuth from the north, we have in the 
same triangle the same data to find the angle PZ), 
which is the measure of the azimuth sought. This 
may therefore be determined by means of our form 3, 
oblique spherical triangles; but more concisely >y 
the following analogy :— 

sin ZP : rad. °° cos bP ; sin PZb = azimuth. 





Hence ar. com. cos 52° 13’........ 0°2127683 
FAQ. 2csisieweeas 10°000000C 

sin 23 28 ........ 9600118: 

cos 49° $2’ azim........... 9 8128864 
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Astronomy. Exam.2. Let it be required to determine the time 
of sun rising at the same place, lat. 52° 13’ on the 
25th of February, 1818. 

The declination on this day by nautical almanack 
is 9° 114’ south. Consequently, referring to the same 
fig. 24, bf = 99° 114’. Hence, then, in the trian- 
gie ZPb’, we have as before, ZP = co. lat. = 37° 
47’, Pv’ codec. 99° lly, Zb’ = 90° Whence. as in 
the former case, 


Ge eae oy kk ecarte 10°0000000 
tan ‘dee. O° 114’. ....... 9'2090197 
tan 52°13’ .......... 10°1105786 


cos 77° 57’ hour angle.. 9°3195983 


This converted into time gives 5h. 12m. from noon ; 
which, taken from 12 hours, gives 6h. 48m. for the 
time sought. 


Prostem III. 
To find the sun's altitude at 6 o'clock, azimuth, &c. 


66. Here, since PP” (fig. 25) bisects ea, it is clear 
that the sun will be at c, at 6 o'clock ; and we have 
therefore, in this case, the hour angle ZPc = 90° 
given, and the two sides ZP, Pc, to find Zc, the co- 
altitude; that is, two sides and the contained angle 
are given to find the third side. Whence, by our 
fifth form for right-angled spherical triangles, we 
have 
cos ZP x cos Pe 


rad. 


Or, which is the same, (adopting the data of the first 
of the precane examples, ) 
rere eT Ce ee 10°0000000 
sin ae 52° 13” 9°8978103 
sin dec. 23° 28” 9°6001181 


cos Zc = 


9°4979284 


sin. alt. 18° 217 


67. To find at what time in the day the sun will be 
east and west ; that is, in the prime vertical, and its 
altitude at that time ; taking the latitude of the place 
52° 12’ 35”, and the sun’s declination 23° 29’. 

Here, taking ZP to denote the co-latitude = 37° 
47/25” Pb the co-declination; and the angle dZP 
being 90°, we have the two ‘sides ZP, Pb, of the 
right-angled spherical triangle 6 ZP, and the angle 
bZP, a right angle, to find the hour angle ZP 6, and 
the co-altitude Z 0. 

By preceding Table 1, form 1, 

cos Pb _ sin dec. 


Time ot 








Stay cos ZP sinlat. 
tan ZP cos lat. 
cos ZPb —_ tan Pb. cosdec. = hour angle. 
sin dec. 23° 28” = 9°6001181 


sin lat. 52° 19/35” = 9'8977695 


sin alt. == 30° 15’ 31” 9°7028486 
cos lat. 52° 127 35” = 9.8995301 


cos dec. 23 88 = 10°3623894 


Again, 


cos hour angle = 70°19 44”.... 9°5371407 
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Which, converted into time, gives 4h. 41/19” from Plane 
apparent noon. ea 
68. Given the latitude of the place, the sun's decli- | ‘" 
nation ; and altitude to find the hour and azimuth. Sarre 
Here, referring to the same figure, we have the 
co-latitude ZP, the co-altitude Zb, and the co-decli- i 
nation Pb to find the hour angle ZP b, and the azi- 
muth PZ 6. That is, in a spherical triangle, we have 
three sides to find the angles. 
Whence, calling the sum of the three sides s, we 
have, by form 5, of our Table II 


- sin + sin (fs — Zb) 
Boe AEN if ona sin ZP .sin Pb OPPs 


~ Let the latitude be 34° 55’, the declination 22° 22’ 

57” N, the altitude 36° 59’ 89”. Then ZP = 55° 5’, 

Zb = 58° O 21”, Pb = 67° 87’ 3”. Hence the ° 

operation, 
Pb = 67° 37’ 3” 
ZP=55. 5 O 
Zb=53 O Ql 


sum 175 42 24 


sin arith.comp. 0°0340191 
sin arith. comp. 0°0661939 





fs 87 5112 sin = 9:9996942 
Zb 53 O21 sin= 9°7569320 
$s—Zb= 34 60 51 2) 19°8768392 


4 cos ZP b = 29° 47’ 44” = 9'9384196 
Hence, ZP 6 = 59° 35’ 28”, which, reduced to 
time, gives 3h. 58’ 22” the time from apparent noon. 


In the same manner 


= sin $s. sin (§ s— Pd) 
aa Jf (at sin Z 5. sin ZP Ze. sin zp 


The numerical solution of which, we leave as an exer- 
cise for the reader. 

69. By means of the azimuth determined as above, Meridian 
it will not be difficult to draw a meridian line, by line. 
simply determining its position, so as to make the re- 
quisite angle with the direction of the sun at that 
time. This, however, of course supposes that the 
altitude of the sun has been properly corrected for re- 
fraction and parallax, which being subjects we have 
not yet touched upon, we merely indicate the principle 
of the determination, and shall leave our further dis- 
cussion on it to a subsequent chapter. 

70. In the preceding examples relative to those Error in al- 
questions in which the altitude is supposed to be de- titude. 
termined from observation, it is obvious that we not 
only suppose the requisite corrections to have been 
applied, but also that the observation is made without 
any appreciable error; but as such error is easily 
made, particularly if the instrument be not of the 
most perfect construction, it may not be amiss to 
ascertain what effect any such error will produce in 
the computed time, and the azimuth the sun ought to 
have, so that an error in altitude shall produce the 
least error in time ; we propose therefore the follow- 
ing problem. 


Prostem IV. 
Given the error in altitude to find the error in time. 


71. Let EQ, fig. 26, represent the equator, Pthe pole, ,. Error in 
ae the parallel of declination, in which the sun, of Fig, 26. 
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Astronomy. any uther heavenly body ia on the day of observation ; 
== and let r be real, and s the apparent place of the 
body, or rs the error in altitude. Draw m s parallel 
to the horizon; from Z, the zenith, draw Zm, Zr; 
and from P the pole, the meridians Pmp, Prq, to 
pass through mr, and to cut the equator in the points 
p q, then m and r will be the real and apparent places 
of the body, on the parallel of declination ; and the 
arc my on that circle, or the arc p q on the equator, 
will measure the angle m Pr, the corresponding error 
in time. Now the ie, msr being of course ex- 
ceedingly small, it may be regarded as a rectilinear 
right-angled triangle, right angled at s ; 
and hence we have 
sr:rm:? sinsmr : rad. 
by spherics mr : pq :: cos qr: rad. 
Multiplying these together, rejecting the like factors, 
we have 
sr: pqi: sinsmrcosqr : rad.® 
Whence 
rad.® 


sin smr* cO8s gr 
But Zr P =smr,srm being the complement of each, 
and sin ZrP=(sin smr) : sin PZ$3sinrZP: sin Pr 
Consequently, 
sinsmr .sin Pr=sin smr. cos gr =sin PZ. sin rZP 
Whence, substituting for the denominator in the above 
expression, its equivalent in the last, we have, 

rad.* = rs 
sin PZ‘ sinr ZP cos lat. sin r ZP 
taking radius = 1. 

Hence, since all the quantities in this expression 
are supposed to be given, except sin r ZP, it is obvi- 
ous, that p q will ceteris paribus be the least, when 
sin r ZP is the greatest, or when the azimuth is the 
greatest ; that is, when the body, whose altitude is 
observed, is in the prime vertical: it is best, there- 
fore, to deduce the time from an abservation, when 
the body is in or near that circle. 

As an example in numbers, suppose the latitude to 
be 52° 12” 35” ; the declination 15° 24’ 25”; and the 
altitude as corrected, 40°; required the error in time, 
supposing an error of 1” in the altitude. 

This gives 


Vx 


pq=sr x 


pqy=rsx 


1 
a | o 
cos lat. sin azfm. ise 


which answers to 7.528 seconds in time. 
Again, supposing the azimuth to be 46° 22’, the 
latitude 52° 12’, and the error in altitude 1’, we have 
1 


612 x .690 


time. 


Time ofthe 72. By means of this solution, we may ascertain 

sun ascend- the time in which the sun will pass either the horizon- 

ing through tal or vertical wire of a telescope: we have seen, for 

toits di, imstance, that the time during which the sun will 

meter ascend through any small altitude = rs, or the arc 
that he will describe when referred to the equator 
during that time, 1s 


’ x = 2.334 of a degree = 9.336 in 


fe 


P= cos lat. sinr ZP 
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in which, substituting d” the apparent diameter of the 
sun in seconds for rs, this becomes 


ad” 
cos lat. sin . azimuth 
consequently, 





a’ 
15 . cos lat. sin . azim. 


73. To find the time in which the sun will pass Time of its 
over the vertical wire, we may take mr to denote the Oe 
apparent diameter of the sun ; then, as the seconds in _. | 


= time in seconds. 


wire 


‘mr, considered as a small circle, must be increased 


in proportion as the radius is diminished ; (because, 
when the arc is given, the angle is inversely as the 
radius,) we have 

sin Pr, orcos.dec. : rad °° d’’ the seconds in mr. 
considered as a great circle, to the seconds in the 
same considered as a small circle, which are the 


seconds in p g; whence . 
rad. d” ; 
t=. = d@’”, sec. dec. 


and, consequently, 
the time = 





d” x sec. dec. 
15” 


Hence p q = d” sec. dec. expresses the sun's diameter 
in right ascension. If therefore we assume his appa- 
rent diameter at 82’ = 1920”, and its declination 20°, 
its right ascension is 

1920” x sec. 20° = 34’ 2” . 88 
which, divided by 15, will give the same in time. 

In the Nautical Almanack a column is given for in- 
dicating the time in which the semi-diameter of the 
sun passes over a vertical wire, by means of which a 
single observation on either limb, may be referred to 
the centre. 


~ 


Prosiem V. 


To find the time when the apparent diurnal motion of a 
teed star is perpendicular to the horizon. 


74. Let«xy (fig. 26) be the parallel of declination de- 
scribed by the star; draw the vertical Z A, touching it 
at o; then, when the star arrives at o, its apparent 
motion will be perpendicular to the horizon ; the two 
circles having in the point 0, a common tangent. And 
ZoP is aright angle, we have 

rad ; tan oP :: cos PZ : cos ZPo 
that is, rad : cos dec.:: tan lat. : cos ZPo 
which, converted into time, gives the time from the 
star's being on the meridian ; the latter therefore being 
supposed known, the former is readily determined. 


Prosuiem VI. 


Gwen the right ascension and declination of a heavenly 
body, and the obliquity of the ecliptic, to find its latitude 
and longitude. 


75. Lets (fig. 27) be the body, VC the ecliptic, VQ ,,, dese 
the equator, the angle QVC denoting the given angle mine the 
of the obliquity of the ecliptic; let s V be joined by latitude an. 
the arc ofa great circle s V, and let fall the perpendi- longitude. 
culars sp, sr; then it is clear, from our definitions, “'S: 27- 
that V p will be the right ascension of the body s, s p 
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Astromony. “ts declination, Vr its longitude, and sr its latitude : 
—v—" we have therefore given the V p, sp, and the angle 
pVr to find Vr, and rs. ; 

Now, first in the right-angled spherical triangle 
Vps, we have, by form 5, Table I. 
tan sp 
sin Vp 
whence the angle sV p becomes known, and conse- 
quently also s Vr, because 
sVr=sVp+pVr 
Again, 
cos Vs = cos Vp. cosps 
whence V s also becomes known. 
Therefore, in the right-angled triangle r V s, we have 
the hypothenuse Vs, and the angle rV ss to find the 
two sides Vr, rs: 
which, by our form 4, Table I. are determined as 
follows : 
tan Vr = tan Vs x cos s Vr = tan long. 
sins 7 = sin Vs x sins Vr = sin lat. 

In like manner, the right ascension and declination 
of any body may be found, when its latitude and longi- 
tude are given; but generally the problem is to de- 
termine the latter from the former, these being first 
ascertained from actual observation: it is thus the 
tables of the latitudes and longitudes have been com- 


tansVp = 


puted. 

But as both the ecliptic and the equator are subject 
to a change in their positions, the right ascension, 
declination, latitude, and longitude of all the fixed 
stars are constantly varying, and therefore those tables 
formed for any particular epoch, will not answer cor- 
rectly after a certain time; the annual variations, 
however, being computed, their right ascensions, &c, 
may be determined for any proposed time, as will be 
hereafter explained. 


5. Of the crepusculum, or twilight. 


Twilight. 76. The crepusculum, or twilight, is that faint 
light which is perceived before the rising of the sun, 
and after its setting. It is occasioned by the terres- 
trial atmosphere, refracting the rays of the sun, and 
reflecting them amongst its particles. 

The depression of the sun below the horizon, at the 
beginning of the morning and at tbe end of the even- 
ing twilight, has been variously stated at different 
seasons, and by different authors; for example, 

Alhazen observed it to be........ 19° 
TYQNOSs cavecirdee ve esann eee 17° 
Rothman: 4.62286 oicvistads ese. 24° 
Stevinus.+ isc hasashiskoke eee 18° 
COSI DE. ici oink s au eareeeinak ou 15° 
Riccioli, at the equinox ........ 16° 
summer solstice.. 21° 
| winter solstice .. 174° 
but we more commonly now in our latitudes assume 
it 18°; the same both for morning and evening and 
for all seasons of the year. 
Prosviem I. 
Given the latitude of the place and the sun's declination, 
Time when to find the time when twilight begins : 
i com- 77. Here S denoting the place of the sun when twi- 


Fig. 28. ught begins, we have in the triangle ZPS, (fig. 28) 
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ZS = 90° + 18° = 108°, the co-latitude ZP, and Plaae 
the co-declination PS, to find the hour angle ZPS from A*tonomy 
apparent noon. 

Having thus the three sides, the angle required may 
be found by our 5th form, Table II. ; that is, assum- 
ing ZP + ZS + PS=s 


_ sin § s. sin (4s — ZS) 
pe eee J sin ZP sin PS 


Whence the angle ZPS may be determined, and con- 
sequently the time from apparent noon. 


Prosueo II. 


Given the latitude of the place to find the time and dura- 
tion of the shortest twilight 

78. Let P fig. 28, denote the pole, Z the zenith of the Time of 
observer, S the sun, 18° below the horizon ZS = 90° ewilight 
+ 18° = 108°, or more generally, = 90° + Qa, 
where we suppose the twilight to begin when the sun 
is 2a degrees below the horizon ; or that the observer 
whose zenith is Z, will then see the commencement 
of the morning twilight. 

Now in consequence of the diurnal rotation, the 
declination circle PS, turning about the axis will bring 
the sun from § to S’, in the horizon, or which is the 
same, the zenith Z will approach nearer to 8, by de- — 
scribing about P the little circle ZmbQ, such that the 
distances Zm, Pm, Pb, PQ are all equal. 

When, therefore, the zenith shall have descended 
from Z to any point m, such that mS = 90°, the sun 
will appear at 90° from the zenith, the day will com- 
mence and the twilight terminate. And the arc Zm 
of the small circle will be the measure of the angle 
ZPm, and consequently, of the duration of the 
twilight. 

In order to determine this angle, draw the arc ZBm 
of a great circle, and to its middle B the perpendicular 


arc PB, then will inhZ in Z 
; : sin m sin m 
now in the spherical triangle ZmS, we have 
Sm + mZ 7 ZS, or 
90° + mZ 7 90° + 2a 
coeeeuenuy: mZ 7 2aandimZ 7 a 
t 


tmZ=a+24 
then, 
_ sin (a + x) _sinacosz + sinz cosa 
sn} 2a = cos lat. cos lat. . 
_ sina + cosa sin x — 2 sin a sin % x 





cos lat. 
because, 1 — cos x = 2 sin “4x (See Trigonometry) 
Now the last expression is equivalent to 


_ sina | 2singz(cosa+4z) 
sin § ZPm = cos lat. cos let. 


And here { x is essentially positive, and a and § x small 
angles, such that a + $42 Z 90°. Whence the latter 
part of the expression will be positive, and we shall 
have 

. sin a 

Seoca GE cos lat. 


It is further evident that the twilight will be longer 
asxis greater, and shorter as zx is less, and thut is 
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Astronomy. will be the shortest possible when z is zero, because 


——\~—’ in that case, the second member of the second side of 


the equation will vanish. 

But this is what occurs when the triangle ZmS is 
reduced to the arc ZS, that is, when the point m falls 
on b, or when the distance PS is such, that the part 
Zb, of the vertical ZS, lying within the small circle 
ZmQ is equal to 2a, and the exterior part 5S = 90°. 
It is also manifest, that if PS increases, the opposite 
angle PZS will in like manner increase, and that on 
the contrary that angle will diminish as PS diminishes. 
In these variations, the point m will approach to or re- 
cede from Z, the intercepted part bZ will vary between 
the limits O and ZQ=2 PZ. Thus the intercepted part 
may have all values from 0 to 2 (90° — lat.) = 180° 
— 2lat. and consequently may have the value 2 a: 
hence in the case where Zb = ra, and bS = 90°, the 
shortest twilight will obtain ; and the semi duration in 
degrees will be found by means of the equation 


in ZPR Se 
cos lat. 


Whence the duration in time is readily determined. 
79. Other theorems are deducible from the same 
construction and investigations ; for on the arc Zb = 
2a, and with the complement of ZP of the latitude 
- constitute the isosceles triangle ZPb, (fig. 29) and let 
fall the perpendicular Pm ; then ZPb will be the angle 
which measures the duration. Prolong Z8, till bS = 
90°, and draw the arc PS which will be the sun's 
co-declination for the day of the shortest twilight. 


Now, 
cos PZ __ cos PS 
cos Zm~—s cosmS 


= sin asec lat. 


Fig. 29. 


Sun’s azi- 
muth. 





cos mP = 


Wherefore, 

cos Zm : cos mS °° cos PZ : cos PS 

cosa : cos (90° + a) ° sin lat. : sin dec. 
cosa ‘: —sina:® sin lat. ° sin dec. 


é — sina 
whence, sin dec. = 
cos a 


or. 
or, ° ‘ 


sin lat. == — tana. sin lat. 





Again, in the right angled triangle ZPm, we have 
tan Zm= cos Z tan PZ 

and cos Z = tan Zm cot PZ = tan a. tan lat. 

Now the angle Z or PZm is the sun's azimuth at the 

commencement of the twilight, and 

PZb = PbZ = 180° — PbS 

But PdS is the sun’s azimuth at the instant, when his 

centre is upon the rational horizon; wherefore the 
. $un's azimuth at the beginning and ending of the twilight 
are supplements to each other on the day of the shortest 
twilight, 

Hence, since cos PZS = tan a. tan lat. 
we have cos PbS = — tana. tan lat. 

80. In like manner ZS and bPS are the hour angles, 
at the beginning and end of the twilight; let the for- 
mer be denoted by P’ and the latter by P ; then 

ZPS — bPS = P’ — P= ZPb 
which is the angle that measures the duration of twi- 


Mout angle. 


light. Hence we have from what has been done 
above 
‘ sin a 
sin 4 (P’ = P) = sin lat. 


Also, 
mPS = bPS + mPb = P + §(P —P) =} (P+ P) 


and 
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sin mPS = 22 Sm _ sin (90° + a) COs a Plane 
~ gin PS ~~ ___cos dec. cos dec, Astronomy, 
. _ cosa 
that is, sin§ (PP +P) = ee 
Whence from the two equations, 
, cos a 
sna (eR cos dec. 
: sin a 
sagen) = cos lat. 


the hour angles P’ and P are easily determined, the . 
declination itself being given by the equation 

sin dec = — tana. sin lat. 
We have also, 


cos PSZ = sin lat. 
cos dec. 


Lastly, let ST = 2a = Zb; and draw PT, then ZT 
= 90°, and T is a point in the horizon for the moment 
when the zenith wasinZ. Whence the triangle PZT 

ves 
- cos PT = cos Z sin PZ sin ZT + cos PZ cos ZT 
= cos Z sin PZ = tan a. tan lat. cos lat. 
== tan a. sin lat, = sin dec. 

Therefore, 90° — PT = dec., or PT = 90°— dec. 
But PS = 90° + dec. 

therefore, PT + PS = 180° 

which is another remarkable property of the shortest 
twilight. 

81. In all the above deductions, the lattude has 
been left general, or indeterminate, as has also the 
quantity 2a, which denotes the number of degrees 
that the sun is below the horizon when the twilight 
begins. The latitude may therefore be introduced for 
any given place, as may also 2a; but commonly, we 
assume 2a = 18°, that is, the twilight is supposed to 
commence when the sun is 18° below the horizon. 

Exampte. Required the day on which the twilight Example. 
is the shortest at Woolwich, the latitude of which is 


~ BL? 28’ 40”, in the year 1820, with its duration, and 


the time of its beginning and end. 
First, for the declination we have 
sin dec, = — tan a sin lat. 


Now log tana = 9° = 91997125 
log sin lat. or 51° 28’g= 9°8934104 
log sin dec. = — 7° 7’ 5” 9:09312%9 


The declination, therefore, is 7° 7/5” south, which 
answers to March 2 and October 11. 
Again, for the duration, we have 





_ sina 
aa re cos lat. 
from log sin 9° = 9°1943324 
take log cos 51°28’ = 9°7943613 
log sin 14° 82’ 41” 9°3999711 
Whence ” — P = 29° 5/ 29” 
: = 008 
Also sin} (” + P) = aden 
Hence from cos 9° = 9.9946199 


take cos 7° 7’ 5” = 9.9966399 





sin 95° 31’ 19” 9.9979800 
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(stremmmny whence P’ + P = 191° 2 38” ble quantity thas must not be neglected in any compu- _—Place 

“nw rP—P= 29 5 2 tations relative to such bodies. The parallax has Astronomy. 
fe ae therefore a tendency to increase the apparent zenith “—~\— 

2)220 8 distance of any body in our system, while the refrac- 

tion tends to diminish it; therefore the actual zenith 

half sum = .......... 110 — 4 = angle distance of a body when it first becomes visible to a 

half dif. = .......... 80 58 — 38 = angle P spectator on the earth, is equal to 90° — hor. parallax 

ee + refraction. 


The former in time answers to 7 20 16} 
and the latter to 5 23 54% 


The former showing the time when the evening twi- 
light ends, and the latter the time of the sun's setting, 
or the time of its beginning ; consequently their dif- 
ference, lh. 56m. 2l4s., is the duration. ‘ 

The above numbers, taken respectively from 12, 
will leave the time of the beginning and end of the 
morning twilight. 


84. What has been hitherto done, has been merely 
to indicate the nature of the calculations after certain 
observations have been made and oorrected ; we now 
propose to explain the instruments used for making 
these observations, the method of employing them for 
these purposes, and the nature and quantity of the 
corrections that are requisite for reducing the results 
thus obtained, so as to render them proper for the 
purposes of astronomical computation. 


Distinction §@. In all the preceding investigations, we have § IV. Description and use of the most in dispens z 

re considered only apparent time ; that is, we have sup- : oe tronomical tae sre ane 

spareat posed it to be 12 o'clock when the sun is on the me- aks 

time, ridin, and that it is exactly 24 hours in passing from _ 85. We shall not attempt in this place a general Astronomi- 
one meridian to the same again; but if a clock be description of astronomical instruments, this will cal instru- 
adjusted to go thus for one day, that is, if it show be given under a distinct head in another part ments. 


exactly 24 hours between the time of the sun being 
twice successively in the same place, it will not con- 
tinue to show 12 o'clock every day when the sun 
comes to the meridian, because the intervals of time 
from the sun’s leaving a meridian to his return to it 
again, are not always equal. This difference between 
the sun and a well regulated clock is called the equa- 
tion of time, which will be treated of in a subse- 
quent chapter; at present, we shall not enter farther 


of this work: our purpose here is only to describe 
those whose use is indispensable in the pursuit of . 
this science, and with the principle of whose con- 
struction and operation, it is essential that the student 
be well informed, if he wish to proceed upon any 
other data than those furnished by the report of other 
observers. 


1. Of the astronomical telescope. 





upon the subject, it is sufficient to apprize the reader = §6. We have already in our treatise on Optics de- Astronomi- 


that the time as determined in all the preceding Pro- scribed and illustrated the principles of this instru- cal teles- 
blems, is what is called apparent time, or the time ment, we have therefore in this place merely to speak ©°P¢: 
shown by the sun, and not mean or true time, whichis of its application to astronomical observations. 

______ that shown by a well regulated clock. — Let, then, AB (fig. 30) represent the diameter of Fig. 30 

verwctions 83. Beside this correction for the time, there are any heavenly body, as the sun, moon, or planet; m : 

ae also other corrections which must be introduced into its middle point, will send out a luminous pencil of 


the data of the preceding examples, in order to render 
the results perfectly conformable with observation. 
Thus we have all along supposed the body to rise as 
soon as it is found in the rational horizon; but all 
bodies in the heavens, when in or near the horizon, 
are elevated 33’ by refraction above their true places ; 
this, therefore, would make them appear when they 
are actually 33’ below the horizon, or when they are 
90° 38’ from the zenith ; and all the way from the 
horizon to the zenith refraction has the effect of ele- 
vating the apparent places of the heavenly bodies, 
but in a less degree as the altitude is greater ; till it 
vanishes in the zenith. The altitudes, therefore, as 
we have given them, are supposed to have been sub- 
jected to these corrections, the method of making 
which will be explained hereafter. This is one of the 
principal corrections for the fixed stars ; but for the 
sun or any other of the bodies of our system, a differ- 
ent correction becomes necessary, these being all de- 
pressed below their true places by the effect of paral- 
lax, as will also be explained in a subsequent chapter ; 
that is, we have confounded the sensible and rational 
horizon, which is admissible as far as relates to the 
fixed stars, in consequence of their immense distance ; 
but the angle subtended by them or by the earth's 
radius, at any of the bodies of our system, is a sensi- 
VOL. II. 


rays, which by means of the refraction of the lenses 
will be united in the focus of the telescope. The 
same will be the case with all the points of the disc, 
and an image of the object GH will be formed, as we 
have already explained in our treatise on Optics; 
H being the image of the point B, and G of the point 
A; that is, the image will be reversed with respect to 
its actual position. The motion of the object is also 
reversed, so that if it moves from left to right in the 
heavens, it will move from right to left in the tele- 
scope ; but the effect being the same for all bodies, 
there will result from it no practical inconvenience ; 
it is sufficient that we are apprized of it. 

Let us farther observe, that the angle HeG = ACB, 
and if the focal distance eF is to the breadth HG in 
such a ratio that 

§HG _ 
oF = tan 4 ACB 
the object will be shown entire in the telescope ; but 
if the focal distance be ef 7 CF, the image hg, will be 
larger than the field of the telescope, and consequently, 
we shall not then see it entire. On the contrary, if 
the focal distance be CQ, less than CF, the image 
h’Qg2’ will not fill the telescope. 

Generally, the field of the telescope is found by tke 

3z 
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Use of the 
Fig. 31. 


4 diam. of the tube 


wang Bel s= focal length 
_ % diam. of the tube 
panies radius of curvature of the object glass 


Or in case of a diaphragm being placed in the tube, as 
is commonly practised to prevent the reflection of the 


oblique rays, then i ects 
__ 4 diam. diaphragm 
fang Bel Seal length 


These results, which are immediately deducible from 
what has been done in the preceding treatise, are stated 
here merely for the sake of avoiding frequent refer- 
ences to those articles; with the same view we may 
state the following relative to the magnifying power 
of such an instrument as we are here speaking of, 
viz. 
capnitvnepower= focal distance obj. glass 

sgnnying power = focal distance eye glass 


By which is to be understood, that the angle under 
which we view the image. is equal to that under 
which we should see the object if it were brought so 
many times nearer as is indicated by the above 
fraction. 

Having said thus much with regard to the teles- 
cope more commonly employed in astronomical ob- 
servations, let us offer a few remarks relative to the 
apparatus attached to it, for rendering those observa- 
tions more precise than they could be obtained with 
this instrument in the simple state in which it has 
been described above. 

87. Of the reticule or cross wires —Let ABDF (fig.31) 
represent a section of the telescopic tube or of the 
diaphragm with which it is furnished. On the edges 
of this ring or circle, are attached with two screws a 
metallic thread or fine wire DF; this is in a transit 
instrument called the horizontal wire. Perpendicular 
to this thread are placed five others ; the centre one 
AB bisecting DF in C, and the other four at equal dis- 
tances, two on each side of AB. 

A star or any other heavenly body passes the field 
of view of a telescope in different times according to 
the diameter of the instrument, and the polar distance 
of the body ; therefore, if the telescope were unpro- 
vided with some such an apparatus as here described, 
it would be difficult or even impossible to say precisely 
the moment when it was in the axis or in the centre 
of the instrument, and the accuracy of modern science 
requires this determination to the utmost accuracy : 
let us see what precision is attainable by means of the 
cross wires above indicated. 

The point C or G being supposed either in the cen- 
tre of DF, or in the vertical line bisecting DF, at the 
moment a star passes it, if the diameter of the thread 
be equal to that of the star, it will be entirely hidden 
by it, and that moment will be the time of its passage ; 
but more commonly the thread is sufficiently fine, thet 
at the instant of passage, it will bisect the star, an 
equal portion of the latter being observable on each 
side of the former; and thus the time of passage 
might be found to within one-fourth or one-fifth of a 
second. But it is obvious that we may observe the 
same with respect to all the other four vertical wires, 
which being at equal distances, the times of passing 
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each in succession from the first will form an arith- 


Plane 


metical progression ; and by taking the mean of the Aserounme 
five, we shall have the time of the star passing the —~—~ 


centre wire still more exactly, and by this means, we 
may generally depend upon our observation to within 
one-tenth of a second. 

Our figure and the description of it, applies to the 
case of an instrument fixed in the plane of the meri- 
dian, in which case the motion of a heavenly body 
will be apparently horizontal. In any other case, the 
star ascends or descends obliquely, and then it is ne- 
cessary to give to the wire DF, a similar inclination, 
so that the motion of the star may be parallel to it, as 


in the line ES, as shown in fig. 32, the proper apparatus Fig. 32. 


being supplied for this purpose. The only difficulty 
of observation is when the night is very dark, and 
when we are unable to see the threads except for the 
moment when the star is bisected by them; which 
being almost instantaneous, we are not sufficiently 
prepared for noting the time. In order to obviate this 
difficulty, the interior of the tube is illuminated by 
the following apparatus. 


88. In the side of the tube of the telescope, and Method o1 
commonly in the axis on which it turns, is made a enligaten- 


small hole, directly opposite to which is placed, in the cabe. 


tube, a small mirror, inclined to the axis or sides of 
the telescope, at an angle of 45°. The light of a small 
lamp falls on the mirror, and forming with it an angle 
of 45°, it is reflected at the same angle, and therefore 
passes in a line parallel to the axis of the instrument, 
and thus renders the wires sufficiently visible. If the 
star on which the observation is made be of the 9th 
or 10th magnitude, we must however be careful to 
modify the intensity of the illumination, as otherwise, 
the artificial light will render the natural light of the 
star imperceptible, and it will be in danger of passing 
unobserved. 


the 


89. At present we have spoken only of the transit Observa- 
of a fixed star, if it be the sun or moon that we are tions on the 
observing, we must ascertain the time when their re- 842 or 


spective centres pass the axis of the instrument. 
this purpose we note very accurately, the instant 
when the eastern or western limb comes in contact 
with each of the five wires in succession, and the sum 
of the times divided by 5, will be the instant when 
taat lin.b passed the centre wire. These five obser- 
vations being made, the other limb of the sun or moon 
will be just about leaving the first wire, we th2refore, 
in like manner, note these other five instants, the 
mean of which will give the time when the last limb 
passed the centre wire, and the mean of the two will 
be the time of the transit of the centre. 

90. Having said thus much with reference to the 
telescope and the apparatus with which it is supplied, 
it remains for us to describe the instruments to which 
it is attached, and the nature of their adjustment ; for 
the accuracy of observations indicated above with 
reference to the object traversing the axis of the tele- 
scope would be to little purpose, unless we could be 
eq precise in the determination of the direction 
of that axis, both as regards the horizontal and verti- 
cal position of the instrument. 

By far the greater number of astrc nomical obser- 
vations are made in the plane of the meridian; but 
some are made at different azimuths, and different in- 
struments are best employed for these purposes; st 


For moon. 
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of seconds. We proceed next tu the adjustments of  Piane 
the instrument. Astronomy. 


To adjust the axis of the pedestal vertical. =“ 

93. This adjustment may be performed either by the Adjustment 
plumb-line or by the level. When the plumb-line is °f the in- 

used, turn the quadrant in azimuth till its plane, or ment 


Atronomy. the same time some are 80 constructed as to answer in 

—\-—” both cases ; at present we shall confine our explana- 
tion to only one of the most perfect of each sort, but 
in a future part we shall enter upon the subject more 
at ] , and endeavour to illustrate the advantages 
and defects of different constructions. 


Of astronomical quadrants. OF verticality. 


91. These may be either portable or fixed; in the 
former case they are commonly mounted on a tripod, 
and may be used for taking altitudes in any azimuth, 
or be made to follow the body observed in its apparent 
peth ; but in the latter case, the instrument is fixed 
in the plane of the meridian against a substantial wall, 
and is hence denominated a mural quadrant. 


2. Portable astronomical quadrant. 


Ixtabless- O2- The great variety of forms under which this 
tevrirgl instrument has appeared, the numerous methods pro- 
qurm. posed by different artists for adjusting it to its verti- 


Fig. 33, 


cality, &c. would be sufficient of themselves, were we 
to enter at length upon the subject, to form a consi- 
derable volume; we shall, therefore, select one of 
those esteemed the most perfect, and limit ourselves to 
the description of that only; which will be amply 
sufficient for our present purpose. 

Fig. 33 represents a portable quadrant, constructed 
by Ramsden for the observatory of Christ's College, 
Cambridge. The tripod on which it is mounted 
screws of adjustment to set the stem, on which the 
horizontal motion is performed, perpendicular, which 
is proved to be so in all directions when the plumb- 
line bisects both the superior and inferior dots during 
the whole revolution in a horizontal circle. The vi- 
sible stem is a brass tube, and through it ascends a 
solid steel vertical axis, which fitting closely at the 
upper and lower extremity, has not the least shake, 
and preserves the position once given to it, so long as 
the feet screws are unmolested. The telescope is of 
the achromatic construction, and has the usual appa- 
ratus for a slow motion. The telescope lies on a bar 
that carries the counterpoise, and in which is the cen- 
tre of its motion. It has a system of wires in the 
focus of the eye glass, which are adjustable by screws 
both upwards and sideways, as well as in a circular 
direction, so that the adjustments for collimation, and 
for zero in the altitude of the circle, may be thereby 
effected. The point of suspension of the plumb-line 
is also adjustable by a proper screw apparatus. At 
the top of the vertical tube or stem, is a small hori- 
zontal circle with a clamping apparatus for slow hori- 
zontal motion, by means of which the whole quadrant 
with its attached telescope turns gradually round in 
azimuth. When the observation is made in or near 


which is the same thing, till the telescope lies parallel 
to a line joining any two of its three feet, and turn 
one of the two screws of the feet till the wire bisects 
the lower dot, and with the proper screw bring the 
upper dot to the same wire ; then reverse the tele- 
scope by turning 180° in azimuth, and if both dots 
are again bisected, the axis is vertical in the direction 
that the telescope has pointed ; in the next place, turn 
the telescope the space of a quadrant till it points in 
the same direction as the third foot of the tripod, and 
make the wire bisect the lower dot by the screw of 
this foot, and it will be found to bisect the upper dot 
also, ifthe first adjustment was properly made, but 
if not, repeat the operation till both dots are bisected 
in all the reversed situations of the telescope, and 
then the axis will be vertical in every direction. 

In making this adjustment by the level alone, 
the process must be thus; first, the level must be 
made parallel to the rod which it hangs on, and se- 
condly, this rod must be put perfectly horizontal, and 
the level will be horizontal also, with the bubble in 
the middle. In order to make the level parallel to 
the rod, place it parallel to a line joining two of the 
feet screws, and bring the bubble to the middle by 
one of the feet screws in question ; then take off and 
reverse the position of the level, and if the bubble is 
found in the middle now, the parallelism is perfect ; if 
not, one half of the error must be rectified by the 
same foot screw, and the other half by the adjusti 
screws at the end of the rod, by releasing one an 
screwing up the other. A repetition or two of this 
process will make the bubble stand in the middle in 
both of the reversed situations. In the next place, 
with the level thus parallel to the rod of suspension, 
turn the quadrant round its axis an entire semicircle 
as nearly as can be estimated, and if the bubble will 
now rest in the middle, the rod is level, and being at 
right angles with the axis of the quadrant’s motion, 
proves that this axis is vertical in every direction ; 
but if the bubble be found to run to one end of the 
tube, bring it one half way back by the adjusting 
screws of the rod, releasing one and fixing the other, 
as the case may require, and the other half by the 
proper foot screw. A repetition of this process will 
soon settle the bubble in the middle during a whole 
revolution in azimuth, and then the adjustment of the 
axis is perfect, as well as of the rod and level. 


the zenith, the plumb-line of this instrument falls in 
the way of the telescope, and is obliged to be removed. 
This, however, is supplied by the addition of a spirit 


94. The second adjustment is that by which the line Adjustment 
of collimation of the telescope, is made parallel to the forcollima- 
horizontal line that passes to the centre of the qua- %2- 


level, suspended from an adjustable horizontal brass 
rod, under the uppermost radical bar of the quadrant, 
which level not only supplies the place of the plumb- 
line when taken off, but at all times serves as a check 
on its adjustment, and when furnished with a gradu- 
ated scale, may very well be made its substitute. We 
shall not here attempt to describe the nature and di- 
vision of the vernier scale, it will be sufficient to ob- 
serve, that the angles may be ascertained to the 10the 


drant to zero on the limb, or quadrantal arc, at 
the same time that zero on the vernier coincides 
with zero on the limb. This important adjustment 
may be made in several ways, some of which arée 
tedious and otherwise objectionable ; but we shall 
confine ourselves to two, which apply one to the ver- 
tical, and the other to the horizontal line of the qua- 
drant, which two methods, when duly effected, will 
not only check each other, but detect the error of 
322 


—— is an 


036 


uisition of the utmost importance. First 
then to adjust by the vertical line, let the axis of the 
quadrant be made truly perpendicular in all directions 
by the adjustment we have already described, and fix 
on a star within a few degrees of the zenith when 
exactly on the meridian, and measure its altitude by 
the cross wire in the field of view in the usual way, 
and note down the result ; if these readings prove to 
. beat equal distances from the point 90°, one on the 
quadrant arc, and the other on the arc of excess be- 
yond 90°, the horizontal wire is truly placed in the 
eye piece, but if not, half of the difference of the 
readings must be corrected by the proper screw for 
raising or depressing the said wire. This may be 
done by directing the telescope to a distant mark till 
the cross wire bisects it, then by moving the screw of 
slow motion of the vernier the half quantity required, 
and by bringing back the cross wire thus displaced to 
its original mark again. This operation repeated will 
place the cross wire in such situation, that zero on the 
vernier will be in its proper place with respect to the 
point 90°; or the half difference thus ascertained may 
remain, without altering the cross wire, as an error of 
adjustment to be constantly applied with the sign + 
or —, as the case may be, in all subsequent observa- 
tions. Again, ‘o adjust by the horizontal line passing 
through the zero of the quadrantal arc, it will be ne- 
cessary to have a second telescope turning .on pivots 
in adjustable y's attached to the back of the quadrant, 
on the same level with the said horizontal line of the 
quadrant. ‘This telescope may be called the adjusting 
telescope, and may be also used to watch a distant 
mark, before and after an altitude is taken, in order to 
detect any deviation in the position of the vertical 
axis that may happen during the operation of mea- 
suring. Let the adjusting telescope bisect a fine 
distant mark with its cross wire, and turn the tube of 
the telescope round one half way on its pivots, as it 
lies in a horizontal position, and if the wire now bi- 
sects the same mark it is truly fixed, if not, look out 
for a new mark a little higher or lower, as the case 
may require, and make it cut that in the reversed po- 
sitions of the cross wire, by means of the proper screw 
for the purpose ; now this adjusting telescope will be 
adjusted for collimation. In the next place, put zero 
on the vernier to zero on the limb, and direct the tele- 
scope of observation to the distant mark, by which the 
adjusting telescope had its wire adjusted, and let this 
mark be bisected by both telescopes, the level and 
plumb-line at the same time showing that the vertical 
axis is perpendicular; now turn the quadrant half 
round its azimuth, and reverse the adjusting telescope 
so as to view the same distant mark again, and if it be 
found to bisect it as before, the horizontal line of the 
quadrant is right, and all the quadrantal are without 
error, supposing the telescope of observation to have 
its adjustment for collimation as fixed by the point 
90°, above described ; but if this adjustment of the 
point zero on the limb be first made, half the appa- 
rent error must be rectified by the screw at the eye 
piece by means of reversed positions and marks ; and 
then afterwards the adjustment by a new star near the 
zenith will detect the error of the whole arc. If, how- 
ever, no error in the total arc exists, then the adjust- 
ment for collimation may be made either from the 
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Astronomy, the total arc, if there be any at the same time; which 


horizontal or from the vertical measurement, as may 


be most convenient ; one of which is more practicable Astronomy. 


by day, and the other by night. 
and most essential adjustment is finally settled, the 
object glass of the telescope should not be disturbed, 
and therefore it would be adviseable to have its inte- 
rior surface well cleaned previously. It was taken for 
granted that the cross wire was perfectly horizontal 
during the time the preceding adjustment was made, 
or, which is the same thing, that the parallel wires 
were perpendicular to the horizon. This is proved in 
a simple manner thus ; direct the telescope to a fine 
small distant mark, or make the adjustment for vision, 
if necessary, then if one of the vertical wires will con- 
tinue to bisect the said mark through the whole field 
of view while the telescope is elevated or depressed, 
the wires are right, but if not, they must be made so 
by the proper screws for that purpose, near the focus 
of the eye-glas. This preparation ought to precede 
the last adjustment, and when once made, seldom 
requires altering, except in case of accidental injury. 
It has also been assumed in the preceding adjustment, 
that the maker of the instrument placed the plane of 
the quadrant parallel to the axis of its motion, and 
also its line of collimation of the telescope parallel to 
the said plane. The former may be known to be true 
thus: if, when the plumb-line is adjusted at its centre 
of suspension, just to escape touching the limb (which 
should always be the case) the motion of the quadrant 
in azimuth will not alter it in this respect, the plane 
is truly fixed ; but if not, the screws that fix the qua- 
drant to its axis must be resorted to for its alteration, 
which is best done by the maker. When there is no 
plumb-line, a small spirit level fixed at right angles 
to the plane of the quadrant will answer the same pur- 
pose ; for the resting of the bubble during the qua- 
drant's revolution in azimuth, will be a proof that 
the plane to which it is at right angles is vertical. 
With respect to the parallel position of the telescope, 
as this is guided by the vernier sliding on the limb, it 
is the business of the maker to adjust it properly, 
which he will best do by a comparison with a good 
transit instrument of the passages of a high and of a 
low star in each of the two instruments, but a small 
deviation of the telescope with respect to parallelism, 
though to be avoided, if practicable, will not sensibly 
affect the measurement of altitudes, which is the sole 
business of this instrument. If, however, this devia- 
tion be considerable, the eye end of the telescope must 
be set nearer to or farther from the limb, as the case 
may require, by the maker himself. We have been 
the more minute in describing these adjustments, not 
only because they are indispensably necessary in 
making good observations, but because they will 
apply, one or other of them, by means of the plumb- 
line or of the spirit level. to all other astronomical 
quadrants that have a motion in azimuth. 


3. Of the transit instrument. 


When this delicate —+~-— 


95. Transit instruments, as they are now CON- Transit io 
structed, may be considered either as fixed or port- strumest. 


able; the former of which was the original construc- 
tion, and is still that commonly made use of in 
permanent observatories, for the purpose of determining 
in conjunction with a good astronomical clock, the 
right ascensions of the heavenly bodies ; but the latter 
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Astronomy. may be used in any place for ascertaining the rate of a 
—\—— clock or chronometer, and when nicely brought into 





the meridian, for determining also the right ascension 
with considerable accuracy. It is one of the latter 
only that we proposed to describe in this place. 

The best construction of a portable transit instru- 
ment, is that represented in our fig. 34, where are 
shown all the parts that are necessary to be described 
under this article. This instrument is one of the 
numerous inventions of Troughton, and by no means 
one of the least useful. 

The telescope of this transit is 20 inches in length, 
and magnifies from 20 to 35 times, according to the 
eye pieces that are employed; two of which are 
usually of the prismatic or diagonal kind, to be used 
at considerable altitudes: the aperture is 1} inches, 
and the power is sufficient to enable us to see the 
pole star by clear day light. The base of the instru- 
ment is a thick ring or rim of brass, which receives 
three equidistant screws for feet, besides the four 
screws that fix the two vertical frames to the base, 
and which constitute the supports of the axis ; one of 
these is shown complete in the first of our two figures. 
These supports are kept perpendicular by the interior 
bracing bars, of which two are seen in the second 
figure; they are attached by thumb screws at both 
ends to the base and upright frames respectively. The 
circular figure of the base is not only firm, but pre- 
serves its shape in all degrees of temperature; and 
when the parts are detached, by loosening the thumb 
screws, the whole pack into a box, which is of conve- 
nient size for carriage; the diameter of the circular 
base, and the consequent length of the axis, is a foot 
within, and the height of the supports thirteen inches. 

The graduated circle being of six inches diameter, 
admits of reading by each of the two opposite verniers 
t» minutes, which is sufficient for finding the meri- 
dian altitude of any celestial body of which the decli- 
nation is known, when the latitude is given; or for 
determining the latitude when unknown, to the accu- 
racy of the nearest minute. 

If the circle were made a little larger, and three 
verniers substituted for the two, a longer level might 
be used, and the readings made accurate to 20” or 
30; but as the intention of the inventor was not to 
make it an altitude instrument, he has limited himself 
only to such conditions as were requisite for consti- 
tuting an useful transit instrument in a portable form. 
The level of this transit is wholly detached, is equal 
in length to the axis itself; and is intended to be 
placed over the same, by resting upon it, having notches 
on its end pieces, which become tangents to the 
cylindrical parts of the axis or pivot; so that the re- 
version is performed without any inconvenience: but 
it is necessary to remove the level when the altitudes 
are great,in order to avoid its being displaced and 
broken by any alteration in the elevation of the tele- 
scope, There are usually three studs of brass in- 
cluded, with the darkening glasses, lantern, and other 
appendages ; two of which studs have conical holes to 
receive the points of the screws or feet of the circular 
base ; and for this purpose all the studs must be made 
fast to the slab or pillar which supports the instru- 
ment, by plaster of Paris or putty, inserted into as many 
holes in the plane of the marble or stone; care being 
taken that the line which joins the two conical points 


be in the direction of the meridian, or so nearly so, 


that the adjusting screws of one of the Y's will bring A*troaumy 


it into that situation. 

Mr. Jones, of Charing-cross, has made several 30 
and 42 inch transit instruments of the portable sort, 
supported by oblong frames of cast iron, which look 
neat, and answer the purpose very well. These have 
all the advantages of the instrument last described, 
and at the same time of course have greater powers 
in the telescope, and are cheaper in proportion to 
their size. He has also made some with telescopes of 
only 20 inches, for the sake of being more portable. 


Of the adjustments. 
1. Of the level. 


When the level hangs on, or is made fast to the 
axis, put the telescope in its place, and observe to 
which end of the level the bubble runs, which will 
always be the more elevated end; bring it back to 
the middle by the Y screw for vertical motion, or by 
the foot screw under the end of the axis, and then in- 
vert the axis end for end ; then, if the bubble is again 
found in the middle, the level is already parallel to, 
the axis; but if not, adjust one half of the error by 
the adjusting screw of the level, and the other half 
by the Y screw, or that at the foot of the support, 
and let the operation of reversing and adjusting by 
halves be repeated until the bubble will remain sta- 
tionary in either position of the axis, in which case 
the level will be right. When the detached level is 
used, that notch must be made a little deeper where 
the bubble is, by scraping it with a penknife, instead 
of using an adjusting screw, with which it is not 
commonly provided. And when the notches which 
rest on the pivots are once made right, they will sel- 
dom require a second rectification. 


2. To place the axis of the telescope horizontal. 


If the spirit level be made use of, the same opera- 
tion which we have just described, will put the axis 
level, at the same time that it brings the level parallel 
to the axis ; for unless both these conditions be ful- 
filled, the adjustment of the level will be deranged 
by reversion; and when this is not the case, it is a 
proof that both the level and the axis are truly hori- 
zontal. Hence, when the level is previously adjust- 
ed, it will be sufficient to bring the bubble to the 
middle of the level, by the Y screw, or the foot screw 
alone, as the construction may require. 

It is not necessary for our present purpose to de- 
scribe the adjustments of the larger ‘instruments, but 
we may just observe, that when in these the plumb 
line is employed, it is applied to a frame suspended 
by the pivots of the axis, that will reverse in position 
according to Ramsden's method, or hanging on the 
tube of the telescope parallel to the line of collima- 
tion; in either case a dot is bisected by the plumb- 
line near the point of suspension, and another near 
the lower end of the line, in both the reversed posi- 
tions of the axis, when the adjustment is truly made 
by the proper screws as above directed. 

3. To adjust the telescope. 

That is, to place an eye-glass and object-glass at 
such a distance from each other, that their respective 
foci may coincide: after which, the wires are to be 
brought into their common focus. To effect this, 
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and the instrument will be nearly in the meridian. Piane 
Let your assistant count on till the watch arrives at Astronomy. 
the second, when, according to your calculation, the =~ 
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Astronomy. some telescopes have the eye-glass-and cell, which 
——y-—=" carries the wires, moveable, while the object-glass is 
fixed : others have the wires fixed, and the two glasses 


moveable. In the former case, by pushing in or 
drawing out the eye piece, adjust the telescope so that 
the sun or a planet appears perfectly distinct through 
it; then move the wires nearer to, or farther from, 
the eye-glass, as may be required, until they also 
appear perfectly distinct, and the telescope will be 
adjusted ready for use. In the latter construction, 
push in, or draw out, the eye piece, till the wires ap- 
pear perfectly distinct; then alter the object-glass 
until the sun, ora planet, appears perfectly distinct 
also, and the telescope will be adjusted ready for use. 

As it is of importance to have the telescope adjusted 
very exactly in this respect, the following method of 
trying whether it be so or not, may be practised. 

The telescope being adjusted to distinct vision for 
distant objects, when a fixed star is on the meridian, 
bring the horizontal wire to bisect it very exactly, and 
the star will run along the wire through the whole ex- 
tent of the field of the telescope. While the star is thus 
running along the wire, move your eye a little upward 
or downward ; and if the wires be not exactly in the 
common focus of the two glasses, the star will appear 
tn quit the wire when the eye is moved. If this be the 
case, the wires or glasses must be altered until the star 
will not quit the wire by the motion of theeye; the 
objects appearing perfectly distinct at the same time. 


To bring a transit instrument into the plane of the 
meridian. 

Take the altitude of the sun, noting the times by 
the watch or clock, and thence find the apparent time, 
the latitude of the place, and the sun’s declination 
being known. The difference between this time and 
the mean of the times shown by the watch when the 
observations were made, will be what the watch is 
too fast or too slow, for apparent time. 

If the watch is too fast, add the difference to 12 
hours: but if it be too slow, subtract it from 12 hours, 
and you will have the time by the watch when the 
sun will be on the meridian, as near as the going of 
the watch can be depended upon. Take the time 
which the sun’s semidiameter is in passing the meri- 
dian from the Nautical Almanack, and add it to, and 
subtract it from the time by the watch, when the 
sun will be on the meridian, and you will have the 
times when the sun’s eastern and western limbs will 
be on the meridian. A few minutes before the time 
when the western limb will be on the meridian, let 
your assistant count the seconds as they pass, by the 
watch ; but instead of calling the 60th second, let 
him name the minute the watch is then at. While he 
is doing this, you must bring the sun into the teles- 
cope by elevating it to the proper altitude ; and turn- 
ing the whole instrument round on the screw pin U. 
Having by this means brought the middle wire appa- 
rently to the eastward of what appears to be the 
eastern limb of the sun, (because the sun will appear 
to move that way in the telescope) tighten the screw 
U by turning the nut ; and when the sun's limb arrives 
at the middle wire, keep it on it by turning the screw 
g, at the rate the sun moves, till your assistant calls 
the second by the watch at which you had computed 
the western limb of the sun would be on the meridian ; 


eastern limb of the sun should be on the meridian ; 
and, if it is not exactly on it, you will have another 
opportunity of rectifying the instrument by turning 
the screw g. 

Having thus brought the instrument into, or very 
near the meridian, its real situation with respect to 
the meridian may be verified several ways ; of which 
we shall point out two. If the latitude of the place 
be considerable, that is, 30 degrees or upward, there 
are a variety of stars in both hemispheres sufficiently 
bright, which never set: and consequently, they may 
be observed with the instrdment both above and below 
the pole. 

Let the transits of such a star over the meridian be 
observed above and below the pole; and it is mani- 
fest, that if the time of the first transit above the pole 
be subtracted from the time of the second transit 
above the pole (adding 24 hours if necessary), the 
remainder will be the time by the watch, in which the 
earth (or the star apparently) makes one diurnal revo- 
lution. It is also evident, that if the two intervals 
between the time of the transit below the pole be 
equal, the instrument must be exactly in the meridian. 
If the interval between the first transit above the pole, 
and the transit below the pole be greater than the 
interval between the transit below the pole and the 
second transit above it, the object end of the tele- 
scope, when directed toward the elevated pole, lies to 
the east of the true meridian; but if the latter inter- 
val be greatest, the object end of the telescope, when 
directed towards the elevated pole, lies west of the 
true meridian. 

To correct the error, bring the instrument into the 
meridian ; add 24 hours to the time of the latter tran- 
sit above the pole, subtract the time of the former 
from it, and take half the remainder. Take the dif- 
ference between this and the interval between the 
transits above and below the pole, and take half this 
difference. Then, as the time by the watch of an 
entire revolution is to 24 hours, so is this half differ- 
ence to the half difference in sideral time. Add to 
the logarithm of this half difference, the logarithmic 
tangent of the star's polar distance ; and the loga- 
rithmic secant of the latitude of the place, the sum, 
rejecting 20 from the index, will be the logarithm of 
the number of seconds in time, which expresses the 
angle made by the instrument and the meridian. 

Consider what part this angle makes of the interval, 
between the wires which are in the focus of the tele- 
scope; and turn the instrument on its axis till the 
telescope points at the horizon. Look out for some 
tolerably distant object which is cut by one of the 
wires ; and by turning the screw g, remove the wire 
to the east or west of this object (as may be re- 
quired), such a part of the space between that wire and . 
the next to it, as the angular error which the instru- 
ment makes of that interval. You must then proceed 
to examine the position of the instrument again, 
either by the same, or some other circumpolar star, 
and to correct it, if it requires correction, until you 
get it exactly into the plane of the meridian; and 
when you have, a mark must be set up in the meri- 
dian at as great a distance from the instrument as 
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Astronomy. may be convenient, or as it can ve seen distinctly ; 
\~\——w’ and the telescope must be carefully adjusted to this 


Regulation 


mark before every observation. See also vol. 1 of 
the Transactions of the Astronomical Society. 


4. To adjust a clock or watch by observation. 


96. In the preceding article we have supposed the 
watch to be already regulated, and have shown how 
from this the transit may be adjusted ; we shall now 
suppose the instrument correctly fixed, and show the 
method of adjusting the clock or watch. 

The instrument then being thus adjusted, observe 


otheclock the hour, minute, second, &c. when any particular 


eo 


star traverses over the centre of the field of the teles- 
cope, by taking the mean of the times when it passes 
each wire as described (art. 87). Observe the same 
the next day, and for several days in succession, as 
also with different stars; and if the clock be pro- 
perly adjusted to sideral time, each star ought to 
transit the meridian at the same instant every day that 
it is observed. If it marks different times on the dif- 
ferent days, it will be easy to determine from the 
mean of these observations, how much it gains or 
loses per day ; and if this error be considerable, the 
pendulum must be lengthened or shortened by the 
proper adjusting screw according as it gains or loses ; 
but if the error be not more than a fraction of a 
second, or even a second or two, and uniform for 
every equal interval of time, the pendulum may be 
allowed to remain, and the proper correction applied 
whenever any observation is made. 

We here suppose the clock to be adjusted to sideral 
time, or to register exactly 24 hours from one transit 
of any fixed star to another; if the clock be adjusted 
to mean solar time, like those employed for common 
purposes, it ought to show only 23h. 56’ 417.1, which 
is the length of a sideral day in mean solar time. 
But for all the purposes of an observatory, sideral 
time is to be preferred. The clock may also be regu- 
lated by the transit of the sun; but before we can 
employ it for this purpose, it will be necessary to 
enter at some length into an explanation of what is 
termed the equation of time. We shall therefore only 
further observe, that the best way of observing the 
transit of any heavenly body, is to watch it first into 
the telescope ; then the clock being supposed close at 
hand, note the hour, minute, and second of its en- 
trance ; and with your eye then applied to the teles- 
cope, count the beats of the pendulum till the body 
passes the first wire, and note down the exact time ; 
between the time of its passing the first and second 
wire observe again the time by the clock, and proceed 

in as before, and so on with all the wires; and 
the mean of the several results will be the true time 
of its passing the centre wire as already explained. 
(art. 87.) 

97. The right ascension of any heavenly body is, 


of right age as we have already observed, the arc of the equator 


time, 


intercepted between the first point of aries, or that 
point where the equator is cut by the ecliptic, and the 
point where a secondary to the equator, passing through 
the body, meets the latter circle. But as the motion 
of the earth, or the apparent motion of the heavens, is 
uniform, we may also denote any arc of right ascen- 
sion, by the interval which elapses between the time 
when the first point of Aries passes the meridian of any 
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place, and that of the transit of the proposed body. 


Plane 


The right ascension may be therefore estimated in Astronomy. 
measure or time ; but the latter is the most common : “=~ 


in the Nautical Almanack, for example, we always 
find the sun's right ascension noted in sideral hours, 
minutes, seconds, &c. The right ascension of any 
heavenly body is then readily obtained by means of 
our clock and transit instrument ; for the former being 
set to O hours at the moment when the first point of 
Aries passes the meridian of any place; and being 
supposed correctly adjusted to sideral time by means 
of the preceding observations, the right ascension of 
any body will be shown in time by the clock, and this, 
when requisite, may be immediately reduced to an- 
gular measure by saying, as 24 hours ; to the time 
shown by the clock ;; 15° : to the measure sought ; 
or the reduction may be made by means of a table 
computed for the purpose. If the clock has any rate, 
that is, if it does not show correct sideral time, the 
proper correction must be applied, as indicated above ; 
and if the clock be not so adjusted as to show Oh. Om. 
Os. when the first point of Aries passes the meridian, 
then it is obvious that the difference of the two times 
will be the right ascension sought. 


It is proper, however, to make here one impor- Cenain re 
tant remark, which is, that what we have called above quisite cor- 
the first point of Aries, is not a fixed point, but that it rections. 


changes its place by a slow retrograde motion from 
year to year, called the precession of the equinoces ; 
therefore, the right ascension of the stars is also va- 
riable, and stand in need of constant corrections ; we 
shall not, however, enter upon this subject at present, 
our purpose here was only to show how the right 
ascension of a heavenly body might be determined, 
that of any particular body being given. 

Most of the principal stars have had their right as- 
censions ascertained with the utmost precision, par- 
ticularly 36 of them, by Dr. Maskelyne, as well as 
their annual variations ; these, therefore, are now 
commonly employed by most astronomers for the pur- 
pose of regulating their clocks, and then by means of 
the clock, the right ascension of the sun, moon, and 
planets, at any time, is ascertained ; as well as that of 
any fixed star, (which is supposed to be not correctly 
established,) may also be determined according to the 
principles above explained. 

98. We have seen in our illustration of the circles 


rrections 


of the sphere, that the altitude of any body when on «, , 


bserv: 


the meridian will be sufficient for determining its de- ed altitudes 


clination ; for the altitude of the equator or point E 
in our fig. 22, is equal to the co-latitude ; and the dif- 
ference therefore, between the meridian altitude and 
the co-latitude of the place of observation is equal to 
the declination, which in our latitude will be north 
or south, according as the former of those quantities 
is greater or less than the latter; and having the 
right ascension and declination, the latitude and lon- 
gitude of the body may be computed as explained in 
art.75; or, on the contrary, the latitude and longi- 
tude being given, the right ascension and declination 
may be computed, the obliquity of the ecliptic being 
supposed given. But as we have before observed, the 
altitude of a body, as determined from observation, 
stands in need of certain corrections for parallax, re- 
fraction, &c. which we have not yet investigated, con- 
sequently, the student cannot yet proceed to apply 
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Astronomy. such observations to actual astronomical determi- 


worn ew nations. 


y. 


Sideral 
year. 


Mean solar 
da 


§ V. Of sideral and mean solar days, years, &c. 


99. We have seen that the earth performs its revo- 
lution on its axis with a motion perfectly uniform ; 
and that the interval between the return of any fixed 
star to the same meridian, is what is called a sideral 
day ; observing that by the same meridian is here to 
be understood, the star appearing at the samé meridian 
altitude ; for the circumpolar stars, as we have seen, 
may be observed twice on the same meridian in the 
course of 24 hours, once in their inferior and once in 
their superior passage ; but they are only once at the 
same meridian altitude. This interval, then, is the 
length of the sideral day ; but it remains for us now to 
explain what is to be understood by a mean solar day, 
or that day which is employed in the common con- 
cerns of life. 


1, Of the mean solar day. 


100. It will be seen in the following articles, that 
the interval time between the sun's leaving the first 
point of Aries to its return again to the same, which is 
what is denominated a solar year, is performed in 
about 365} solar days ; or the sun will have appeared 
in that interval 365 times on the meridian, and will 
besides have performed nearly one-fourth of his 366th 
revolution : hence, if all the solar days were equal, 
that is, if the sun returned to the meridian of an ob- 
server always after the same interval, the increase of 
his right ascension every day, or the additional angle 
which the earth (having performed a complete revo- 
lution) would have to move through to bring the sun 
again upon the meridian of the observer, would be 


equal to 365} = 59’ 8-2; if, therefore, to the side- 


ral day we add the time which the earth employs in 
describing 59’ 82, we shall have the length of the 
mean solar day; that is, the sideral day is to the 
mean solar day as 360° ; 360° 59’ 82. 
Consequently, if we call the mean solar day 24 hours, 
according to common reckoning of time, we shall 
have 

360° 59’ 8” : 360° ©: 24h. : Qh. 56m. 4°1/ 
which is the length of a sideral day in mean solar 
hours ; and by reversing the first two terms of the 
proportion, we shall have the mean solar day expressed 
in sideral hours. 


2. Sideral year. 


101. It appears from what is stated above, and we 
have before made the same remark in a general way, 
that the sun has a continual motion in the heavens 
from east to west ; and that after a certain period, he 
will again obtain with respect to the same star, the 
same relative situation ; so that if he were in conjunc- 
tion with it in the first instance, he will return again 
to conjunction after this interval, which is therefore 
called a sideral year. 


Determined In order to determine the duration of this period 
by observa- from observation, take on amy day the difference be- 


tion. 


tween the sun's right ascension and that of the star, 
and when the sun returns to the same part of the hea- 
vens the next year, compare its right ascension with 
that of the same star for two days, one when their 


difference of right ascension is less, and the other when Plane 
greater than the difference before observed ; then it Astronomy. 
will be obvious that at some instant between these ——~\—= 
two observations, the right ascension will be exactly 
the same as it was when first observed. 

Now in order to find the precise instant when this 
happens, let us suppose D to be the difference in right 
ascension as observed on the two consecutive days ; 
and at the difference between the differences of the 
sun's and stars’ right ascension on the first of these 
two days, and on the day when the observation was 
made the day before ; and ¢ be the exact time between 
the intervals of the two transits of the sun over the 
meridian on the two days ; then assuming the motion 
of the sun to be equal in right ascension during this 
interval, we shall have 

dt 


Didiitin 


the time from the passage of the sun over the meridian 
on the first day, to the instant when it had the same 
right ascension, compared with the star, which it had 
the year before ; and the interval between these two 
times when the difference of right ascension was the 
same, is the length of the sideral year. 

Or if instead of supposing the second observation to 
have been repeated on the second year, there is an 
interval of several years between the two observations, 
and the observed interval of time be divided by the 
number of years, the length of the year will be had 
more exactly, any error in the observations being thus 
rendered less important by being divided into the 
great number of parts. The best time for these obser- 
vations is, when the sun is in or near one of the equi- 
noxes or one of the solstices, his motion in right 
ascension being then exactly or very nearly uniform. 

As an example of this kind, we may state the fol- ‘ 
lowing :— 

102. April 1, 1669, at Oh. 3m. 47s. of mean solar py Mm. Pi. 
time, M. Picard observed the difference between the card and 
longitude of the sun and the star Procyon to be 3s. 8 La Caille. 
59’ 36”. And M. La Caille found the difference of 
dongitude between the sun and star to be the same, on 
April 2, 1745, at Llh. 10’ 45”, The sun, therefore, 
made 76 complete revolutions with regard to the same 
fixed star in 76 years 1 day llh. 6m. 58s.; or in 
27,759 days 1lh. 6m. 58s.; we have, therefore, by 
dividing this interval by 76, 365 days 6h 8’ 47” for 
the length of the sideral year; more recent observa- 
tions, however, give 365 days 6h. 9m. 11°5s. for this 
interval. 


3. Of the tropical year. 
108. The length of the tropical year is the interval The length 


_between the sun leaving either equinoctial point to ita of the to- 


return again to the same; which it does in a less time Pical year. 
than it passes from any fixed star to the same again, 

the latter we have seen is wnat is termed the sideral 

year; and the former being that on which the change 

of seasons depend is called the solar or tropical year. 

To determine the length of this year, we may proceed 

as follows : 

Observe the meridian altitude of the sun on the day Determined 
nearest the equinox, and the next year take its meri- from obser- 
dian altitude again on two successive days, on the "##°- 
one when ts altitude is greater, and on the other 
when it is less, than in the first observation ; then it 
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motion of the equinoctial points, or the precession of prane 
the equinoxes may be determined. Astronomy. 
We have observations of this kind from the time of —~— 
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_ Amvonomy. ig obvious, that at some intermediate time between 
——~\-~~" the two last observations, the sun must have had the 
same altitude or declination as in the first instance. 


By the Cas 





of the equi- 
aoxes, 


Now. to find the precise instant, let D be the differ- 
ence of altitude in the two last observations, ¢ the in- 
terval between them, which may be here taken as 24 
hours ; also d the difference between the altitude as 
observed on the first of the two latter days, and that 
taken the year before ; then, assuming the declination 
to be uniform, as it actually is at this time, say, as 


D:d:: 24 hours : “2° the time from the first of 


the two latter observations, to the instant when the 
declination was the same as in the preceding year. 
This time, therefore, being added to the number of 
days between the twu first observations, will give the 
true length of the solar year. 

Here again, as in last case, if the two observations 
be repeated after an interval of several years, we may 
look for a result more nearly approximating to the 
truth. 

104. The two following observations were made by 
Cassini and his son, after an interval of 44 years. 

March 20, 1672, Meridian alt. sun's 


Timocharis and Hipparchus ; but we may be allowed 
to entertain considerable doubt as to accuracy ; it will 
be sufficient to observe, that from a comparison of the 
best observation, the secular precession, or that which 
takes place in 100 years, amounts to 1° 23’ 45” or to 
50°34” annually.. 

5. Anomalistic year. 

106. At a certain time of the year, the sun’s dia- 
meter, if measured instrumentally, would be found to 
be the least ; at which time it is obvious he would be 
the most distant from the earth or in his apogee, that 
is, the earth will then be at one extremity of the trans- 
verse axis of its orbit, and at that extremity which is 
furthest from the sun. Now, if at the end of a cer- 
tain interval, a year from the first observation, a 
second were made, and the sun were found in pre- 
cisely the same relative situation with regard to 
certain fixed stars, when his diameter was least, then 
it would be obvious that the sun had always the least 
apparent diameter after the completion of a sideral 


perlimb ...........0ce eee. 41° 43’ 0” year; but the astronomical fact is not so; the sun 
March 20, 1722 ditto ...... 41° 27? 107 does not return to a point in the heavens where his 
March 21 ditto ...... 41° 51’ oO” diameter is least in a sideral year; but in an interval 
41 51 0 41 43 0 a little exceeding it and this interval is what astro- 
4l 27 10 4] 27 10 nomers have called the anomalistic year, the apogee 
ana gs has therefore a progressive motion, as we have seen 
23 50 15 50 °° 24° 15h. 56m. 39s. the equinoxes have a precession ; the quantity of the 


Whence on the 20th of March, at 15h. 56m. 39s., the 
sun's declination was the same as on the 20th of 
March, 1672, at noon. 

Now the interval between the two first of these ob- 
servations was 44 years, 34 of these were common 
years of 365 days each, and 10 of 366 days each, 
making in all an interval of 16,070 days, and therefore 
the interval between the two periods when the sun's 
declination was the same was, 16,070 days 15h. 56m. 
39s. and this interval embraces 44 tropical years, 


16,070d. 15h. 56m. 39s. 
Sen Son Se 365d. 5h. 49’0” 53” 


‘the length of the tropical year, as determined from 
these results; more recent observations give for the 
true length of the tropical year, 365 days 5 hours 
498’ 48’, 


whence 


4. Precession of the equinozes, 


105. It appears from what is stated above, that the 
sun returns to the equinoxes every year, before it re- 
turns again to the same fixed star, or to the same 
point in the heavens; the equinoctial points must, 
therefore, have a retrograde motion with respect to 
that of the earth, the cause of which it is not for us at 
present to explain; we shall, however, hereafter, see 


former, like that of the latter, being found from obser- 
vation. According to the most recent determination, 
the increase in longitude of the sun's apogee in 100 
years, is 1° 42’ 28”, or 1/22” annually; but since 
the precession, which is a regressive motion, is 50°34” 
annually, the annual sideral progression is 62°2” — 
50°34” = 11:86”. Now, the time of describing 
11°86” added to the length of the sideral year, will 
compose an anomalistic year ; and since the sun near 
its apogee moves in longitude about 58’ in 24 hours ; 
the time will be about 4m. 50s. ; hence the length of 
the anomalistic year, is equal to 

365d. 6h. 9m. 11°48. + 4m. 50s. = 365d. 6h. 14m.1°4s., 


6. Obliquity of the ecliptic. 

107. The angle contained between the plane of the 
equator and the ecliptic is what is denominated the 
obliquity of the ecliptic ; which is shown from re- 
peated observations to be variable, like the other 
quantities we have been just examining. We have 
already, in the preceding section, indicated the method 
of determining the measure of this nee by means of 
the greatest and least meridian altitudes of the sun ; 
it will therefore be sufficient in this place to show the 
result of a long succession of such observations by 
different astronomers, which are as follows :— 


° 6 4 


Anomalis- 
tic year. 


Obliquity 
of the eclip- 
tic. 


that it is due to a regular mechanical effect, viz. the Eratosthenes, 230 years B.c....... 23 51 Determined 
attraction of the sun and moon upon the earth in con- Hipparchus, 140 years B.c......... 23 51 0 © by different 
sequence of its spheroidal figure. The effect of this Ptolemy, a.p. 140 ...........00- 23 51 lo astrono- 
is, that the longitude of the stars, which are always = Pappus, a.p. 390......... Siroatne 23 30 w mT 
estimated from the intersection of the equator and ec- Albatenius, in 80 ...,......-... 23 35 40 
liptic, or from the equinoctial point, or first point of | Arzachel,in 1070 ........ eee 23 34 ~L 
Aries, must constantly increase, and by comparing the §_Prophatius, in 1300 ............ 23 32 YU 
longitude of the same stars at different times, the mean § Regiomontanus, in 1460 ........ 23 30 uu 
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Refraction. 
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Observed 
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Waltherus, in 1490.....ccccecsee V3 2B 47 
icus, in 1500 .....02.2.-. 23 28 24 
Tycho, in 1587 ..........6. «--. 23 2 3O 
Cassini (the father), in 1656...... 23 29 2 
Cassini (the son), in 1672 ......... 23 28 54 
Flamstead, in 1690.............. 23 28 48 
De la Caille, in 1750 ............ 23 28 19 
Dr. Bradley, in 1750 ............ 23 28 18 
Mayer, in 1750 ......0csce-eeee 23 28 18 
Dr. Maskelyne, in 1769.......... 23 28 8,5 
M. de Lalande, in 1768 .......... 23 28 O 
M. Pond, Ast. Roy. 1816 ........ 23 27 50 


The observations of Albatenius, an Arabian, are 
here corrected for refraction. Those of Waltherus, 
M. De ta Caille computed. The obliquity by Tycho 
is put down as correctly computed from his observa- 
tions ; also the obliquity, as determined by Flamstead, 
is corrected for the nutation of the earth's axis ; these 
corrections M. de Lalande applied. It is manifest 
from the above observations, that the obliquity of the 
ecliptic continually decreases; and the irregularity 
which here appears in the diminution, we may ascribe 
to the inaccuracy of the ancient observations, as we 
know that they are subject to greater errors than the 
irregularity of this variation. If we compare the first 
and last observations, they give a diminution of 70” in 
If we compare the observation of Lalande 
with that of Tycho, it gives 45”. The same com- 
pared with that of Flamstead gives 50”. If we com- 
pare that of Dr. Maskelyne with Dr. Bradley's and 
Mayer's, it gives 50”. The comparisons of Dr. Mas- 
kelyne’s determination, with that of M. de Lalande, 
which he took as the mean of several results, gives 
50”, as determined from the most accurate observa- 
tions. This result agrees very well with that deduced 
from theory ; but the observation of Mr. Pond, as 
compared with those of Bradley, gives 66” for the va- 
Fiation in the obliquity in 100 years, or 0°40” annually. 


§ VI. Of the corrections for refraction, parallax, &c. 
1. Of refraction. 


108. When a ray of light passes out of a vacuum 
into any medium, or out-of a medium into any other 
of a greater density, it is found to deviate from its 
regular course, towards a perpendicular to the surface 
of the medium into whichit enters. (See Optics, p. 427) 
Hence light passing out of a vacuum into the atmo- 
sphere, will, where it cnters, be bent or deflected to- 
wards a radius drawn to the earth’s centre, the extreme 
surface of the atmosphere being supposed spherical 
and concentric with the centre of the earth ; and as in 
approaching the earth's surface the density of the at- 
mosphere continudlly increases, the rays of light are 
constantly entering into a denser medium, and there- 
fore the course of the ‘rays will continually deviate 
from a right line, and describe a curve; whence, at 
the surface of the earth, the rays of light enter the 
eye of a spectator, in a different direction from that in 
which they would have entered it, if there had been 
no atmosphere. Consequently, the apparent place of a 
body from which the light comes must be different 
from the ‘true place, as shown:in fig. 35. 

109. Although we here state the fact of the refrac- 
tion of the atmosphere as a necessary consequence of 
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established laws in Optics, it must not be understoot 


Plane 


to have been introduced into astronomy as such ; for Astrooomry- 


it was observed by the ancients 1 
were able to trace its cause to optical principles. 
Nothing is indeed more easy to be detected in astro- 
nomical observation ; for by taking the greatest and 
least altitudes of the circumpolar stars, it will be seen 
that their apperent north polar distances will be dif- 
ferent accordingly as it is taken at the time of their 
superior or inferior ; and this variation is 
observed to be very nearly constant for the same place 
and the same star, and for all stars that have the 
same declination ; but to vary according to a certain 
law, in stars that pase at different altitudes ; it is also 
determinable from observation, that refraction does 
not alter the azimuth of bodies, and the same 
may also be demonstrated on physical principles, 
as we have shown in our treatise on Optics. Re- 
fraction, therefore, has a tendency enly to increase 
the apparent altitude of a heavenly body, its entire 
effect being produced in a vertical circle, and its effect 
is less and less from the horizon to the zenith, where 
it vanishes. 

Both Ptolemy and Alhazen were acquainted with 
this irregularity, and attributed it to its true cause, 
but neither of them undertook to determine the quan- 
tity of it. Tycho perceiving that the altitude of the 
equator, as deduced from the two solstices, was not 
the exact complement of the height of the pole, en- 
deavoured to determine the quantity of refraction due 
to each zenith distance ; he made the horizontal re- 
fraction 34”, and supposed it to become insensible at 
45° of altitude ; in the former, he was not far from 
the truth, but the latter conclusion was wholly erro~ 
neous ; it is, in fact, to Dominic Cassini that we are 
indebted for the first regular hypothesis on the sub- 


Tycho en- 
deavoured 

to estimate 
its quantity. 


ject of astronomical refraction ; but as his solution © 


leads to an expression in which the refraction is made 
proportional to the tangent of the zenith distance, 
diminished by a quantity which itself depends upon 
the refraction sought ; we shall not insist upon it in 
this place, but proceed to illustrate the formule given 
by Bradley. 


Bradley's formule. 


110. Various tables of refraction more or less cor- Bradley's 
rect had been already formed, when the above cele- formule. 


brated astronomer commenced his observations for 
the purpose of deducing more exact formule than 
were at that time in existence, and of these tables he 
availed himself in settling the law of this important 
astronomical correction. 7 

By means of numerous observations on Pelaris and 
other circumpoler stars, Bradley deduced the apparent 
zenith distance P of the pole. By observations also 
on the sun at the-equinoxes, when this body ‘had the 
same zenith distance but opposite right asoensions, 
he deduced the height of the equator. In this in- 
stance, as in the former, it was only the apparent aiti- 
tude that was obtained on account of the refraction, 
and therefore greater than the true height,-and con- 
sequently, the apparent zenith distance was less than 
the true ; whence the sum of the ‘two zenith distances 
of the poles and the -equator (which if tene ought te 
be = 90°) will be less than 96°, by the’sum-of the twe 
refractions due respectively to the zenith distances 
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Asronomy. P and Q. Coneeive, for instance, the two refractions 
on —w/ to be p and g, then, 
P+ Q = 90° — (p + q) 
and p+q = 90° — (P + Q) 
eonsequently, the sum of the two refractions p + q is 
ven, but the object is to determine them separately ; 
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ones or greater zenith distances, he empieyed the Plane 
circumpolar stars. That is, supposing ry, ise. $7) Astronomy 
to be the true places of a circumpolar star at its least 

and greatest altitude, them Zz, by correcting the ob- Fig. 37. 
served distance is known, consequently ZP is known, 

and Pz is so likewise. Again, the apparent zenith- 


» by referring to the best tables extant on this sub- 
ject, it was found, that the difference ¢ — p was about 
equal to 2 seconds, and hence the two equations 

p + 7 = 90° — (P + Q) 
pP—g=2 


g = 45°O 1” —$ (P + Q) 
p = 44° 59 59” — 4 (P + Q) 
Now, according to Bradley’s observation, he found 
. P= 88° 30 35” 
Q = 51° 27” 28” 
whence, p = 575 and g = 595 
but this being only an approximation, in order to ob- 
tain a more correct result; the author separated the 
sum p + g = 1’ 57” into two parts p’ + ¢ which 
should be to one another as the tangents of the ob- 
served zenith distances; whence he obtained 
tan 38° $1’ 325 
P= +7) x Lose Si Se" + tan 1°80 OTF" 


tan 51° 28” 274” 
¢ =e (p’ +7) x tan 38° sl’ 82h” + tan 5]° 33’ 274" 
and by means of the new operation, he found 
p = 455 at the co-altitude 38° 31’ 20)” 
f =V11%5 ditto 51° 28’ 394” 

111. We have stated above that Bradley assumed 
the refraction to vary as the tangent of the zenith 
distance ; the principle on which this assumption is 
founded, may be illustrated as follows :— j 

Let CAn, fig. 36. be the angle of incidence, CA 
the angle of refraction; and, consequently, mAn the 
quantity of refraction ; let CT be the tangent of the 
arc Cm, mr its sine, nw the sine of Cm, and draw rm 
parallel to ow; then as the refraction of the arc is 
very small, we may consider mrn as a rectilinear tri- 
angle ; and hence by similar triangles, 

Amxrn 

Av 
but Am is constant, and as the ratio of mv to mw is 
also constant by the laws of refraction ; their differ- 


mv 
— :; but 


Av’ 

Cha = Ss a because Am is 
Ao Av 

constant : consequently, the refraction mn varies as 

CT, the tangent of the apperent zenith distance of the 

star; for the angle of refraction CAm, is the angle 


gave 


Ao; Am iirnima= 


ence rm must vary as mv; hence mn varies as 


; which varies as 


distance of the star at y, is observed, and subtracting 
from it ZP, the apparent distance from P is known, 
which is less than the true distance Py, by a certain 
quantity which is determinable because Px = Py, and 
the former has been determined, and this difference is 
obviously the correction due to the zenith distance Zy. 

As an example, it was found by observation on 
Cassiopea at its greatest altitude, that the apparent 
zenith distance was 


13° 48’ 19)” 
Correct for refraction 0 O 14 
True zenith dist. 138 48 


Zenith dist. of pole 38 31 


North polar dist. 24 42 54 





Again, by observation, the star being at its least 
altitude above the horizon, the zenith distance was 
found to be 

63° 13’ 21’°8 








Subtract 38 31 205 

App. N. P. dist. 24 42 4183 

True ditto 24 42 54 
° 0 4 


By means of similar observations, Bradley deter- 
mined the refractions for other altitudes; and after 
tabulating the results and a due examination of them, 
he found that the law of the refraction instead of 
being simply proportional to the tangent of the zenith 
distance, was of the form 


r= — tan (zg — 3r) 


And deducing from observation the values of m and n 
under different temperatures and different barometri- 
cal pressures, he obtained the formula 


400 
refrac. = 206 x tan (Z — Sr) x 57” x 350 Lk 
In which a is the altitude of the barometer in inches 


Z the zenith distance, 

rf = 57” x tan Z, 

p = height of Fabrenheit’s thermometer, 
29°6 = mean height of barometer. 


between the refracted ray and the perpendicular to the 
surface of the medium, which perpendicular is directed 
to the zenith ; therefore, while the refraction is. very 
smali, so that rmn may be considered as rectilinear, 
this rule may be considered as furnishing a good ap- 

ximation. fae 

112. Assuming, therefore, the preceding quantities 
(art. 110) as dis true or actual relractions. at the alti- 
tude of the pole and equator ; and amen te the above 
analogy with reference to the tangents of the zenith 
aistances, Bradley deduced the refractions for other 
altitudes exceeding that of the equator, and for less 


113. This formula is found to apply with consider- Groom- 
able accuracy for all altitudes greater than 10°, but bridge's 
for less altitudes it is very erroneous; and different formula. 
formule: and tables have accordingly been computed 
by more recent astronomers which approach nearer 
to the truth: of these the results published by Mr. 
Groombridge in the Phil. Tran. for 1814, are perhaps 
the most valuable ; his formula, under the medium 

and , is ae follows: - 

refrac, = tan (z — 3°6342956 r) x 58”"182967 
which answers for all altitudes above 8° ; for less al- 
titudes a farther correction becomes necessary ; viz. 

4a2 


Formanon 
of ta} les. 
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Astronomy. forevery minute belowS3°of altitude ; orforevery minute extended form given to it by its author, but the fol- Plane 
———— more than 87° of zenith distance, the result found as lowing abridgment of it will, it is presumed, be found Astronomy. 

above must be reduced ‘00462. By means of these for- highly acceptable to our readers. It will be under- 

mule, Mr. Groombridge has computed a very extensive stood that the correction for the barometer and ther- 

table of refractions, with the requisite tables of cor- mometer will be the sum of the two factors in Table 

rections for the different states of barometrical pres- II. and Table III. multiplied into the mean refraction, 

sure, as well as for thermometrical temperatures, both and the product added or subtracted therefrom, ac- 

for the outside and inside of the observatory. We cording as the sum of the factors is plus or minus. 

cannot allow ourselves to transcribe this table in the 


Table of mean refractions, computed from the preceding formula. 


| 
Zen. Dist.j| Refrac. Zen. Dist. Zen. Dist. Refrac. Zen. Dist. Refrac. Zen. Dist. Refrac. 





oO é 4 “ 9 4 o7 qd 4 re) / oO ¢ é 44 
0 0] 0 ooo | 2 Oo 44 0105608 | 66 Oo 87 8 | 14 46°37 
0030/0 O51 22 30 44 30 | 0 57°01 || 66 30 87 16 | 15 14°40 
10/0 Lol 23 O 45 0|0 5801 || 67 O 87 24 | 15 44:00 
1380] 0 152 || 23 30 45 30 | 0 59:08 1 67 30 87 32 | 16 15:27 
2 0/0 2038 | 24 0 46 0]|1 O07 || 68 oO 87 40 | 16 48°35 
23010 253 || 24 30 46 30 | 1 113 || 68 30 87 48 | 17 23:37 
3 0]0 3804 || 2 o 47 0|1 220 | 69 O 8756 | 18 046 
330]0 355 || 25 30 47 30 | 1 3:30 || 69 30 ss o | 18 19°88 
4 0|0 406 | 26 Oo 48 0|1 441 | 7o oO 88 6 | 18 49:98 
430 |0 457 || 26 So 48 30 | 1 5°55 || 70 so 88 12 | 19 21°51 
5 0|0 508 || 27 o 49 0/1 672 1 71 oO 88 18 | 19 54:47 
5 830] 0 5°59 27 30 49 30; 1 790 || 71 SO 88 24 | 20 28°89 
6 0/0 6lo | 28 o 50 oO] 1 gli | 72 Oo 88 30 | 21 5:08 
630] 0 662 || 28 30 50 80 | 1 1034 || 72 30 88 36 | 21 42:88 
7 0/0 7183 29 0 51 0] 11160 | 78 Oo 88 42 | 22 22°47 
730 |0 764 || 29 30 51 30 | 1 12:89 || 73 30 88 48 | 23 3:95 
8 0|0 816 || 30 o 52 0] 1 1421 || 74 O 88 54 | 28 47°40 
8 30 | 0 868 || 30 30 52 30 | 1 15°55 || 74 30 89 O | 24 32-94 
9 0/0 920 | 31 o 53 0] 1 1698 || 75 O 89 4/25 451 
9 30|0 972 || 81 380 53 30 | 1 1838 || 75 30 89 8 | 25 87:09 
10 oO | O 1024 || 82 o 54 0| 11978 || 76 O 89 12 | 26 1lo-71 
10 30 | 0 1076 || 32 30 54 30 | 1 21-25 || 76 30 89 16 | 26 45:40 
ll o | 01129 | 38 o 55 0| 1 2277 | 77 «Oo 89 20 | 27 21:20 
11 30 | O 11°81 33 30 55 80 | 1 24:31 || 77 80 89 24 | 27 58:14 
O 1234 || 34 oO 56 0 | 1 2591 || 78 Oo 89 28 | 28 36:26 
O 12:87 || 34 30 56 30 | 1 27°54 | 78 30 89 32 | 29 15°60 
0 18:40 || 35 oO 57 O]| 1 2921 | 79 O 9 36 | 29 56°19 
0 13:94 || 35 30 57 30 | 1 8098 || 79 3o 89 40 | 30 38:07 
01448 || 86 0O 58 0 | 1 8269 || 80 oO 89 44 | 31 21:28 
O 15°02 || 86 30 58 30 | 1 84°51 || 80 30 89 48 | 82 5°85 
O 15:56 || 37 Oo 59 0 | 1 3638 | 81 oO 89 52 | 32 51:82 
01610 || 87 30 59 80 | 1 38:30 || 81 30 89 56 | 83 39°84 
01665 || 38 O 60 0| 1 4028 | 82 oO] 63379 || 90 O| 34 28-18 
0 17°20 || 88 30 60 30 | 1 42°32 || 82 30 | 6 57°78 || 90 2 | 34 53:15 
01775 || 39 O 61 0] 1 4442 | 838 Oo] 7 2463 90 41] 35 18°55 
0 18°31 89 80 61 30 | 1 46°59 || 88 SO | 7 5487 || 90 6 | 35 44:34 
0 1886 || 40 O 62 0] 1 4883 | 84 Oo] 8 29:18 90 8 | 36 10°52 
0 19°43 || 40 30 62 30 | 1 51:14 | 84 30] 9 818 || 90 10] 36 37°10 
01999 || 41 O 63 01| 15353 || 8 O| 9 53-08 90 12 | 37 4:08 
0 2056 || 41 30 63 30 | 1 56°00 || 85 30 | 10 4488 || 90 14 | 37 31:47 
O 21°13 42 0 64 0 | 15856 | 86 O]| 11 45°57 90 16 | 37 59°28 
O 21-71 42 30 64 30 | 2 121 || 86 24 | 12 41-02 90 18 | 38 27°50 
O 22:29 | 483 O 65 012 396 | 87 48 | 18 44-62 
O 22:87 || 48 sO 65 30 | 2 681 | 87 O | 14 19°80 
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Correction to preceding table of refraction. 








Asuonomy. Plane 
“~~ BAROMETER. FAHRENHEIT’S THERMOMETER. Astronomy 
i i te teed pe See 
Inches. Correc. Inches. Correc. Degree. Within. Without. Degree. Within. Without. 
- + + + — 

38°60 "0350 29°60 “0000 24:0 057 0420 49°0 “0000 “0060 
62 0842 62 *0007 245 0563 "0410 49°5 oOo11 ‘0090 
64 0835 64 70014 25°0 0552 0400 50:0 0022 0100 
66 0828 66 “0020 25°5 0540 "0890 50°5 0033 0110 
68 0821 68 0027 26°0 0529 0380 51:0 0044 ‘0120 
28°70 0314 29°70 "0034 26°5 0517 ‘0370 515 0055 01380 
72 ‘0306 72 0041 27'0 "0506 ‘0360 52:0 ‘0066 0140 
74 "0299 V4 "0047 Q7°5 "0494 "0350 525 0077 0150 
76 ‘0292 76 0054 28'0 "04838 ‘0340 53:0 ‘0088 0160 
78 0@85 78 0061 28'5 0471 ‘0330 53°5 "0099 ‘0170 
28°80 0278 29°90 ‘0068 29'0 0460 ‘0320 54:0 0110 0180 
82 0271 ~ §2 ‘0074 29°5 0448 0310 54:5 0121 0190 
84 0264 84 ‘0081 30°0 0437 "0300 55:0 0132 “0200 
86 "0256 86 "0088 30°5 0425 "0290 555 0148 ‘0210 
88 0249 88 "0095 31:0 0414 "0280 56:0 0154 ‘0220 
28:90 0242 29°90 0101 315 "0402 "0270 56°5 0165 ‘0230 
92 0235 92 0108 $2°0 0891 ‘0260 57-0 ‘0176 ‘0240 
94 "0228 - 94 ‘O115 32°5 0879 ‘0250 57°5 ‘O187 0250 
96 0221 96 0122 33°0 0368 0240 58°0 0198 ‘0260 
98 0214 98 0128 33°5 0356 ‘0230 58:5 "0209 "0270 
, 29°00 “0207 30°00 0185 34:0 0345 “0220 59:0 0220 ‘0250 
: OZ “0200 02 70142 34'5 0333 0210 59°5 0231 ‘0290 
| 04 0193 04 "0149 35:0 "0822 “0200 60-0 "0242 ‘0300 
06 0186 06 0155 35°5 0310 "0190 60-5 "0258 0310 
_ 08 0179 0s "0162 36°0 "0299 0180 61-0 0264 "0320 
29°10 0172 30°10 "0169 36°5 0287 70170 61-5 0275 ‘0330 
12 0165 12 0176 87:0 0276 ‘0160 62:0 "0286 ‘0340 
14 0158 14 "0182 37°5 0264 70150 62°5 0297 ‘0350 
16 0151 16 0189 380 0253 70140 63:0 "0808 "0360 
| 18 0144 18 "0196 38°5 0241 0130 638°5 0319 "0370 
! 29°20 ‘01387 30°20 "0208 39°0 0230 0120 64-0 ‘0330 ‘0380 
3 22 0130 22 0210 39°5 0218 0110 64:5 0341 0390 
24 ‘0123 24 "0216 40°0 "0207 ‘0100 65:0 0352 "0400 
26 ‘O116 26 "0223 40'5 70195 0090 65°5 ‘03638 0410 
28 ‘0109 28 “0230 41:0 0184 "0080 66-0 ‘0374 "0420 
29°30 0102 30°30 "0237 41°5 0172 0070 66°5 ‘0385 ‘0430 
S82 "0096 82 "0248 42:0 0161 "0060 67:0 ‘0896 "0440 
34 ‘0089 34 "0250 425 0149 “0050 67:5 0407 0450 
36 0082 36 "0257 43:0 0138 "0040 68-0 0418 0460 
| 38 0075 38 "0264 435 "0196 "0080 68-5 "0429 0470 
| 29°40 -0068 30°40 "0270 44:0 ‘O15 “0020 69:0 0440 "0480 
: 42 0061 42 0277 44°5 0103 0010 69:5 0451 0490 
44 0054 44 "0284 450 "0092 —e 70-0 "0462 "0500 
46 0048 46 "0291 45°5 “0080 0010 70-5 0478 0510 
48 0041 48 0297 46:0 “0069 “0020 71-0 0484 "0520 
29°50 0034 30°50 0304 46°5 0057 “0030 71:5 0495 0530 
52 0027 5Q 0811 47:0 "0046 "0040 72:0 “0506 "0540 
54 "0020 54 0318 47°5 0084 "0050 72-5 0517 "0550 
56 -0014 56 0324 48:0 "0028 “0060 73-0 0528 "0560 
58 "0007 58 0331 48°5 ‘OOll "0070 73-5 0539 0570 
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Astrono 114, What we have hitherto stated, relates princi- 
pally to corrections requisite to be made in astrono- 
Other ef- mical observations in consequence of the effect of 


fects of re- refraction in elevating all the heavenly bodies, but the 

s same principles will also explain some other astrono- 
mical phenomena, as for instance, the morning and 
evening twilight, the oval appearance of the sun in 
the horizon, the horizontal moon, &c. 

Cause of 115. With respect to the twilight, it arises both 

the twilight from the refraction and reflection of the sun’s rays by 
the atmosphere. It is probable, that the reflection 
arises principally from the exhalations of different 
kinds with which the lower beds of the atmosphere are 
charged ; for the twilight lasts till the sun is farther 
below the horizon in the evening than it is in the 
morning when it begins, and it is longer in summer 
than in winter. Now in the former case, the heat of 
the day has raised the vapours and exhalations; and 
in the latter, they will be more elevated from the heat 
of the season ; therefore, snpposing the reflection to 
be made by them, the twilight ought to be longer in 
the evening than in the morning, and longer in the 
summer than in the winter. 

Commonly, it is assumed, that the twilight begins 
when the sun is 18° below the horizon ; but in our 
investigations relative to the time of shortest twilight 
(art. 78), we have left the solution general for any 
number of degrees, and which may therefore be sup- 
plied at pleasure. 

Oval figure 116. Another effect of refraction, as we have above 

of the sun observed, is that of giving the sun and moon an oval 

: aoa appearance in consequence of the refraction of the 

con, lower limb being greater than the upper; whereby 
the vertical diameter is diminished. For assuming 
the diameter of the sun to be 32’, and the lower limb 
to touch the horizon, then the mean refraction at that 
limb is 33’; but the altitude of the upper limb being 
82’, its refraction is only 28’ 6”, the difference of 
which is 4’ 54”, the quantity by which the vertical 
diameter appears shorter than that parallel to the ho- 
rizon. This, however, will only happen when the 
body is in or very near the horizon, for when the al- 
titude is any considerable quantity, the refraction of 
both limbs being then very nearly the same, the appa- 
rent disc will not differ sensibly from a circle. 


2. Of parallaxes. 


117. Parallax is a term used by astronomers to 
denote an arc of the heavens intercepted between the 
true and apparent place of a star, or other heavenly 
body, or its place as viewed from the centre and the 
8 of the earth. 

Lete (fig. 37) represent a star, C the centre of the 
eatth, % the zenith of a spectator, then the observed 
zenith distance of s is the angle ZAs. but its actual 
zenith distance, as viewed from the centre C, is ZCs, 
and the difference between the angles ZCs and ZAs is 
is AsC, which is called the angie of parallax. 

Now we know from the principles of trigonometry 


Fig. 37. 


that 
ain CsA = sin CAs x Aaa oe. 
Cs Cs 


whence if CA, Cs remain the same, the sine of CsA, 
that is, the sine of the varies as the sine of 
the star’s zenith distance. Consequently, the parallax 


‘ 
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must be greater, the greater the zenith distance; it Plane 
must therefore be greatest when the body is seen in Astronomy. 
the horizon, or when the zenith distance is 90°. Let p =~” 
represent the parallax at any zenith distance Z, P the 
greatest or horizontal parallax, then we shal] have 
CA, ‘ CA - ano _ CA 
a.* sin Z, and sin P = Cs x sin 90° = Ce 
Consequently, sin p = sin P sin Z 
If therefore the parallax be known for any one zenith 
distance, it may be determined for any other; and 
moreover, if CA the earth's radius, and Cs the distance: 
of the body, were given, the parallax P would become 
known ; and conversely, if the parallax were given, 
the distance Cs might also be determined, the radius 
of the earth being supposed known from geodetic 
operations. It is, in fact, from knowing the parallax 
of one or more of the heavenly bodies, that their dis- 
tances have been determined. 

The correction for parallax is one of the most im- 
portant in practical astronomy, and accordingly, va- 
rious methods have been proposed by different as- 
tronomers for determining it; but of these we shall 
only specify one or two of the most obvious. 

118. First; to find the parallax of the moon. Take Paralax of 
the meridian altitudes of the moon when it has its the moon, 

test north and south latitudes, and correct them 
or refraction, as explained in the preceding chapter. 
Then, if there were no parallax, or if the parallax 
were the same at both altitudes, the difference of the 
altitudes thus corrected would be equal to the sum of 
the latitudes, and consequently, what those quantities 
want of equality will be equal to the difference of the 
parallax. We have, therefore, by means of these 
observations, the difference of the parallaxes at these 
altitudes, and it is required to find them separately. 
For this purpose, let us denote the two zenith dis- 
tances, by Z,z, the parallaxes by P,p- then from 
what has been stated above we have 
sin Z 3 sinz °° P:p 


sin p = 


or sinZ — sinz: sin.z °; P—pip 


sin Z —sin z 
the parallax at the greatest altitude. 

We here suppose the moon to be at the same dis- 
tance from the earth at both observations ; when this 
is not the case, one of the observations must be re- 
duced to what it would have been had the distance 
been the same. 

119. Let a body P (fig. 38) be observed from two Determined 
places, A, B,: in the same meridian, then the whole by obeerva- 
angle APB is the sum of the two parallaxes at those 38 
two places. Now we have seen in article 117, that the Fig. 

perallax APC or p = P x sin PAL 
parallax PBC or p’ = P x sin PBM 
Hence APB = p+ p/ = P x (sin PAL + sinPBM) 


Consequently 
Pie Pe 
hor. parallax (P) = = PAL + sin PBM 


In order to illustrate this by actual observation, we . 
may state the following example : 

October 5, 1751, M. De la Caille, at the Cape of 
Good Hope, observed Mars to be 1’ 25:8 below the 
parallel of ) in Aquarius, and at 25° distance from the 
zenith. On the same day, at Stockholm, Mars was 


| Parallax in 
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isronomy. beerved to be 1” 57°-7 below the parallel of the same 
Anan Star, aad at 68° 14’ zenith distance. Hence 





from V 577 
take 1 25'8 
angle APB =p+p’/=0 31°9 
$1°9” 
Whence P = = 33°6 


sin 25° + sin 68° 14’ 

The horizontal parallax of Mars being thus deter- 
mined, we may hence find that for the sun; for we 
have seen that, generally, 


(see fig. 36) 


Consequently, since CA, the radius of the earth, is 
constant, the parallax will vary reciprocally as the 
distance of the body; knowing, therefore, the pro- 
portional distance of the sun and Mars from the earth 
at the time of observation; the parallax of the for- 
mer may be determined when that of the latter is 
given. This method, however, of determining the 
solar parallax is not sufficiently accurate for the pur- 
poses of modern astronomy. 

120. Method uf determining the parallax in right 
ascension and declination. 

Let EQ (fig. 39) be the equator, P its pole, Z the 
rightascen- zenith, o the true place of the bedy, and r the appa- 
eh rent place, as depressed by parallax in the vertical 


f= oF 


a circle Zk, and draw the secondaries Pva, Prd, then 
ab is the perallax ia right ascension, and rs in de- 
clination. 

Now or’ vs‘: rad: sineorsor ZoP 
and vs°ab°* cosva: rad 


Hence by multiplication, and rejecting the like factors, 
vr‘: ab‘: cosva : sinZvoP 
or sin ZvuP 


therefore ab = / 
cos va 
but or == hor. par. (P) x 0Z 
and sin oZ * sin ZP °° sin ZPo : sin ZoP 
. sin ZP x sin ZPo 
hence sin Z0P = ——_-—_———_ 


sin v Z 
whence by substitution 
P x sin ZP x sin ZPo 
cos va 
Hence it follows, that for the same star, where the 
hor. par. or (P) is given, the parallax in right ascen- 
sion varies as the sine of the hour angle. 
Also, 


ab= 


ab cos va 
hor. par. = 7P x sin ZPo 

fn the eastern hemisphere, the apparent place 5 lies 
on the equator to the east of a its true place, and 
therefore the right: ascension is diminished by paral- 
lax; but in the western hemisphere 8 lies to the 
west of a, and therefore the right ascension is in- 
creased. Hence, if the right ascension be taken before 
and after the meridian, the whole change of parallax 
in right ascension between the two observations, is 
the sum (s) of the two parts before and after the me- 


ridian, we have therefore 
s= sh es 7 x § 
COs DG 


§ denoting the sum.of the sines of the two hour angles, 
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$ COS 04 Plane 
and hor. par. (P) = winZP x S Astronomy, 
On the meridian there is no parallax in right ascension ny OL ne 


In order to apply this rule, observe the right aseen- o¢ this 
sion of the planet when it passes the meridian, com- method. 
pared with that of a fixed star, at which time there is 
no parallax in right ascension ; about six hours after, 
take the difference of their right ascensions again, 
and observe how much the difference (d) between the 
apparent right ascension of the planet and fixed star. 
has changed in that time. Next observe the right 
ascension of the planet for three or four days when it 
passes the meridian in order to get its true motion in 
right ascension. Then if its motion in right ascension 
in the above interval of time, between the taking of 
the right ascensions of the fixed star and planet on 
and off the meridian, be equal to d, the planet has no 
perallax in right ascension ; but if it be not equal to d, 
the difference is the parallax in right ascension, and 
hence, on the above principles, the horizontal parallax 
will be known. Or one observation may be made 
before the planet comes to the meridian aad another 
after, by which a greater difference will be obtained. 

121. In order to illustrate this method by aa ex- By exam- 
ample, let the following be taken : ple. 
On August 15, 1719, Mars was very near a star of 
the 5th magnitude in the eastern shoulder in Aquarius : 
and at 9h. 18m. in the evening, Mars followed the 
star in 10’ 17”; and on the 16th, at 4h. 21m. in the 
morning, it followed it in 10’ 1”, therefore in that 
interval, the apparent right ascension of Mars had 

increased 16” in time, 

But according to observations made in the meridian 
for several days after, it ap that Mars ap- 
proached the star only 14” in that time, from its pro- 
per motion; therefore 2” in time or 30’ in motion was 
the effect of parallax in the interval of the obser- 
vations. 

Now the declination of Mars was 15°! 


the co-latitude 41° 10’ 
the two hour angles oe 
6 56° 39/ 
Consequently, the horizontal parallax 


= 30” x cos 15° = 

~ gin 41° 10’ (sin 49° 15’ + sin 56°39’) 74 
At the time of these observations, the distance of the 
earth from Mars was to its distance from the sua as 
37 : 300 ; whence the sun’s horizontal parallax is 
found to be 10°17”. 

122. Besides the effect of aero in right ascension Effect of 
and declination, it is manifest that the latitude and parallax in 
longitude of the moon and planets must also be, ee 
effected by it, and as the determination of this, in"! 
respect to the moon, is, in many cases, particularly 
in solar eclipses, of great importance, we shall pro- 
ceed to show how it may be computed, supposing the 
latitude of the place, the time, and consequently the 
sun's right ascension, the moon's true latitude and 
longitude, and her horizontal parallax to be given. 

Let HZR (fig.40) be the meridian, EQ the equa- Fig. 40. 
tor, p its pole; 7C the ecliptic, P its pole; + the 
first point of Aries, HQR the horizon, Z the zenith, 

ZL a secondary to the horizon, passing through the 
true place r, and apparent place ¢, of the moon; 
draw Pt, Pr, which produce to s, drawing the small 
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Astronomy. circle ¢s parallel tu ov, and rs is the parallax in lati- 
ean enw 


tude, and ov the parallax in longitude. Draw the 
great circles 7 P, PZAB, Ppde,and ZW perpendicu- 
lar to pe; then as 7 P= 90°, 7 p= 90°, Y must be 
the pole of Ppde, and therefore d ~ = 90°; conse- 
quently, d is one of the solstitial points ; viz. either 
3 or yp, draw also Zz perpendicular to Pr, and 
joinZ7r, pr. Now TE, or the angle pE, or Zp‘ is 
the right ascension of the mid heaven which is known ; 
PZ = AB, (because A Z the complement to both) 
the altitude of the highest point A of the ecliptic 
above the horizon, called the nonagesimal degree, 
and A, or theangle 7PA, is its longitude. 

Now in the right angled triangle Zp W, we have 
Zp the co-latitude, and the angle Z p W, the difference 
between the right ascension of the mid heaven 7 pE 
and Ye, to find pW ; hence PW = pW ~w pP, where 
the upper sign is to be taken when the right ascension 
of the mid heaven is less than 180°, and the under 
when greater. 

Again, in the triangle WZ p, WZP, we have 
sin Wp : sin WP: : cot WpZ : cot WPZ, ortan APY 
and as we know yo, or 7Po, the true longitude of 
the moon, we know APo, or ZPx: also cos WPZ, or 
sin TPZ : rad :: WP : tan ZP. 

Hence in the triangle ZPr, we know ZP, Pr, and 
the angle P, from which the angles ZrP, or trs, and 
Zr may be found; for in the night angled triangle 
ZPr we know ZP, and the angle P to find Pz, there- 
fore we know rz, and hence, as the sines of the seg- 
ments of the base of any triangle are inversely as the 
tangents of the angles at the base adjacent to which 
they lie, we may find the angle Zr, with which and 
rz, we may find Zr, the true zenith distance, to 
which, as if it were the apparent zenith distance find 
the parallax by (art. 117) and add it to the true ze- 
nith distance, and we shall have very nearly the ap- 
parent zenith distance, corresponding to which find 
the parallax r¢; then in the right angled triangle rs¢, 
which may be considered as plane, we know ri and 
the angle r to find rs the parallax in latitude ; find ts, 
which multiplied by the secant of tv, the apparent 
latitude gives the arc ov the parallax in longitude, 


Examp.e. 


123. On January 1, 1771, at 9 hours apparent time, 
in latitude 53° north, the moon’s true longitude was 
Ss. 18° 27’ 35”, and latitude 4° 5’ 30” S; also its 
horizontal parallax was 61’ 9”, to find its parallax in 
latitude and longitude. 

The sun’s right ascension was by the tables 282° 
22’ 2”, and its distance from the meridian 185°, also 
the right ascension E of the mid heaven was 57° 22” 
2”, hence the whole operation for the solution of the 
triangles may stand thus : 





Triangle ZpW 
ZpW = 32 37 68...... cos 9°9253864 
Zp = 37 O 0O...... tan 9°8871144 
pW = 32 23 57...... tan 9°8025008 
Pr = 23 28 O 
PW = 55 51 57 
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Triangle W pZ 
pW = 82 23 57........ AC sin 0'2709855 
PW = 55 51 57 .......0.. sin 9°9178865 
ZpW = 32 87 58 ....... ... Cot 1071935941 
APT = 67 29 8 ..........tan 108824661 
oPyr =108 27 35 
oPA = 40 58 27 
Triangle WPZ 
APZ = 67 29 8....... ...8in 9°9655700 
WP = 55 51 57....tan+ 10 — 20°1688210 
ZP = 57 56 36 ..........; tan 10°2082510 
Triangle ZPrz 
ZP = 57 56 86 ...... --.. tan 102082555 
ZPx = 40 58 Q7 .......... cos 9°8779500 
Pr = 50 19 38 .......... tan 100812055 
Pr = 94 5 30 
Triangles ZP2, Zrz 
Tx = 48 45 57........ AC sin 0.1600748 
Px = 50 19 83 ...... -e.- Sin 9°8863144 
ZPr = 40 58 27 ...... --..tan 9°9387676 
Zre =z 44 116 .......... tan 9°9851563 
Zre = 44 116 ....cos+ 10 19°8567795 
Tx = 43 45 57 .......... tan 9'9812846 
. ar = 58 610...... ¢...Cot 9°8754949 
Z) = 55° 6.10) 2446645; sin 9°9029362 


hor. par. = 61’ 9” = 3669”... .log 3:5645477 





rt, uncorrected 2934” = 48’54” log 3°4674839 





App. Z. Dist. Zt 53° 55’ 4” nearly sin 9:9075042 
hor. par 3669” ...........05. log 3°5645477 





par. rt corrected =2965” =49/ 25” log 3:4720519 


Triangles trs 


par. rt corr. 2965 = 49’ 25” ....log 3°4720519 
OF A 16 nh acwarcnateaes cos 9°8567795 


rs par. in lat, = 2132” 35’ 32” .. log 3:3288314 


rt corrected = 2965” .......... log 3°4720519 
drs = 44° 16... cece eee ..8in 9°8419369 
ts = 2061” = 34/21”........ log 33139888 


true lat. ro = 4°5/ 30” 
app. lat. tv = ro — rs = 4° 41’ 2” sec 100014528 


ov par in long. = 2067” = 34/27 log 3°3154416 
The value of tv is equal toro + rs, according as the 
moon has north or south latitude, — 
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124. The above operation supposes the moon's Remarks. 


horizontal parallax to have been determined. Ac- 
cording to the tables of Mayer, the greatest ax 
of the moon, or when she is in her perigee and in op- 
position, is 61’ 32”; the least parallax (or when she 


ASTRONOMY. 


Astronomy. is in her apogee and in conjunction) is 53’ 52” in the 
—-—»’ latitude of Paris: now as the parallax varies inversely 


as the distance, the parallax at the mean distance of 
the moon is 57’ 24” viz. an harmonical mean hetween 
the two former. 

But Delambre recalculated the parallax from the 
same observations from which Mayer calculated it, 
and found a slight disagreement in the two results. 
He made the equatorial parallax 57’ 11/4; Lalande 
made it 57’ 5” at the equator, 56’ 532 at the pole, 
and 57’ 1” for the mean radius of the earth; upon a 
supposition that the ratio of the equatorial and polar 
axes was as 300 ; 299. 

Assuming then the mean parallax to be 57’ 1”, we 

have, referring to fig. 36, 
AC : mean radius r ‘* D, dist. of moon : sin 57’ 1” 
hence D = 603 rad = 60°3 x 3964 = 239029 miles 
the mean distance of the moon from the earth— 
Vince's Astronomy. 

The preceding methods by which the parallaxes of 
the moon and of Mars have been determined are 
not sufficiently exact for us to employ them in deter- 
mining that of the sun. And since this is in astro- 
nomy a most important element, and requires the 
most exact determination, it has, as we have before 
remarked, engaged the most anxious attention of 
philosophers, and no one has rendered in this re- 
spect a more essential service to the science than Dr. 
Maskelyne, our late worthy astronomer royal ; but the 
method which he employed, and which was _ first 
pointed out by the celebrated astronomer Dr. Halley, 
cannot be with propriety illustrated in this place, be- 
cause it supposes the planetary motions to be deter- 
mined to the utmost accuracy : in a subsequent chap- 
ter we shall, however, enter at some length upon the 
explanation of this method, at present it will be suffi- 
cient to state that it depends upon the transit of either 
of the two inferior planets, but particularly that of Ve- 
nus over the sun's disc ; and that it has been thus found 
to be 875 according to Maskelyne, but 881 accord- 
ing to Laplace ; whereas we have seen (art. 121) that 
as deduced from observations on Mars, it was found to 
be 10-17. 

From what has been stated it appears, that the 
parallaxes of the planets answer two important pur- 
poses, for we hence may determine their actual dis- 
tances from the earth, and moreover, without a know- 
ledge of the quantity of this important datum, we 
should be unable to correct our observations, and 
much uncertainty would consequently attend all our 
deductions. The parallax of the sun being very small, 
its mean horizontal parallax may be considered as 
constant, viz. 875, and consequently, the parallax 
for any altitude is readily determined by means of 
the formula 

7 p P x sin zen. dist., or 
p = 875 x sin zen. dist. 


But for the moon, the parallax being considerable, we 
ought, in delicate observations, to compute it for her 
actual distance, and accordingly, in the Nautical Al- 
manack, we find the lunar parallax, as well as her 
seru; diameter, stated fur 12 o'clock, both at noon and 
midnight, for every day in the year. 
128. Let us now propose an example to show the 
_method of introducing the corrections for parallax 
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and refraction, agreeably to what has been .aught in 


the preceding articles. 
Observation. 

Alt. © upper limb.... 62 44 Ii 

Lower limb.... 62 15 41 

2) 124 59 52 

App. alt. © centre .. 62 29 56 
App. zen. dist. ...... 27 30 4 sin = 4617 

+ Refraction........ O O 4 

27 30 33 

(8”’3 x 4617) parallax oO O 4 

Corr. alt. ©'s centre.. 27 30 29 

Latitude of the place.. 48 50 14 

' ©’s declination...... 21 29 45 


3. Of the correction for aberration. 


Plane 
Astronomy 


126. In our historical chupter, we have given some Aberration 


account of this important astronomical discovery ; 
it remains for us in this place to enter a little more at 
length into an illustration of the principles, and to 
describe the method of computing and applying the 
requisite corrections. 

The situation of any object in the heavens is determin- 
ed by the position of the axis of the telescope, attached 
to the instrument with which we measure ; for such 
@ position is given to the telescope, that the rays of 
light from the object may descend down the axis, and 
in that situation, the index shows the angular distance 
required ; if, therefore, the observer were in a state of 
absolute rest, while he was making his observation, 
the direction of his telescope would coincide with that 
of the object, as it would also, although he were in 
motion, if light was instantaneously transmitted from 
the luminous body to the eye. But if, as is actually 
the case, the motion of light is progressive, while the 
observer is also carried forward in space, then, except 
in the particular instance in which both motions take 
place in the same line, a different direction must ne- 
cessarily be given to the axis of the telescope ; and 
consequently, the place measured in the heavens will 
be different from the true place. 


1 


127. This may be illustrated in a general manner Illustrated 
as follows. Let S’ (fig. 41) be a fixed star, VF the Fig. 41. 


direction of the earth's motion, S’F the direction of a 
particle of light, entering the axis ac of the telescope, 
at a, and moving through aF, while the earth moves 
from cto F; and if the telescope be kept parallel to 
itself, the light will descend in the axis. For let the 
axis nm, Fw, continue parallel to ac; and if each 
motion be considered as uniform, that of the spectator 
occasioned by the earth's rotation being disregarded 
on account of its being too small to produce any sen- 
sible effect, the spaces described in the same time 
will preserve the same proportion; but cF and Fa 
being described in the same time, and as we have 
cF : Fa °*: cn: av 
it follows, that cn and av will be described in the 
same time ; therefore, when the telescope is in the 
situation nm, the particle of light will be at v in the 
telescope ; and the case being the same at every 
4B 
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Astronomy. moment of its descent, the place measured by the 

—\—= telescope at F is s’, and the angle S’F’s’, is the aber- 
ration or the difference between the true place of the 
star and the place measured by the instrument. 

Hence it appears, that if we take 

FS : Ft :: vel.of light ; vel. of the earth, 
join Sé¢ and complete the parallelogram F?¢ Ss, the 
aberration will be equal to FS¢;S will be the true 
place of the star, and s the place measured by the in- 
strument, and this latter is the same with the apparent 
place of the object as it would be seen by the naked 
eye. This will appear as follows. 

128. Ifa ray of light fall upon the eye in motion, 
its relative motion with respect to the eye, will be 
the same as if equal motions were impressed in the 
same direction upon each, at the instant of contact ; 
for equal motions in the same direction impressed upon 
two bodies will not effect their relative motions, and 
therefore the effect one upon the other will not be 
altered. Let then VF be a tangent to the earth's or- 
bit at F, and therefore represent the direction of the 
earth's motion at that instant, and S’ a star: join S’F 
and produce it to G; take 

FG : Fn :: vel. of light : vel. of the earth, 
and complete the parallelogram FGHn; join also 
FH: then since FG, and Fn represent the motions of 
light and of the earth, we shall have on the principle 
of the composition of motion explained (art. 24) 
Mechanics, FH, for the corresponding resulting mo- 
tion; that is, the object will appear in the direction 

’ of the diagonal FH, and GFH or its equal S’F or 
FS will be the aberration ; consequently, the apparent 
place to the naked eye is the same as that determined 
by the telescope. 
129. Now we have by trigonometry, 
sin FS¢ : sinFtS :: Fe : FS °° vel. of earth : 
the vel. of light : whence 
sin FS¢ = sin FS x = 
Fs 
vel. of earth 


sin of aberration = sin FiS x vel. of licht 


therefore considering the ratio of the velocity of light 
and of the earth as constant, the sine of aberration or 
the aberration itself, will vary as the sine of FtS, and 
is therefore greatest when that angle is a right angle, 
and it will be zero when the angle F¢S vanishes, that 
is, when the motions of the earth and of light are 
made in the same right line. 

By observations it has been determined, that the 
greatest effect of aberration is 20”, and as this corres- 


ponds to the case of FtS = 90°, or sin FtS = 1 we have 
: vel. of earth 
sin 20” = 1 x 


vel. of light 

vel. of earth ; vel. of light as sin 20” : rad. °° 
1: 10314 

180. This result is obtained from observation, and 
is independent of any deductions drawn from the ac- 
tual velocity of the luminous rays; it only shows 
that if light moved with the velocity indicated, that 
such phenomena ought to have place, and that it may 
therefore be employed as an illustration of them. 
But the actual velocity of light has been otherwise 
determined ; let us see, therefore, how nearly the 
results in the two cases agree with each other. 

For this purpose, call the radius of the earth’s orbit 


The place 
shown by 
the teles- 
cope the 
same as 
shown to 
the naked 
eye. 


Ratio of 
vel. of light 
to the vel. 
of earth. 


or 


Compared 
with other 
observae 
tions. 
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r, and we shall have 3:1416 x 2r for the circumfer- Plane 

ence which is described by the earth in 365} days, uz \strocomy 

3'1416 x @r —— — 
31557600 

be the velocity per second, and by the above deter- 

mination, 

10314 x 3°1416 x @r 

31557600 
second. 


31557600 seconds ; consequently, 


= the velocity of light per 


10314 x 31416 x @r . 


31557600 
31557600 7% ; 
SAG So ava 1 
10814 x 31416 97”4 or 16} minutes, the time 


light employs in traversing a space equal to the dia- 
meter of the earth’s orbit, which agrees very nearly 
with the results previously deduced by astronomers 
from observations on the eclipses of Jupiter's satellites. 

The coincidence of these deductions, founded upon Considered 
observations wholly independent of each other is ge- as a prouf 
nerally considered as furnishing one of the most sa- of the 
tisfactory proofs of the truths of the Copernican or eee 
modern system of astronomy. 

131. The aberration S’# lies from the true place of Direction 
a star in a direction parallel to that of the earth's of aberra 
motion, and towards the same part; and its effect 2° 
is therefore produced at one time wholly in decli- 
nation, at another wholly in right ascension, and 
at others, it will effect both these quantities, but in a 
greater or less degree, according to circumstances. 

In order to illustrate this, let E, E’, E”, E”, (fig. 
42) represent four positions of the earth when the sun 
isin the signs 7, vf, 2, and g, and let tT, ’T’, 
e’T’”’, &c. be tangents to the earth's orbit at those 
points; s, s' the same star seen on the meridian 
of any place. Now in the position E, corresponding 
to the vernal equinox, the sun is in the equator ; 
therefore, if Pmp te a meridian passing through the 
poles of the equator and ecliptic, Pmp will coincide 
with the solstitial colure, and a line drawn from S to 
E will be perpendicular to the plane of the meridian 
Pmpn: therefore, if the plane of the ecliptic EE’E”, 
be conceived to lie in the plane of the paper, that of 
Pmpn must be perpendicular to it; and SE will be 
also perpendicular to the tangent ¢T, which tangent, 
therefore, is in the plane of the meridian Pmpn. 

Now the earth being supposed to rotate on its axis 
in the direction 2 Em, and SE being perpendicular to 
the plane m Ppn, the position as shown in the figure 
corresponds to that of 6 o'clock in the evening ; and 
supposing the star s, to be on the meridian at thie in- 
stant, it is obvious that it will be situated in a plane 
corresponding with the line of the earth's motion ; 
the aberration will therefore produce its effect wholly 
in that plane, and will tend to elevate the star s, from 
s to s’, that is, it will increase its declination, or dimi- 
nish its zenith distance; and it is obvious that a di- 
rectly contrary effect will be produced in the opposite 
position E” corresponding to the autumnal equinox ; 
for the direction of light being then in the line SE”, 
while that of the earth is from E” towards ¢’, and 
in the plane of sE’'t’” the aberration will be produced 
wholly in the same plane, and will tend to depress the 
star; that is, to din inish its declination ; or to increase 
its zenith distance. 


Qr : 1 sec. 


re 
nD. 


Fig. 63. 
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into which the diameter pq is proiected. Draw GCxA, Plane 
and it is parallel to py; and BaD perpendicular to Astronomy, 
AC, must he parallel to the major axis ac; then —"~y— 


a0 | 


Atrmnomy. In the second position E’ at the summer solstice, 
\— = the star will come with the sun upon the meridian 
P’ mp’, that is, it will be upon the meridian at 12 


Aberration 
mlatitude posed to bea circle, with the sun in the centre at 3 


and 
tude 


o'clock at noon. In this position T’E’¢’ will be per- 
pendicular to the plane of the meridian ; therefore, 
since the aberration takes place in a plane passing 
through E/s, and T’E’t’ it will take place in a plane 
perpendicular to the plane of the meridian P’m’ p’, and 
towards E’¢’. that is, to the right or west of the 
meridian ; consequently, the declination of the star, 
which is estimated in such plane, will not be at all 
affected, but the right ascension only, which will be 
lessened ; and in the opposite position E’” corres- 
ponding to the winter solstice, the effect will still be 
the same, except that as the motion of the earth is 
directly opposite to that at E’, the effect of the aber- 
ration will be to increase the right ascension of the star, 
instead of diminishing it as in the former instance. 

Hence in the particular instances referred to it appears, 

1. That a star which comes to the meridian at 6 
o'clock in the evening, on the 20th March, will be 
affected by aberration only in its declination which 
will be increased. 

2. That a star which comes to the meridian at 12 
o'clock at noon, will be affected only in right ascen- 
sion, which will be diminished. 

3. The star which passes the meridian at 6 o'clock 
in the morning, September 23d, will like that which 
passes on March 20 have its declination only affected, 
which in this case will be diminished. 

4. The star which comes upon the meridian at 12 
o'clock at night, Dec. 23, will experience the effect of 
aberration only in right ascension, which will be 
increased. 

Directly the reverse of all this will happen with 
respect to a star whose right ascension is twelve 
hours less than that we have supposed ; for then the 
declination will he diminished in the first case and 
increased in the third; and the right ascension in- 
creased in the second and diminished in the fourth, 
as is obvious from what is above stated. 

The star ¢ Draconis on which Bradley first made 
his observations, corresponds very nearly in position 
with the supposition in the first case above. 

This particular instance has been selected for 
the purpose of showing, that in particular cases the 
effect of aberration may be wholly in right ascension or 
declination; but generally both these quantities will 
require correction, and consequently also the latitude 
and longitude, and therefore we shall now proceed to 
show how these effects may be separated from each 
other and computed ; in which we shall follow the 
method laid down by professor Vince in his Treatise 
on Astronomy. 


To estimate the effect of aberration in latitude and 
longitude. 


132, Let ABCD (fig. 43) be the earth's orbit sup- 
let Pz be a line drawn from z perpendicular to ABCD, 


Fig. 43, | P representing the pole of the ecliptic: let S be the 


true place of the star, and conceive apcq to be the 
circle of aberration parallel to the ecliptic, and abcd 
the ellipse into which it is projected; let yT repre- 
sent an arc of the ecliptic, and draw to it a secondary 
PSG, which will coincide with the minor axis 6d, 


when the earth is at A, the star is in conjunction, and 
in opposition when at C. Now as the place of the 
star in the circle of aberration is always 90° before 
the earth in its orbit, when the earth is at A, B, C, D, 
the apparent place of the star in the circle will be at 
a,p,c,q, or in the ellipse at a, b,c, d-: hence to find the 
place of the star in the circle when the earth is at any 
point E, take the angle pSs = ExB, and s will be 
the corresponding place of the star in the circle. To 
find its projected place in the ellipse, draw sv perpen- 
dicular to Sc, and vt perpendicular to the same ; in 
the plane of the ellipse join s¢, and it will be perpen- 
dicular to vt, because the projection of the circle into 
the ellipse is in lines perpendicular to the latter. 
Draw the secondary PvtK, which will, as to sense, 
coincide with vt; unless the star be very near the 
pole of the ecliptic, and the rules here given will be 
sufficiently accurate except in that case. Now as 
cvS is parallel to the ecliptic, S and v must have the 
same latitude, hence v¢ is the aberration in latitude ; 
and as G is the true and K the apparent place of the 
star in the ecliptic, GK is the aberration in longitude. 

In order to find these quantities, we may observe, that 
the angle sScor CrE is the angle of the earth's dis- 
tance from syzygies, and as the angle svt=complement 
of stars latitude, vs ¢ will be the latitude itself. Now 
putting Sa, or Ss = r = 20” the greatest effect of 
aberration ; we have in the right angled triangle Ssv. 

rad = 1: sinsSe ii r vs=rsinsSc 
and in the triangle v ¢s 
1 : sinevst {i os : tv =—rsinsScsinvst 
Therefore, r sin sScsin ost = aberration in latitude 
Again, in the triangle Ssv, we have 
1: cossSe : r : vs =rcossSec 

But cos vst : 1°; Sv : GK 


r cos s8c=GK 
or cosost : -_ 


1°: r cos sSc : 
cos ost 
the aberration in longitude. 

133. When the earth is in syzygies, sinsSc = 0, 
therefore, there is then no aberration in latitude, and 
as cos sSc is then greatest, the aberration in longi- 
tude is at its maximum, as we have already explained 
in a particular case with reference to declination and 
right ascension. 

If the earth be at A, or the star in conjunction, 
the apparent place of the star is at a, and reduced to 
the ecliptic at H, therefore GH is the aberration 
which diminishes the longitude of the star, the order 
of the signs being y, G,'T; but when the earth is at 
C, or the star in opposition, the apparent place c 
reduced to the ecliptic is at F, and the aberration GF 
increases the longitude, hence the longitude is the 
greatest when the star is in opposition, and least when 
in conjunction; corresponding with what has been 
already shown in a particular case (art. 131) with 
respect to the right ascension. 

When the earth isin quadratures at D or B, thencos 
sSc = o,and sin sSc is greatest ; there is, therefore, 
then no aberration in longitude, while that n latitude 
is the greatest. When the earth is at D, the apparent 
place of the star is at d, and the latitudc is increased, 
but when at B, the apparent place being at 5, the lati- 
tude is diminished. Hence the latitude is least in 
482 
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Astronomy. quadrature before opposition, and greatest in qua- 
\o-\—w drature after. Fro.1 the mean of a great number of 
observations, Dr. Bradley determined the value of the 
greatest aberration to be 20” as we have already 
stated (art. 129.) 

134. It follows from what has been shown above, 

1.That the greatest aberration in latitude is equal to 20” 
multiplied by the sine of the star's latitude, and that 
the aberration in latitude for any time is equal to 20” 
multiplied by the star’s latitude and by the sine of the 
elongation found for the same time; and that it is 
subtractive before opposition and additive after it. 

2. The greatest aberration in longitude is equal to 20’ 
divided by the cosine of the latitude ; and the aberra- 
tion for any time equal to 20” multiplied by the cosine 
of the elongation, and divided by the cosine of the 
latitude ; it will be subtractive in the first and last 
quadrant of the argument, or of the difference between 
the longitude of the sun and stur, and additive in the 
second and third. 


Deductions. 


EXAMPLES. 
1. Find the greatest aberration of ~ Ursa Minoris, 
whose latitude is 75° 13’. 
Here sin 75° 13’ is ‘9669 





Mult. by 
19-34 the greatest aberration in lat. 
20” 20” : 
And cos 75° 13° = 2551 = 78" 4 the greatest 


aberration in longitude. 

2. Required the aberration in latitude and longitude 
of the same star when the earth is 30° from syzygies. 

sin 30° = m = ‘5; hence 

20” x (sin 75° 13’) + '5 = 9”67 aberration 

in latitude ; and since cos 30° = ‘866 

20” + ‘866 

"2551 

In the case of the sun, we have always sin sSc = 0 
and cos = 1, also cos lat. = 1; and, consequently, 20/ 
x sin sSc = o, or there is no aberration in latitude, 
and the aberration in longitude is constant and equal 
to 20”. This quantity 20” of aberration of the sun 
answers to its mean motion in 8’ 7”4; and is there- 
fore the time in which light moves from the sun to 
the earth, at its mean distance, agreeably to what we 
have already stated (art. 180.) Hence the sun always 
appears 20” behind its true place. 

The following table is intended to expedite the calcula- 
tion in the preceding cases. 

The argument for the longitude is long sun — long 


== 6789 the aberration in longitude. 

















star. The argument for the latitude is long sun — long 
star — 3 signs. 
Degree.} 0 VI. I Vil. II. VIM. | Degree. 
—- + = — + 
t 
4é 4a 44 
0 20°00 17°32 10° O 30 
1 20°00 17°14 9°70 29 
g 19°99 16°96 9°39 28 
3 19°97 16°77 9 8 27 
4 19°95 16°58 8°77 26 
5 19°92 16°58 8°45 25 
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TaBLs.—continued. Plane 
Astronomy 
—— 
Degree. 0 VI. I. VII. | I. VIII. | Degree. 
—~—- +;,/—- + /— + 

6 19°89 16°18 8°13 ~ 6 | 1989 | 1618 | 613 | 24 

7 19°85 15°97 7°81 23 

8 19°81 15°76 7°49 2Q 

9 19°75 15°54 _T17 Qk 
10 19° _10 1 1970 | Se | 684 | 15°32 6°84 20 
ll 19°63 “1 { 1963 | 159 | 651 | 19 9 6°51 19 
12 19°56 14°86 6°18 18 
13 19°49 14°63 5°85 17 
14 19°41 14°39 5°51 16 
15 19°32 14°14 5°18 15 
16 16 | 1923 | 13989 | 484 | 14 23 13°89 4°84 14 
17 19°13 13°64 4°50 13 
18 19° 2 13°38 4°16 12 
19 18°91 13°12 3°81 1] 
20 18°80 12°86 3°47 10 
21 18°67 12°59 3°12 9 
22 18°54 12°21 2°78 8 
23 18°41 12° 4 2°44 7 
24 18°27 11:76 2 9 6 
25 18°13 11°47 1°74 5 
26 17°98 11°18 140 | 4 
27 17°82 10°89 1:50 s 
28 17°66 10°60 O70 2 
29 17°49 10°30 0°35 1 
30 17°32 10° O 0° Oo 0 





135. For the aberration in longitude, multiply the Application 
corresponding quantities in the table, by the secant of ofthe table. 
the star's latitude. 

For the aberration in latitude multiply the quantities 
taken from the table by the sine of the star's latitude. 


EXAMPLE. 


1. Let the longitude of the sun be 7s 5° 18’, the 
longitude of the star 5s. 11° 14’, and its latitude 31° 
10’ ; to find its aberration in latitude and longitude. 
long, © 7s. 5° 18’ 
long. % 5 18 14 


1 17 4 correspond in tab. to 13” 62 


see 31° 10’........ 169 
aberration in long. — 15-92 product 
For the latitude. 
8 Oo 4 
long.O—long. % = 117 4 
—Ssigns 3 00 
10 17 4 cor. ta .—14”65 
sin $1°10 05175 





aberration in latitude — 7°58 prod. 


To find the aberration in declination and right ascension. 

136. Let AEL (fig. 44) represent the equator, p its Aberratioc 
ae ACL the ecliptic, P its pole, S the true place of i2 right 

a star, s the apparent place in the ellipse; draw the “esiea 


great circles PSa, Psb, pSw, pSv, andSt, Se per- a oe 








ASTRONOMY. 553 


A-tronomy. pendicular to pv, Pb. Now vs,and vS, being found sin Ssp Sv __ Plane 








——\-—" as in the preceding articles, we shall have, and =sinSsv ; sinSsp ¢, Sv . Sé= mss Ce 
Fig. 44. oS _ tanGee Consequently, —— 
vs _ St __ sin Ssp. Sv ; 
which angle hence becomes known. ST eqadea:  aikS aeusden. > the aberration . 


Again in the triangle Psp, the three sides being jy right ascension. 
given, compute the angle of position Ps p, and hence find 137. Notwithstanding the process of solution is 





; Ssp = Ssv & Psp rendered very obvious by the preceding investigation, 

Then again, ‘ it still involves considerable numerical computation, 

; 5 ‘ _ OS sp. $0 __ to facilitate which, different tables and formule have 

Ue One SUES AP. eee eee cosSsv —_—sibeeen contrived, of which the following, due to De- 
aberration in declination. lambre, is deserving of preference. 


General Tasiss for the aberration of the fixed stars. 
Note—A = = right ascension, D the declination of the star, and S = the longitude of the sun. 












Taste I. Arg. A—S. Tasre II. Arg. A +S. Taare IIT, Arg.S+D&S-—D. 
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44 
oOo | 19 17. 16°60 2 O |} 3°98 3:45 L- 99 30 
1] 1917 | 16°43 1 | 3:98 | 3:42 | 1:98 | 29 
2 | 19°16 | 16°26 2; $98 | 3:38 | 1°87 | 28 
3 | 1915 | 16°08 3 | 3°98 | 3°34 | 1°81 | 27 | 
4 | 1913 | 15°89 4} 397 | 3:30 | 1°75 26 | 
5 | 19°10 _5 | 1910 | 1571 | 810 | 2 ] 5 | 3°97 | 3°26 | 168 | 25 
~ 6 | 19:07 | 15°51 | 7°80 | 24 O7 | 15°51 6; 3:96 | 3:22 | 1:62 | 24 
7 | 19°53 | 15°31 7 | 395 | 318 | 1:56 | 23 
8 | 18°99 | 15°11 8 | 3:94 | 3°14 | 1:49 | 22 
9 | 18:94 | 14:90 9 | 393 | 3:10 | 1:48 
lo | 18:88 | 14°69 lo | 3:92 | 305 | 1:36 | 20° 
ll | 18°82 | 14°47 : “11 | 391 | 3:10 | 130 | 19° 10 | 1°30 
12 | 1875 | 14°25 297 | 1°23 
13 | 18°68 | 14°02 292 | 117 
14 | 18°60 | 13°79 2°87 | 1:10 
15 |] 18°52 | 13°56 2°82 | 1:03 
“16 | 1843 | 13:32 | 4:64 | 14 
17 | 18°33 | 13:08 
18 | 18°23 | 12°83 : 
19 | 18:13 | 1256 
20 | 18:02 | 12:32 | 3:33 | 10° 20 | 374 | 256 | o69 | 10 
21 | 17°90 “Q1 | 1790 | 1207 | S00 | 9 21) 077 | 052 | O12 | 9 21 | 372 | @51 | 063 9 
22 | 17°78 | 11°80 8 || 22 3°70 246 | 0°56 8 
23 | 17°65 | 11°54 7 | 23 | 367 | 240 | O49 7 
24 | 1752 | 11°27 6 || 24 | 3:64 | 234 | O42 | 6 
25 25 | 1738 | 100 | be7 | 5 38 | 11:00 29 | O75 | O47 | OOF | 5 25 | 361 (25 | S61 | B28 | O95 |S 28 |} 035 5 
"26 | 17°23 | 1072 | 134 | 4 || 26 | 075 | 046 | O06 | 4 || 26 | 358 | 223 | O26 | 4 
27 | 17°08 | 10°44 3 | 27 | 355 | 217 | 022 3 
28 | 16°98 | 10:16 2/28 | 352 | 211 | o14] 2 
29 | 1677 | 9°87 1 || 29 | 349 | 205 | oo7 | 1 
30 | 1660 | 9°59 0 ied ak soak al a: 20 | 3:45 | 199 | 000 | oO 
ee eg 
Deg |— + | — be |—+|—+ |—+ pow — Deg. +—| + | +— Pes. ee] —+]—+[—+] es +| | 
t 
sem XI. V v.| X. IV. bx. a mt S. | XI. V. Ix lV. ix. Hil. | S. S. | XIV. | X. IV. hx Hil. | [xm [ocm| | 
A 
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Use or THE TABLES 
For the aberration in right ascension. 


188. Enter Table I, with the argument A — S, 
and Table II. with A + 8. Then the sum of the two 
corresponding numbers, multiplied by the sec. of D 
will be the aberration in right ascension. 


For the aberration in declination. 


Enter Table I with the argument A — S + Ssigns, 
and Table II. with A + S + 3 signs, and the sum of 
the two corresponding numbers multiplied by the sine 
of D, will be the first part of the aberration in decli- 
nation. 

Enter Table III., with the arguments S + D and 
S — D, by which will be found the other two parts of 
the aberration in declination, and the sum of the three 
will give the whole of the aberration in declination. 

If the declination of the star be south, add 6 sign 
to the arguments S + Dand S — D. : 


EXAMPLE, 
Required the aberration of a Aquila, Feb. 15, 1819, 
at 12 o'clock in the evening. 
Here by the tables, A = 9» 25° 29’ D = 8° 24’ 25” 
S =10 2% 2 


Tab. 1.., —16”'5 
Tab. II..— O15 


A —S = 10s 29° 27’ 
A+S= 8 21 81 
— 16°6 


Sec. dec. 8° 24/25” = 10108 





Aberration in right ascen. 16°66 Product 





A—S + 8 signs 1829° 27 Tab.I. —16”-68 
A+S + 3 signsll 21 31 Tab. III. + 0.82 
— 15°86 

Sin dec. 8° 24’ 25” "1461 

S = 10 26° 2’ 9” — 2317 

S+D = 11 4° 26’ 34” Tab. IIT. — 3°595 
S—D = 10 1737 44 Tab. III. — 2.945 





Aberration in declination — 8°857 
If the declination had been south, the two latter ar- 
guments would have been S + D + 6 signs, and S 
—D + 6 signs, as stated above. 


4. Of nutation. 


139. We have in the preceding articles endeavoured 
to illustrate the principles of the most important astro- 
nomical corrections, and have shown the method of 
computation ; there however still remains for expla- 
nation the doctrine of nutation, but as the complete 
developement of the principles upon which this theory 
rests, involves considerations of a physical nature 
which we have not hitherto examined, we must in this 
place content ourselves with a very general view of 
the subject, leaving the more minute particulars for 
our treatise on physical astronomy. By nutation is to 
be understood a kind of trepidation or tremulous mo- 
tion of the earth's axis, whereby its inclination to the 
plane of the ecliptic is not always the same; but vi- 
brater within certain limits, never, however, exceeding 
a few seconds ; the period of variation is also limited 


ASTRONOMY. 


toa certain number of revolutions of the earth in its Plane 


orbit. This inequality in the terrestrial motion was, 
like that described in the foregoing chapter, disco- 
vered by Dr. Bradley, to whom we owe likewise a 
just explanation of the cause of it, and a near ap- 
proximation of its effects. 


nua.v 


140. We have observed above, that it is impossible Physical 
in this place to give more than a very general expla- cause uf, 


nation of this doctrine ; it will be perhaps sufficient 
to observe here, that the first cause of nutation is due 
to the mutual gravitation of matter, and to the laws 
which it is known to observe ; viz. that it is directly 
as the mass, and inversely as the square of the dis- 
tance, If the orbit of the earth were a circle, and 
the terrestrial globe a perfect sphere, the attraction of 
the sun would have no other effect than to keep it in its 
orbit, and would cause no irregularity in the position 
of its axis ; but neither of these conditions takes place, 
the earth is not a perfect sphere, nor is its orbit a circle : 
when the position of the earth is such, that the plane 
of its equator passes through the centre of the sun, 
the attractive power of the latter body will still have 
no other tendency than that of drawing the earth to- 
wards it, and the parallelism of its axis will not be 
disturbed : this happens in the equinoxes. But as 
the earth recedes from these points, the sun deviates 
so much the more from the plane of the equator, and 
the latter, in consequence of its protuberance is more 
powerfully attracted than the rest of the globe, which 
causes some alteration in its position, that is, in the 
inclination of its axis to the plane of the ecliptic ; and 
at that part of the orbit, which is described between the 
vernal and autumnal equinox, {is less than that passed 
over between the latter and the former; it follows 
that the irregularity caused by the sun, during its 
passage through the northern signs, is not entirely 
compensated by that which takes place during the 
other part of the revolution ; and consequently, that 
the parallelism of the terrestrial axis, and its inclina- 
tion to the ecliptic will be a little changed. 


141. Again, the same effect which the sun produces Effect of 


upon the earth 
gous effect, is also produced by the moon, which is 
more powerful in proportion as it is more distant from 
the equator; and therefore when its nodes concur 
with the equinoctial points, the power which causes 
the irregularity in the position of the terrestrial axis 
acts with the greatest force; and the revolution of 
the moon's nodes being performed in about eighteen 
years, the nodes will twice in this period concur with 
the equinoctial points; and consequently, twice in 
the same period, or once every nine years, the earth's 
axis will be more influenced than at any other time ; 
and during this interval, the pole of the earth will de- 
scribe an ellipse in the heavens, whose transverse 
axis is 19’"2, and conjugate axis 15”, which corres- 
pond with the ratio between the cosine of the obliquity 
and the cosine of twice the obliquity of the ecliptic ; 
or to the ratio of cos 23° 28’ and cos 46° 56’. 


by its attraction, or at least an analo- the moon 


142. Let m (fig. 45) be the Poe of the ecliptic, and Compntod 
t 


P the mean place of the pole of the equator, ADC a cir- 
cle whose radius is equal to the semi transverse axis of 
the ellipse Cd A described by the pole as above stated, 
A the true pole of the equator when the ascending 
node of the moon's orbit is at 7, and let A be supposed 
to move contrary to the order of the signs. Take 


ASTRONOMY. 


Astronomy. APO equal to the distance of the ascending node from 
yw’ ; thena line Oi, draw from O perpendicular to PA, 
will cut the ellipse in a point p, which is the true place 
of the pole, the true place having been at A, when the 
( node of the moon was at 7. 
1 Conceive now a perpendicular to be tet fall from 
P upon sp, produced if necessary, and meeting s‘p in 
«, then the effect of nutation in north polar distance is 
+ pu = + Ps’ — ps, 
sinss 
sin # p 
These expressions may be rendered more commo- 
dious for computation by means of certain trigonome- 
trical transformations, which reduce them to 
ps = Ppain (4's RA + APp) for north polar dist, 
ts = Pp cos (%'s RA + APp) tan dec. for RA 
And these again to 
11 sin (%'s RA + fong. )'s Q) 
+ 8”5 sin (%'s RA — long )'s Q) in N.P.D. 
and in right ascension 
+ 85 tan dec. cos (long ))'s (2 —-%'s RA) 
+ 1/1 tan dec. cos (long. )'8 Q + -%'s RA) 
+ 17’ 2sinlong )'s Q 
143. In the first of these formule by substituting 
180 + ¥%'s RA, for -%'s RA, the expression will an- 
swer to the case of nutation in N. P. D. of a star with 
an oppesite right ascension to the former. The rea- 
der will find a ¢omplete investigation of these theo- 
rems in Woodhouse’s Treatise of Astronomy, chap. 
16, from which we extract the two following examples 
for illustrating their application. 
Exam. 1. ired the quantity of nutation in N. 
P. D. of + Draconis, on May 10, 1802. 
long. D'S Q .ccccccesees lls 17° 43’ 
HS RA... 4. ccc eee eees 8 38 O 


long. D's 2 + KH sRA= 8 15 43 
long. D's Q —KXsRA— 2 19 43 
sin 88 15° 43’ = — ‘96909 

Mult. by 11 


and in right ascension, ts = Pu 








ca ’’-06 
sin 2s 19° 43° = ‘98394 
Mult. by 8°5 


8’ 36 
Henee — 1-06 — 8“36 = — 9/42 nutation in 
| north polar distance. 
! Exam. 2. Required the nutation in RA of a Ser- 
pentis, on April 3O, 1810. 


.. (Se EEC eee aciawwene Os 7’ 4’ tan = ‘12397 
long )'8 Q ......---- 61331 sin = ‘23373 
¥'s RA— long p's Q 11017 cos = ‘76478 

p'sQ2*7 7 cos = ‘38886 


| ¥%'sRA + long 
Hence 


5090 


19/2 x :23373 — (85 x 76473 + 11 x ‘38886) Plane 

x °12397 = 3”-16, or in time = 0s°2 nearly the nu- Astronomy 

tation in right ascension. SV 
Fabtes for nutation. 

144. As the above corrections, like those for aberra- Tables of 
tion, involve considerable numerical computations, nutation. 
recourse is commonly had to tables in order to facili- 
tate the labour as much as possible. The arguments 
of such tables must necessarily involve the right as- 
cension of the star and the longitude of the moon's 
ascending node. 

By means of the two first of the following tables, 
the moon's longitude may be found for any time, 
with which as an argument enter the general table 
of nutation ; take out the corresponding numbers 
marked B, c, and log 6. Also denote the right ascen- 
sion of the star by A and its declination by D. 

Find the natural number answering to 

+ log b + log cos (Q + B— A) + log tan D 
and call it d, then 

d + c = noutation in right ascension. 
Find also the natural number to 

+ log 6 + log sin(Q + B—A) and it will be 
the nutation in declination. 

145 This.rule will be rendered obvious by the fol- 
lowing example. 

Required the nutation in right ascension and decli- 
nation of a Cygni, on Dec. 17, 1807. 

By inspection in Tables I. and II. it appears that Q 
= 7s 29° 19’; atid by the table of fixed stars, the 
right ascension of a Cygni at the proposed time was 
108 8° 43’ and’ declination 44s 35’ 58”. Hence by 
Table III. we have 

B= —7 53’, log 6 = — 0°8976, c = + 14°23 

8 


Examples 














Now O= 7 29 19 
B=am—o0O 7 53 
Q—-B= 7 21 %6 
A= 10 8 48 
(9 —B—A) = 91243 
logs = — 08976 
log cos (9° 12743”) = 9°3426 
log 44° 35’ 58” = 9°9939 
d=log— 171 02341 
c= 14°23 
d+cx 12°52 = nutation in right asc ensun. 
log 6 = 0°8976 
log sin (98 12° 43”) = 9°9892 
log 7705 0'8868 


Therefore 7-705 = nutation in declnation. 








at Vail 





556 ASTRONOMY. 
Epochs of the mean longitude of the moon's ascending node. 
Years. Ss. D. M. 
1752 5 15 31 
1753 4 %6 11 
1754 4 6 51 
1755 3 17 & 
1756 2 2 8 
1757 2 8 48 
1758 1 19 29 
1759 1 oO 6 
1760 O 10 46 
1761 11 21 26 
1762 ll 2 7 
1763 10 12 44 
1764 9 23 24 
1765 9 4 4 
1766 8 14 45 
1767 7 2 2 
1768 7 6 @ 
1769 6 16 42 
1770 5 27 28 
1771 5 8 O 
1772 4 18 40 
1778 3 29 20 
1774 3 10 #1 
1775 2 20 88 
1776 2 1 18 
1777 1 ll 658 
1778 0 @2 39 
1779 o 8 16 
1780 1k 13 56 
1781 10 24 36 
1782 10 §&§ 17 
1783 9 15 654 





1784 
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Retrograde motion of the moon's nodes to every day in the year, to be subtracted from the longitude of 


the epoch. 


oem | ements | OG eee (| eee | ees | ee | meee fc fs fs 9 cers | coe | ee 


Eee | aes ¢ OSes |e ee re fc fees 9 eee J eee | eee oo |) See | ee 


ep | coe | Se | eee | one | eee § eee | ee | ee | eee | eee, | ee | 


3/1 42/3 11/4 4916 24/8 3] 9 

6|1 45/3 14/4 52/6 28/8 6/9 41/11 
10/1 48/3 17/4 55/6 31/8 9] 9 45/11 
13}1 51/3 20/4 59/6 S4/8 1a! 9 49/11 
16|1 54/8 23/5 2/6 9387/8 16] 9 51/11 
19/1 58/3 27/5 5/6 40/8 19} 9 54/11 
q2/2 1/3 sol5 8/6 44/8 22) 9 57/11 
25/2 4/3 33/5 11/6 47/8 25/10 1/11 
29/2 7/3 3615 15/6 60/8 28/10 4/11 
32/2 10/3 39/5 18/6 53/8 3@jl0 711 
35/2 13/3 42/5 2116 56/8 35/10 10/11 
38/2 17/3 46/5 24/6 59/8 38}1o0 13/11 
41/2 2013 4915 27/7 3/8 41]10 16/11 
44/2 23/3 52/5 30/7 6/8 44/10 20/11 
48/2 26/3 55/5 34/7 9]8 47\10 923/12 
51/2 29/3 5815 38717 12/8 51/10 26/12 
54/2 33/4 115 4017 15/8 54/10 29/12 
57|2 36/4 515 43/7 18/8 57/10 32/12 
0/2 39/4 815 46/7 22/9 0}10 36/12 
4|2 42/4 11/5 50/7 25/9 3/10 sg{12 


eee | cee feces 9 creer | rrr fs fer | rr | ee | eee | oe | eee eee 


26 |1 
27 |1 
28 11 
29 |! 
30 {1 
31 j1 


VOL itt 


55/4 =24/6 38/9 16/10 51/12 

58|4 27/6 41|9 19)10 55/12 
23/3 1/4 30/6 917 44/9 2/10 58/12 
26/3 4/4 83/6 12/7 4719 6)11 1412 
29/3 714 S616 15/7 50/9 9/11 4/12 
32 4 4016 1817 53/9 32/11 7/12 
35 4 4316 21/7 57/9 35/11 10/12 
38 4 46 8 O ll 14/12 


In the months Jan. and Feb. leap year, take out for the day preceding the given day. 


40 


od 


7 
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TaB.e of nutation 


(148) Argument the mean longitude of the r.ale. 


























































































Astronomy, 
O 0’ 0 4° 
1 /0°9944 | O 15 | O29 O'9571 | 6 54 §'52 | 29 1 {08939 | 7 20 | 14°47] 29 
2 |0'9943 | O 31 | 0°58 09554 | 7 3 677 | 28 2 {08917 | 7 32 | 14°61 | 28 
3 {09942 | O 46 | 0°87 09536 | 7 12 901 | 27 3 |08896 | 7 23 | 14°74] 27 
4 109940} k 1 | 1°15 09518 | 7 20 | 9:25 | 26 4 |08875] 7 14 | 14°67] 26 
5 |0°9937 | 1 16 | 1°44 0'9500 | 7 28 9°49 | 25 5S |08854| 7 4 | 14:99] 25 
6 |0°9834 | 1 32 | 175 09481 | 7 36 9°72 | 24 6 108834] 6 53 | 1S IL | 24 
7 109830 | 1 47 | 2:02 09462 | 7 43 9:96 | 23 7 |O8814 | 6 42 | 15°23] 23 
8 |0°9825| 2 2 |} 203 0°9442 | 7 49 | 1019 | 22 8 |0°'8795 | 6 29 | 15:34] 2 
9 109821 |} 2 17 | 259 09422 | 7 55 | 10°41 | 21 9 |08776 | 6 17 | 15°45 | Ql 
lo {09815 | 2 31 | 2°87 09402 | 8 1 | 1068 | 20 || 10 |08758| 6 3 | 15°55] 20 
11 [09809 | 2 46 | 3°16 09382 | 8 6 | 1085 | 19 |} 11 108740! 5 49 | 1564} 19 
12 |o9802 | 3 1 | 3°44 09361 | 8 10 | 11:07 | 18 || 12 10°8723 | 5 35 | 15:73) 18 
18 j0°'9795 | 3 15 | 3°72 09340 | 8 14 | 11:28 | 17 || 18 (08707 | 5 20 | 15°82] 17 
14 |0°9787 | 3 29 | 4°00 09318 | 8 17 | 11°49 | 16 || 14 O8692| 5 4 | 15°90] 16 
15 |0°9779 | 3 45 | 4°28 0'9297 | 8 20 | 11°70 | 15 || 1 ‘|0'8677 | 4 48 | 15°98} 15 
16 |0°9770 | 3 57 | 456 09275 | 8 23 | 11:90 | 14 || 16 |0'8663 | 4 31 | 16:05] 14 
17 |09760 | 4 11 | 4°84 09253 | 8 24 | 12:10 | 13 || 17 |0°8659 | 4 14 | 1612] 13 
18 |09750 | 4 24 |} 511 0°9231 | 8 25 | 12°30 | 12 || 18 |9'8637 | 3 56 | 16:18] 12 
19 |0:9739 | 4 37 | 5°39 0°9208 |} 8 25 | 1249 | 11 || 19 |O8625 | 3 38 | 16°24] 11 
20 |0°'9728 | 4 50 | 5°66 09186 | 8 25 | 12°67 | 10 || 20 |0°'8615 | 3 20 | 1629] Io 
21 {09716 | 5 3 | 5°93 09163 12°86 9 || 21 |O8605 | 3 1 | 16:34 9 
22 |0°'9704 | 5 16 | 6°20 0°9140 13°04 8 || 22 |0°'8596 | 2 41 | 16°38 8 
23 |09691 | 5 28 | 6°46 09118 13°21 7 || 23 |0&6588 | 2 22 | 1642] 7 
24 }0°9678 | 5 40 | 6°73 0°9095 13°38 6 || 24 |O'8562 | 2 2 | 16°45 6 
25 |0°9664 | 5 51 | 6°99 0°9072 13°55 5 || 25 |0°8576 | 1 42 | 16°48 5 
26 109650; 6 3 | 7:25 09050; 8 11 | 13°72 4 || 26 |0°8571 | 1 22 | 1650] 4 
27 109635 6 14 | 751 09027 | 8 6 | 13°83 3 || 27 jO8568; 1 2 | 1652] 8g 
28 {09620 | 6 24 | 7°77 09005 | 8 1 | 14:03 2 || 28 |0°8565 | O 41 | 16°53 2 
29 |0°9604 € 35 | 8°02 os9ss | 7 55 | 14:18 1 || 29 }0°8563 | O 21 | 16°54 l 
30 |0°9588 | 6 45 | 8°27 0'8960 | 7 48 | 14°33 QO | 30 |O08563 | 0 O | 16:54] O 
{ 
+ = =p =e 
log b| B C C loy.5] B C | 
——) Soe —— 
, om « | | x | | 
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vectores describe about the sun, as a centre, areas Plane 


Astronomy. : ; ; ; 
| § VII. Of the motion of the planets in their orbits. which are proportional to the times. Astronomy. 
1. Kepler's laws. 2. The orbits or trajectores of the planets, are ellip- —~.— 
ses having the sun in one of their foci. 
Repler’s 146, We have already observed in our introduction 8. The squares of the times of the revolutions of 
laws. that each of the planets revolve about the sun in the planets about the sun are to each other, aa the cubes 


Pig. 46, 


elliptic orbits, having that body in one of the foci, 
but we have offered at present no proof that such is 
actually the case. We propose, however, now to 
examine the subject with more precision, and to ex- 
plain the principles upon which such a deduction has 
been made. 

It is to Kepler that astronomers are in‘ebted for the 
first discovery of the laws of the planetary motions which 
he deduced from observation only, and these princi- 
pally upon the planet Mars. It would carry us too 
far to undertake a minute description of the labours of 
this celebrated astronomer, before he arrived at that 
important deduction which has immortalized his name; 
but a brief statement of the principles upon which he 
proceeded will be expected, and they may be stated as 
follow. Let S (fig. 46) be the sun, M the planet 
Mars, D and E two places in the earth's orbit, AQDE. 
Now first, when the earth was at D, Kepler observed 
the difference in the longitude between the sun and 
Mars, or the angle MDS, and in like manner, when the 
earth was at E, he observed the angle MES. Then, 
the places D, E of the earth being supposed known, the 
distance DS, ES, and the angle DSE were easily de- 
termined; and therefore, in the triangle DSE, the 
two sides SD, SE and the angle DSE are given to 
find DE, and the other two angles SDE, SED ; hence 
the angles MDE, MED are determined; again, in 
the triangle MDE, we know DE and the angles MDE, 
MED, to find MD ; and lastly, in the triangle MDS, 
MD, DS, and the angle MDS are given to find MS, 
the distance of Mars from the sun. 

Kepler found also the angle MSD, the difference of 
the heliocentric longitude of Mars and the earth. In 
this manner, having previously determined the line of 
the apsides, independent of the form of the orbit of 
the planet, by observations when Mars was in its 
aphelion and perihelion, he determined the former 
distance from the sun to be 166,780 and the latter 
138,500 in units, of which the mean distance of the 
earth from the sun was 100,000 ; hence the mean dis- 
tance of Mars was 152,640, and the eccentricity of 
its orbit ‘14140. He afterwards determined in like 
manner three other distances, and found them to be 
147,750, 163,100, and 166,255; he then calculated 
what these distances ought to be, supposing Mars 
actually described a circle about the sun, and found 
them to be 148,539, 163,883, 166,605 ; they were 
therefore in error 789, 783, and 350. Being thus 
unable to reconcile his observations with the circular 
hypothesis, he was under the necessity of introducing 
an orbit of an oval form, and as of all ovals the ellipse 
was the most simple, he adopted this curve, and 
placing the sun in one of its foci, he found it to cor- 
respond with all his observations, as well on Mars as 
on all the other planets of the system ; and continuing 
his labours with the most persevering industry, ke 


of the major axes of their orbits. 

These laws, as we have observed, were deduced 
wholly from observation, independent of any hypo- 
thesis whatever ; but we have shown in our Section 
XII. of Dynamics, that the same laws are the neces- 

consequence of the mechanical principles esta- 
blished in that treatise, in case of one body revolving 
about another, by which it is attracted with a force © 
that varies inversely as the square of the distance ; 
whence therefore we may justly conclude, that the 
sun attracts the earth and all the other planets of our 
system with a force observing the above law, and that 
each of the primary planets acts upon its secondaries 
in the same manner. 


2. Kepler's problem. 
To find the place of a planet in its orbit. 


147. Since by the first of the preceding laws the Kepler's 
planets describe about the sun areas which are propor- problem 


tional to the times, or which is the same, equal areas 
in equal times, the sun occupying one of the foci of 
the ellipse, it follows that they must move with une- 
qual angular velocities, and the question which we 
here propose to resolve is, given the periodic time of a 
planet as deduced from observation with the time when it 
passed through its aphelion or perihelion, to determine its 
place at any other time. This is commonly called 
Kepler's problem 

We have examined this question on physical prin- 
ciples in that section of our treatise of Dynamics above 
referred to; we propose, however, here to take a dif- 
ferent view of it, and to give the solution on other 


principles. Let AGB (fig. 47) be the ellipse described Fig. 47 


by the planet about the sun at E in one of its foci, AB 
the major, GC the semi minor axis, A the aphelion, - 
B the perihelion, P the place of the planet, AVBE, a 
circle, and C its centre. Draw DPN perpendicular to 
AB, join PE DE and DC, on which produced let fall 
the perpendicular TE. 

Now conceive a body to move uniformly in a circle, 
in such a manner as to perform its complete revolution 
in the same time as the planet performs an elliptical 
revolution ; then this velocity is what is called the 
mean angular velocity of the planet; conceive, also, 
that while the body revolves from A to any point M, 
the planet has moved with its variable motion from 
AtoP; then the angle ACM is what is called the 
mean anomaly: and the angle AEP the true anomaly ; 
anc the difference between these two angles is deno- 
minated the equation of the planet's centre. 

Let p denote the periodic time in the ellipse or 
circle, ¢ the time in describing AM, or AP; then as 
the bodies in the ellipse and circle describe equal 
areas in equal times about E and C reepectively, we 
have 


established this and the other two laws which still area AMC : area of the circle >; ¢ : p 
bear his name; and which are commonly given in area of ellipse : areaAEP ‘3 p: ¢ 
the following order, viz. therefore, 
urea AMC : area AEP :; area AED : area AEP 


1. The planets move in plane curves, and their ravdii 


4cQ 
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Astronomy. hence AMC = AED; take away the area ACD, which 


is common to both, and the area MCD = EDC, but 
MCD = 4DM x CD; and EDNC =$ET x CD, 
therefore ET = DM. 

Now if ¢ be given, the arc AM will be given ; for 
as the body in the circle moves uniformly, 

> ¢ 2: 360° : AD 

Thus the mean anomaly may be found for any given 

riod, the time of the planets passing its aphelion 
being supposed known ; and therefore, if we can find 
ET or DM, we shall know the angle DCA called the 
eccentric anomaly ; and hence, also, we shall be able 
to find the angle AEP the true anomaly. With a 
view to determine the eccentric anomaly, Woodhouse 
gives the following easy approximation. 
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1: CN :: EC : EP—1 Plane 
Therefore, EP = 1 + CE x CN = 1 + CE x cos ACD Astouony 
Now by trigonometry, —— 
1 — cos AEP 
oe ee, g 
1 + cos AEP an § AEP 
And EP : rad. ‘° EN : cos AEP 
or 1+ EC'’cos ACD : 1 :: CE +CN : cos AEP 
CE + cos ACD 
h ps 
whence cos AEP 14 CE cos ACD 
1—cos AEP 
2 = = 
Hence tan *4 AEP = pcos AEP 


1 + CE cos ACD — CE—cos ACD 








1 + CE cos ACD + CE + cos ACD 
__ 1— CE + cos ACD (CE— 1) 


~ 1+ CE + cos ACD (CE + 1) 
EB— cos ACD x EB 


~ EA + cosACD x EA 


Approxi- 148. (1.) Draw MO parallel to DC; find half the sum 
mate deter- of the angles at the base of the triangle ECM ; which 


mination may be done by means of the formula 
of eccentric 


anomaly. tan § {CEM — CME} =.tan ${ CEM+CME| x 





l1—e 


+e 
: pai 1—cos ACD EB EB 
ddit ft (CEM — CME, = ————— —___ x —_ = oe 
(2.) Find CEM by the addition of 4 ( CME,) los ACp * BA tan$ ACD x an 


and § (CEM + CME), and use this angle as an ap- 
proximate value of the eccentric anomaly DCA ; from 
which, however, it really differs by the angle EMO. 
Use this approximate value of 2 DCA = Zz ECT, 
in computing ET, which is equal to the are DM; for 


x DEA, and the body being 





since ¢ = 


supposed to revolve in the circle ADM, 


= ee x ACM 
area (-) 


' therefore area DEA = area ACM. 


Or the area DEC + area ACD = area DCM + area 
ACD, consequently, area DEC = area DCM. 
Hence expressing their values, 

EER OE = CER, or ET = DM 
Having then computed ET = DM, find the sine of 
the resulting arc DM, which sine = OT; the differ- 
ence then of the arc and sine (ET — OT) gives EO. 

(3.)Use EO in computing the angle EMO, the real 
difference between the eccentric anomaly DCA, and 
the angle MEC: add the computed angle EMO to 
MEC in order to obtain Z DCA: which result, how- 
ever, is not the exact value of DCA, since EMO has 
been computed only approximatively ; that is, by a 
process which commenced by assuming 2 MEC, for 
the value of 2 DCA. 

(4.) For the purpose of finding the eccentric ano- 
maly, the above is the entire description of the pro- 
cess, which, if greater accuracy be required, must be 
repeated ; thatis, from the last found value of Z DCA 
= £ ECT, ET, EO, and 2 EMO must be again 
computed. 

(5.) A sufficiently correct value of the eccentric 
anomaly being found, investigate the true anomaly as 
follows. 

149. Let v be the other focus, and make AC = ! ; 
then EP? — Po* = vE* + 2vE x oN = 

(vE + 2e0N) x cE = (2Cv + QvN) x 29EC= 

2CN x 2EC 
Hence (EP + Pv) : 2CN {: 2EC : (EP—Pv), or 
2: 2CN::2EC : {EP—(2—EP)} 


Hence ./EA : ,/EB ;: tan} ACD : tan} AEP 
consequently, we get AEP the true anomaly. 
This may be more concisely expressed as follows, 


l 
tan 4 v x tangu 


l+e 
Where vw is the true anomaly, u the eccentric ano- 
maly, and e the eccentricity of the orbit. 

150, The following examples will illustrate the 
above approximation. / 

EXamMPLEs, 

1. The eccentricity of the earth's orbit being as- 
sumed at 01691, and the mean anomaly 30°, it is 
reqtired to find the eccentric and true anomalies. 

(1) log. tan 15.............0.0008. 9°4280525 

log (1—e) or log ‘98309.......... — 1:9925933 

arith. com. (1+ e) or of 1:01691.... —1°:9927218 


Examples 





log tan { (CEM—CME) =14° 31’ 22” 9-4133676 


(2.) ; (CEM — CME) = 14°38)’ 22” 
4 (CEM + CME) =15 O O 
CEM = 29 3) 22 1st approx. of 
DCA 
(3) log sin 29° 31/22” ............ 9°6926438 
LOS“ OMGSD «oa hone ede eee ends — 2'2281436 
+ log (are = rad) ................ 5°3144251 
log DM in seconds = 17187...... 3°2352125 


DM = 28’ 387, and its sine expressed as seconds 
differs from the arc DM, by less than half a second. 

(4.) The operation prescribed under this number (art. 
149) is unnecessary in this case, the correction for 
the angle MEC being so small, that the first eccentric 
value may be considered as correct. 





OO Basa} = gs07661 
£ log (1—e) or of ....°98309 = ~— 1:9962966 
A.C. 4 log (1+e) or of 1:01691 = —-1-9963609 
log tan§ v = 14°31/28” ........., 9°4134226 


Mult. 2 


29 2 56 true anomaly 
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Astronomy. Mean anomaly = 30° 0’ 0” To find the distance 0, a planet, the anomaly being given. Plane 
oe Mere trueanomaly = = 29 2 56 151. The eccentricity of an orbit, and either the A*toromy. 
: are true or eccentric anomaly being given, the correspond- ,. 
equation of centre 07 4 ing distance e ae planet from the sun may be readily eae 
‘samp, 2. AS & second example, take the following frow: determined, by means of what is denominated the 


Woodhouse's Astronomy, p. 197. The eccentricity of 
the orbit, that of Pallas, for example, beinge 0°259, 
the mean anomaly 45’. To find the eccentric and 
true anomalies, 


polar equation of the eliipse: viz. calling a the semi- 
transverse axis, e the eccentricity, v the true anomaly, 
and p the distance sought ; we shall have, (See art. 58 
Dynamics) 


— pr 
(1) log. tan 22° 30/............ 9°172243 ae (1 — e*) 
log. tan °74]............ — 1's6S81e2 1 —e cos v 
arith. com. 1°259.......... 9°$9997 438 and hence, again, 


log. tan $ (CEM — CME) 
= 13° 42 33 
(2) § (CEM—CME) = 13° 42 33 
(CEM+CME) =22 30 


} 9°387016R 


CEM=36 12 3:3 Ist approx. ZCDA 
CME= 8 47 567 





p =a(l +-« cos) 
where wu is the eccentric anomaly. 

One example will be a sufficient illustration of the lat- 
ter formula ; and we will take the conditions proposed 
‘n the last example to determine the corresponding 
distance of that planet from the sun. 

We there found the eccentric anomaly, or the 
value of u to be 36° 13’ 464, and the eccentricity 


(3) log. sin 36° 12’ 873........ 9:°7713071 was assumed ‘259. Hence, we have 
log. SMOG. 2 boon une ear ee — 1°4132998 log. cos u = 36° 18’ 36-4 ....9°9066881 
log. (arc = rad.) .......... 5°314425) log. € = “259 .... 2... eee — 14132998 
log. MD in sec. = 31552'4 — 4°4990320 log. ‘20892 ............4. —1:3199879 


therefore DM = 31532”"4 = 8° 45’ 527.4 


VOR SUN iio hoc acchars Sake 9° 1829067 mula 1. usi Wa 
, using the true anomaly, v, but the operation is 
log. (arc. — rad.) ....5°3144251 obviously more laborious. 
log. 31429 .......... 4°4973318 Of the greatest ation of the centre. 
therefore, since DM = 31552°4 : yee yf 
end sin DM = 31429 152. We have seen (art. 147) that the equation of Greatest 
the centre is the difference between the mean and the equation of 
EO= 193-4 true anomalies ; the greatest equation of the centre the centre. 
. 4 then is obviously as its name imports, the greatest dif- 
ference between the mean and true anomalies ; and 
RODS 6:6 See ess —1: Of : : : : 
(4) ie ai 45° een this must necessarily happen at that time when the 
Ee ee __ planet is moving with its mean angular velocity. For 
9°2627848 if we conceive a body to move uniformly in a circle 


log. sin 8° 47” 5677... . 9°1845968 











"0781830 

log. (arc. = rad.)...... 5°3144251 
5'3926131 

lOg. TANS 34s canuaces 10°0000000 
LOS. 128 4 sos o-5 0m *, 20913152 
12°0913152 


‘op. (arc=rad.) ~log. EM — 5°3926131 


log. sin EMO ........ 6'6987021 
therefore EMO = 1’ 431 
Hence, since CDA = 36 12’ 3/°3 


and EMO= O 1 43:1 


corrected val. CDA — 36 13 46 -4 


or eccentric anom., 
log. tan 18° 6’ 4372 ........ 9°5147282 
4 log. (1 — °259) .......... — 1°9349091 
A.C 4 log. (1 + °259) ...... — 1:949987 1 


log. tan Jv = 14° 5/19” .... 9°3996244 
and v = 28° 10’ 38” the true anomaly. 


Hence 1 + 20892 = 120892 = p the distance sought. 
We might determine precisely the same with for- 


about E as a centre, with the mean angular velocity 
of the planet, so that, departing from BA, the line 
of the apsides, it shall arrive at it again in the same 
time as the planet: then it is plain, that at the com- 
mencement of the motion, P moving, we will suppose, 
with its least angular velocity, describes about E a less 
angle than the fictitious body does in a given time, a 
day for example: the second day it also describes a 
less angle than the supposititious body, although a 
greater one than on the preceding ; and so on for the 
third, fourth, &c days. The angular distances of the 
two bodies from the aphelion will therefore differ more 
and more from each other, till, by the still increasing 
angular velocity of P, it at length attains to and sur- 
passes the uniform angular velocity of the fictitious 
body; after which the difference between the two 
angles will decrease, till at length they coincide again 
in the perihelion. Consequently, at that time, when 
the angular velocities of the two bodies are equal, the 
difference of the two angles, or the angle of the centre, 
will be the greatest. 


153. The point in the elliptic orbit at which this Radius vec 
takes place is easily determined ; for it must be that %- 


where the circle in which the body moves with the 
mean angular velocity, intersects the elliptic orbit. 
Let x oe the radius of that arcle: then, since tne 
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circle and ellipse are described in equal times, by 
Kepler's laws the areas must be equal ; hence, denot- 
ing 3°14159, and by z, we shall have 
7 x* = 7 X semi axis major X semi axis minor 
whence ' 
x = ,/(semi axis major x semi axis minor) 


The semi axis minor = ,/(1 — e*), the semi trans- 
verse being unity ; therefore 

r=(1l-—- e2)% or 

z= a(l — e*) z 
when the semi transverse = a; this value of x there- 


fore corresponds to that particular value of p in either 

of the equations 

a (1 — e*) 

l—ecosa 
p=a(+ecos u) 

That is, we shall have, in the case of the greatest 

equation of the centre, 


P= or 


— p2 
fine ss 
l—ecostv 
(1 — e)* = (1 + cos u) 
And since by these equations the values of v and u 
become known, we may also hence find the mean 
anomaly, n ¢, viz. 
nt=u-+ecosu 
and hence, again, the greatest equation of the centre ; or 
gr.eq=+t+uvu—nt 

Hence, it appears, that from the preceding value of 
p, or of the radius vector at the time of the greatest 
equation, the true and eccentric anomalies may be 
computed ; as also the mean anomaly, and the great- 
est equation of the centre. We shall not stop, how- 
ever, to illustrate these formule by example ; because, 
it is generally a subject rather of observation than of 
calculation. It will therefore be better to explain 
the method of determining the greatest equation by 
observation. 

For this purpose we must observe the longitude 
of the body, when its angular velocity is equal to 
its mean angular velocity, which may be done by 
taking the difference of the longitude in two succes- 
sive days; and, hence, by comparing it with the 
ean motion, the greatest equation will be obtained. 

Thus Lacaille found on Oct. 7, 1751, the sun's an- 
gular velocity to be equul to the mean angular velo- 
city; and again, on March 28th, 1752; at which 
times the longitudes were as follows : 





8 4 4 «4 
1751 Oct. 7, ©’s longitude...... 613 37 137 
1752 March 28, ©’s longitude....0 8 9 25:5 
Diff. of two long. .......... 5 24 22 11'8 
Mean motion proportional to the 
above interval ............ } 2 ee 
Difference................ 3 50 286 


Now this difference is obviously equal to double the 
greatest equation of the centre ; consequently, that 
difference was at that time 1° 55’ 14”:3: more recent 
observations give it 1° 55’ 33” 

154. It appears from the investigation preceding 


mined from the last example, that the eccentricity being given, we 
the greatest may thence compute the greatest equation of the 


equation. 
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centre we may also, conversely, when the greatest Plane 
equation of the centre is given, find the eccentricity, Astronomy 
and it has been sometimes employed for this purpose ; —~-—— 
with which view Lambert gives the following series ; 

taking E to denote the greatest equation, and assuming 


eee eee k 
572957795 

we have for the eccentricity, 
k 11k 


lk 587 hk 
QQ 3B B5QI6 
In the case of the earth's orbit & being a small frac- 
tion, all its powers beyond the first may be omitted ; 
and we shall have simply 
ke 


2 
If we assume E = 1° 55’ 36”°5 for the greatest equa- 


tion in the orbit of the earth, as given for 1750, we 
shall have 


e= 


es ke 1° 55’ 3675 
2° 2 x 57°2957795 
for the eccentricity. 
If we assume E = 1° 55’ 268, as given for 1800, 
we find 


= ‘016814 


k 1°. 55’ 26"8 

2° 2 x 572957795 
If the greatest equation of the centre is much larger 

than that of the earth; as, for example, that of 

Saturn, which is 6° 26’ 42”, two at least of the terms 

of the preceding series must be employed. In the 

case in question, we have 


c= = ‘016791 





6° 26’ 42” 
= —— = ‘112486 
57°2957795 . 
k 
— = 056243 
2 
lk 
— — = ‘000031 
3°28 
whence 056212 = the eccentricity of Saturn’s 
orbit. 


$3. Kepler's problem applied to the determination of the 
motion of the aphelion. 


155. We have seen that the places of the aphelion 
and perihelion of a planet are subject to a certain 
annual variation, which it is important to determine, 
and we have different methods of arriving at this de- 
termination ; some of them, however, rather abstract 
and purely theoretical ; and others, which may be 
submitted to actual practice. 

Of the first, we may mention that which has refer- Determwel 
ence to the sun’s apparent diameter; which is, of ee 
course, greatest when the earth is in its perihelion, Altace 
and least when in its aphelion ; consequently, if our 
instruments were sufficiently accurate to determine 
when these conditions obtained, the two points in 
question would be known; but it is impossible to 
determine these with sufficient accuracy, even by the 
most delicate observations. 

156. Another method, and more practicable than Another 
the above, is, by computing, day by day, from the ™ 
observed right ascensions and declinations, the sun's 


Progressioa 
of the aphe- 
lion or 


apugee. 
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longitude; and thus to ascertain the several daily 
increments in longitudes ; and when these are the 
least, the sun will be in apogee, the sun’s angular 
velocity at that point being the least. Then, by re- 
peating the same again after any considerable interval, 
we should know by the difference of the longitudes of 
the apogee during this interval, the annual motion of 
the apogee in longitude. In this manner, by a compari - 
son of an observation made by Waltherus, in 1496, with 
one by Lacaille, in 1749, it appears that the progressive 
motion in 235 years was 4° 41’ 3”, making the mean 
annual progression 1’ 6”: but more recent observa- 
tions make 1’ 2”, or rather 61.9. 

157. The most accurate method however of deter- 
mining the progression of the apogee rests upon & very 
simple principle, which, as given by Woodhouse in his 
Astronomy, p. 207, is as follows :— 

Let SEr (fig. 48) be a right line, and draw TE ¢, 
making with the axis major AB of the ellipse, an angle 
TEA = SEA. Now, the time through r B¢S, is less 
than the time through the remaining arc SATr; for 
the equal and similar areas SE ¢, TEr, are described 
in equal times; but the area r E¢, is less than SET; 
therefore, by the laws of Kepler, it is described in less 
time ; consequently, the areas rE ¢ and SE#é, or the 
area SErtS is described in less time than the areas 
SET, TEr, which make up the area SErTS ; that is 
the body moves through the arc r B¢S in less time 
than through STrB; and this property belongs to 
every line through E, except the line AEB, the major 
axis, or the line of the apsides, which joins the aphe- 
lion and perihelion of the orbit. 

Conseauently, if on comparing two observations of 
the sun at S and r, that is, when the difference of the 
longitudes is 180°, it is found that the time elapsed is 
not half a year, we may be certain that the sun has 
not been observed in his perigee and apogee ; but if, 
on the contrary, the interval is exactly, or very nearly, 
half a year, we may be equally certain that the sun 
has been observed either exactly, or very nearly, in the 
line of the apsides. 

In practice, however, it is not probable that the 
distance of time should correspond exactly to half a 
year; it is indeed impossible if the observations are 
made in the plane of the meridian ; it remains therefore 
to be explained how, from what may be called an 
approximate observation, the exact time of, or situa- 
tion, of the apogee or perigee is to be found. This is as 
follows :—the time from rto S is equal to the time 
from rto B, plus the time from B to A, minus the 
time from S to A: therefore 


the time from B to A — time from rtoS=... 
time from S to A — time from r to B 


Now the first difference is known, being the differénce 
between half an anomalistic year, (art. 106) and the 
observed interval of observation ; and of the second 
difference, the second term may be expressed by means 
of the first: thus, let the first term = ¢; then, by 
Kepler's law, 


(a) 


‘ area r EB 
time from r to BT =t x een SEA 
which, since r and S are near the apsides, becomes 
Tape we 
SA x EA’ 
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Tare te yey 
EB SA_ EA* 
Or since 55 = 2 di SBA= =, we have 
T=tx ear OF 
, A aso angular vel. at A 


angular vel at B 

Now the angular velocities at A and B, or the in- 
crement of the sun's longitude at the apogee and pe- 
rigee being known from observation, and the time 
from r to B, being expressed in terms of those velo- 
cities and of ¢, the quantity ¢ is the only unknown 
quantity in the equation (a) and may therefore be 
determined from it. The time ¢ being thus known, 
we may ascertain the exact time when the sun S is at 
the apogee A, and his longitude computed for that 
time will be the longitude of the apogee. 

158. The following example is from Lacaille's 
Astronomy, p. 205. 
1743, Dec. 30, Oh. 3m.7s ©’s longit. 9s 8° 29’ 12775 
1744, June 30, Oh. 3m. 0s ©’s longit. 3s 8° 51’ 15” 








diff. of longitude 6 0 21 49 

Therefore at the second observation June 30, the 
sun was past S._ In order to find when he was exactly 
at that point, that is, when the difference of longitude 
was exactly 6s (or supposing his perigee to have been 
progressive through 31”), when the difference of lon- 
gitude was 6s 0° 0’ 31”, we must find the time of de- 
scribing the difference of 21’ 49” and 31”. Now since 
on the 30th of June, the sun’s daily motion in longi- 
tude was 57’ 12”, we have 


57’ 12” : 24h. 3: 21’ 18” : Sh. 56m. 13s. 
Hence from June 30...... Oh. 8m. Os. 
take 8 56 13 
gives June 29....15 6 47 


for the time when the difference of longitudes of the 
sun at r, and near S was 6s 0° 0’ 31”. 

The interval between this last time and the first, 
viz. Dec. 30, Oh. 3m. 78., is 182d. 15h. 8m. 40s nearly 
the time from r to S, but this time is less than half an 
anomalistic year, which is 182d 15h. 7m. Is. (see art. 
106) Now 

t — time from rto B = 3m. Qis. 
57’ 19” 


d the time fro B=t x —— 
and the time from rto B = xa 12” 


whence substituting 


t = 3m. @ls. 


~ 61 19” 
we find ¢ = 47m. 54s. 
and adding this to the time last found, viz. June 29, 
15h. 6m. 47s. when the sun was at S, and we shall 
have June 29, 15h. 54m. 41s. for the time when the 
sun was in apogee, viz. 8h. 8m. 19s. prior to the second 
observation. 

Now ©'s longitude June 30, Oh. 3m. = 3s. 8° 51’ 
1”°5, and its motion in longitude at this time being 
57’ 12” daily, we have 


24h. ° Sh. 8m. 19s. °° 57’ 12” *° 19’ 21” 
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Whence from Ss 8° 51’ 1”°5 


NOM Y. 


seasons of the year, at one tiine preceding and at ano- 


Plane 


ee’ take 19 21 ther subsequent to the noon or 12 o'clock, as shown Astronony. 
——_—_—_—— by a well regulated chronometer properly adjusted to “—~v— 
leaves 83 8 3) 405 mean time, and this difference is what is denominated 


the longitude of the apogee, viz. 8° 31’ 405 past the 
summer solstice. 





the equation of time. It remains for us now to enter 
a little more minutely into this doctrine, and to show 





Results. 159. At the time of Hipparchus, 140 3.c., the sun- how the difference in question may be computed. 
was in apogee in 5° 30’ of Gemini ; consequently, from First, then, we may observe, that if we imagine two 
that time to 1744, a space of 1884 years, itadvanced meridians to be drawn through the two extremities of 
33°, which divided by 1854 gives the arc of the ecliptic described by the sun in one day, 
33° the arc of the equator which they intercept will mea- 
——— = 1’3” for the annual progression. sure the difference between the solar and the sideral 
nome day ; for when th lete revolution of 
; . y; for when the complete revolution of the celestial 
More recent observations state the longitude of the sphere is terminated, this small arc of the equator 
perigee to be as follows, viz. ae must traverse the meridian before the centre of the 
TSO... eee eee eee 98 8° 37’ 28° sun can arrive there ; and as from two distinct causes, 
1800 ........-... 99 29 3 which are explained below, this arc is not always of 
1810 ..... obsess 9 9 39 22 the same length, the solar days must necessarily, as 
The first difference, divided by 50, gives we have already stated, be also unequal. 
5135" In the first place, the motion of the sun being in 
50. 619 the ecliptic, it is obvious, that if he described in this 
si el i day, these arcs when referred 
which is now generally assumed for the annual mo- Cree eee Sees 
tion of the eS and consequently, for the apogee. re gan oe hey ine le and rritoape bencie 
The progressive motion of the apogee or perigee Bic iz ao tint i a sfon an ee praia : 
being determined, the position of either, or of the the a a ere 1 eee ay, ns oe 
axis of the solar ellipse for any other time may be *"° a ers ee eee eae oe f nea oe er 
found by a simple proportion. Thus, if the time were th th ore ee if ao a ae — a cr. 
required, when the line of the apsides was perpendicu- he ss oe ee Nee = ae h papal 
lar to the line of the equinoxes, that is, the time when pe eee of the ecliptic pdewcabed by he ae 
Pi longitude of the Penipce Wee Jeo 210 we shoule in aday. Thus the inequality in the solar days arises 
g° $7’ 28” from two distinct causes, the obliquity of the ecliptic 
————— = _ about 500 years and the unequal motion of the earth in its orbit. 
61°9 162. The mean solar day to which we have referred Mean solar 
and consequently, the year sought 1250 of the Chris- is marked by no obvious phenomenon, but the noon day defined. 
tian era. of which may be conceived to be shown by a fictitious 
The epoch when the axis coincided with the line sun or star moving in the equator with the mean mo- 
of the apsides will be found in like manner by dividing tion of the real sun in right ascension, viz. with such 
3s 8° 37° 28” by 61°9, which answers to about 5720 an uniform motion, that supposing both to depart 
years, or about 4000 years before the birth of Christ, from the equinox at the same instant, they may both 
at which time chronologists have fixed the creation arrive at it again together, after one complete revolu- 
of the world. tion, and as the length of the tropical year, or the time 
Remarks 160. It may not be amiss to observe, that there is in which the sun passes through 360° in right ascen- 
one apparent objection to the latter method of deter- gion is 865d. 5h. 48m. 48s., we shall have 
mining the longitude of the apogee; viz. that the 360° 
length of the anomalistic year, which depends upon $$ = 59’ 88 
the progression in question is supposed to be already 365d. 5h. 48m. 48s. 
known to some degree of accuracy ; this, however,as for its mean daily motion in right ascension, and 
we have frequently had occasion to remark, is ade- therefore for the mean motion of the fictitious sun in 
fect in most astronomical determinations ; for in this the equator; and hence the length of the mean day 
more than in any other science, we are obliged to will be the time during which any point on the earth 
proceed step by step, from approximation to approxi- revolves through 360° 59’ 83, and it is this interval 
mation, till we arrive at the conclusion sought, which which answers to 24 hours by a clock well regulated 
is, however, still only a more accurate approximation to mean time, and the difference between the noon, or 
than the former. In the present instance, if we sup- 120'clock, shown by such a time piece, and that of the 
pose only the tropical revolution to be known, we realnoon when the sun is on the meridian, is the 
must employ it as we have done the anomalistic pe- equation of time, which is sometimes, as we have 
riod, and thus obtain a first value, and then using before stated, additive, at others subtractive, and four 
this again, we should soon arrive at the conclusion as times in the year zero. 
above given. 163. In order to a more complete illustration of Equation of 
; : this phenomenon, let us imagine two suns S” and S” time illus- 
Gi Of the equanon af tne. to bat out at the same diate tigi the equinox, both "a4. 
Equationof 161. We have already (art.82) had occasion to moving with an uniform motion, the one S” in the 
time. explain the difference between solar and mean time. ecliptic, the other S” in the equator, and let the mo- 


tion of each be referred to the latter plane. Now on 


We have seen that the sun returns from one meridian 
this supposition, S” will first advance upon the me- 


- «to the same again after unequal intervals, at different 
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The sun's mean place is at s, and as An = AP, and Plane 


istronomy Tidian of S” because in a spherical right angled tri- 
nm = PS, therefore Am = APs; consequently, Astronomy. 


\=y=/ angle whose base is less than 90°, the hypothenuse 


Dy. Maske- 
: lme’s rule 
: br compu 


| taation of 





time, 
| Pg. 49, 
| 


will be less than the base ; but afterwards, the latter 
S” will approach to S”, and they will arrive together 
at the solstice, the hypothenuse and base being then 
equal ; after this, the meridian of S” will advance 
apon that of S”, the hypothenuse being now less than 
the base, till again at the second equinox they will 
once more coincide; the same circumstances will 
occur in the second half of the orbit, and thus the 


mv = Av — Am = Av — APs 
Let a be the mean equinox, and draw az perpendi- 
cular to AL ; then 
Am =zm+ Az=Aa x cosaAz + zm 


and because cos of obliquity or cos 23°28’ = s5nearly 


this becomes 


eke of the two auns will coincide four times in i Aatezm 
e year. 12 


The circumstances, however, as above stated, do 
not actually obtain, because the sun does not, as sup- 
posed above, move uniformly in the ecliptic, and 
therefore, the points in which the two meridians coin- 
cide will not be exactly those pointed out above ; the 
general facts, however, will be the same, and only the 
place of coincidence will be changed. 

Let us now take S’ to denote the real sun, and 
consider its motion with reference to two fictitious 
suns, supposed to set out from the autumnal equinox, 
and proceeding towards the perigee. Here the true 
sun S’ which describes the ecliptic being referred by 
its meridian to the plane of the equator, will be found 
behind the others, for it is preceded by S” to the pe- 
rigee. Till the moment of the solstice, S” precedes 
S", and S” precedes S’, their order is therefore S’, S”, 
S’””; at the solstice S’ and S” unite, and afterwards, 
the order is S’, S”, S”; but at the perigee, S’ coin- 
cides with S”, and it afterwards precedes it, conse- 
quently, in this interval, the meridians S’ and S’” must 
have coincided. The order then becomes S”, S’, S’; 
thus between the winter solstice and the perigee, the 
true sun falls in with the fictitious equatorial sun, 
and the equation of course becomes zero. From the 
perigee to the vernal equinox, the like circumstances 
again occur, but in a contrary order, and the same 
again from the vernal equinox to the apogee, and 
lastly from the apogee to the autumnal equinox. 

Hence it appears, that in consequence of the ob- 
liquity of the ecliptic, and the unequal motion of 
the sun, the equation of time becomes zero four 
times in a year, viz. about the 24th of December, 
the 15th of April, the 15th of June, and the 31st of 
t. 

Such is a popular view of this phenomenon, let us 
now endeavour to explain the principles upon which 
the amount of it for any given time may be computed. 

164. Let APLS (fig. 49) be the ecliptic, ALw the 
equator, A the first point of Aries, P the sun's apogee, 
S any other place of the sun. Draw Sv perpendicular 
to the equator, and take An = PA. Now when the 
sun departs from P, let the imaginary sun set out at 
n, with the mean motion of the sun in right ascension 
or longitude, at the rate of 59’ 8-2 in a day, and when 
m pauses the meridian, conceive the clock to be ad- 
justed to 12. Take nm = Ps, and when the fictitious 
sun comes to m, the place of the true sun, if it moved 
uniformly, with its mean motion, would be at s, but 
at that time let S be the place of the sun. Now let 
the sun at S, und consequently at v, be upon the meri- 
dian, and then as m is the place of the imaginary sun, 
at that instant, mv will be the equation of time. 


VOL. If. 


Hence 
mov = Av—- zm be Aa 
ee 12 
but Av is the sun's true right ascension, zm is the 
‘ . : 1 
mean right ascension, or mean longitude, and 3 Aa 


(Az) is the equation of the equinoxes, in right ascen- 
sion ; hence the equation of time is equal to the difference 
of the sun's true right ascension, and its mean longitude 
corrected by the equation 6f the equinoxes in right ascension. 
When Am is less than Av, mean time precedes the ap- 
parent, and when greater, apparent time precedes the 
mean ; for as the earth turns on its axis in the direc- 
tion Av, or inthe order of the right ascension, that 
body whose right ascension is the least, must come 
first uvon the meridian. That is, when the sun's true 
right ascension is greater than its mean longitude cor- 
rected as above, we must add the equation of time to 
the apparent to get the mean time, and when it is less, 
we subtract. To convert mean time into apparent, we 
must subtract in the former case, and add in the latter. 
This rule for computing the equation of time was 
first given by Dr. Maskelyne in Phil. Trans. 1764. 


165. As a meridian of the earth when it leaves m Remarks. 


returns to it again in 24 hours, it may be considered 
when it leaves that point’ as approaching a point at 
that time 360° from it, and at which it arrives in 24 
hours ; hence the relative velocity with which a meridi- 
an accedes to, or recedes from 1, is at the rate 15° in an 
hour; therefore, when the meridian passes through »v, 
the arc vm reduced into time at the rate of 15° in an 
hour, gives the equation of time at that instant; — 
hence the equation of time is computed for the instant 
of apparent noon. Now the time of apparent noon in 
mean solar time, for which we compute, can only be 
known by knowing the equation of time : to compute, 
therefore, the equation for any day, we must assume 
the equation the same as on that day four years pre- 
ceding, from which it will differ but very little; and 
it will give the time of apparent noon sufficiently ac- 
curate for the purpose of computing the equation. 
If the equation be not known for the same day four 
years back, we may compute the equation for noon 
mean time, and we shall have apparent noon suffi- 
ciently accurate for most purposes. 


166. Tables of the equation are computed and pub- Tables of 
lished in the Nautical and some other Almanacks for equation of 


every day in each year; others are computed for every 
degree of longitude of the sun, and may be considered 
as perpetual when the secular variation is also given, 
such is the following, calculated for 1810. 


4p 
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Tass of the equation of time. 


Computed for 1610, with the secular variation. 
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Tasie of the equation of time. 


Computed for 1810, with the secular variation. 
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TaBie of the equation of time. 


Computed for 1910, with the secular variation. 
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Tasue of the equation of time. 


Computed for 1810, with the secular variation. 
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Astronomy. § VIII. Of the phenomena and theory of the planetary 
; : Of the p 


Phenomena 


of the pla- 
nets. 


Phases of 
Venus. 


The motien 


motions. 


1. Phases of the planets, &c. 


167. Having in the preceding sections treated of the 
theory of the earth's motion about the sun, as well as 
examined some of the circumstances attending the 
planetary orbits generally, it remains for us now, first, 
to explain some of the more obvious phenomena which 
these bodies exhibit ; and then to illustrate the prin- 
ciples upon which all the circumstances of their motion 
are computed. The hypothesis of the motion of the 
earth in its orbit, combined with its rotation on its 
axis, have been found sufficient to illustrate all the 
observed phenomena of the sun and stars ; let us now 
see how the phenomena of the planets can be recon- 
ciled with the same hypothesis, when we add to it the 
motions of those bodies in their respective orbits. The 
circumstances to which we here allude, are the phases 
of the inferior, and the stationary positions and retro- 
grade and direct motions of the whole; to which we 
have already slightly referred in our introductory 
chapter. 


Of the phases of the inferior planets. 


168. As the same remarks will obviously apply to 
both our inferior planets, we shall select Venus for 
the subject of our explanation, her phases being far 
more conspicuous than those of Mercury. 

Venus is seldom seen but for a certain time before 
sun rising, or after he is set; though sometimes her 
lustre is sufficient to render her visible while that 
budy is yet above the horizon. When seen in the 
east, she is called the morning star ; and when in the 
west, the evening star. 

In the latter case, if observed for several successive 


of this pla- nights, she will be found to vary her distance from 


net some- 
times di- 
cect, at 

others re- 
trograde. 


Venus 
sometimes 
a crescent, 
full, &c. 


the sun; first increasing it to about 45°, after which 
she approaches the sun again, and is finally lost in the 
more refulgent rays of this great luminary. If now 
we watch in the east for a few days, we shall perceive 
Venus rising before the sun, increasing her distance 
from him as before, till, after having attained her 
maximum in this direction, she again approaches him, 
and is again lost in the lustre of his beams. 

These appearances, which continually recur, shows 
decidedly that Venus does not revolve about the earth ; 
for, if this were the case, she must sometimes be seen 
in opposition to the sun ; but it does not prove with 
the same force that her revolution is made about the 
sun; this, however, is otherwise rendered incontro- 
vertible. 

To the naked sight the disc of this planet, like that 
of all the others, appears circular, and always nearly of 
the same magnitude ; but the telescope and its micro- 
meter, both prove this to be a deception or optical 
illusion. For when thus viewed as an evening star, 
at her greatest elongation from the sun, she assumes 
the form of a crescent, like the moon in its first quar- 
ter, the horns being opposite to the sun. As she 
approaches the sun the horns diminish ; and after her 
reappearance in the morning, we see her again assume 
the crescent form, but her horns pointing now in a 
contrary direction. Moreover, by means of the mi- 
crometer, it is found that her apparent diameter is 
greatest when she is least illuminated ; that is, when 
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she is ceasing to be an evening star; and least when 
most illuminated, or when ceasing to be a morning 
star; the ratio of her diameter being in these two 
cases as 166 to 26 ; that is, 2 46” and 26” 


Piane 


y 


From these facts, deduced from observation, it Deductions 


appears, first, that Venus never attains an angle of 
elongation that far exceeds 45°; secondly, that she is 
at various distances from the earth; and other obser- 
vations, not referred to above, have shown that she 
sometimes passes like a black spot over the solar disc : 
thirdly, it appears, that Venus, when an evening star, 
and separating from the sun, moves from west to east, 
or according to the order of the signs; but when 
she returns, her motion is necessarily in a contrary 
direction, or contrary to the order of signs; and the 
same phenomena have place in the opposite direction, 
after this planet first becomes a morning star. 

These appearances are what it is requisite for us to 
show to be the necessary consequences of Venus re- 
volving in an orbit interior to that of the earth, and 
uf her being an opaque body enlightened by the sun. 

169. First, that the phases of Venus correspond 


from obeer- 
vations. 


very correctly with such an hypothesis, will appear by The above 
consistent 
KVN the orbit of Venus, and EE’ part of the orbit of ws 


referring to (fig. 50), in which S represents the sun, 


received 


the earth. Let W, N, V, be three different positions },ynothes's 


of Venus in her orbit with respect to the earth atE; 
then, since that hemisphere of Venus which is per- 
pendicular to the sun is the enlightened hemisphere, 
and that perpendicular to the earth is the visible one 
to the inhabitants of this planet, it is clear that all the 
phenomena above described, ought to obtain, as re- 
presented in the figure; viz. Venus will appear as a 
crescent at W, half illuminated at N, NE being a tan- 
gent to her orbit, gibbous at V, and full at K. 

The same appearances precisely obtain with respect 
to Mercury; but being small, at a greater distance 
from the earth, and much nearer to the sun, they are 
not so easily observed as in the case of Venus. 

It is also equally obvious, without our entering into 
a minute detail of the particulars, that, according 
to the supposition we have made, Venus ought to 
appear to move from K towards M according to the 
order of the signs; and from M to N contrary to that 

,order ; while about the points M and N her motion 
will be imperceptible, and she will appear stationary. 

As we had here a view only to the general illustra- 
tion, we have not considered the motion of the earth, 
but in any computation relative to these phenomena, 
it is obvious that this circumstance must be intro- 
duced, as we shall see in a subsequent article. 


170. None of the superior planets, with the exception Stations, 


Fig. 50. 


of Mars, offer any phases such as those we have been &«- of the 


explaining above ; their distance from the earth being 
such as to render these phenomena imperceptible ; but 
Mars not being so far distant, does sometimes exhibit a 
gibbous appearance, but is never horned, as we have 
shown to be the case with Venus and Mercury. We 
have seen, that neither Venus nor Mercury are ever 
seen in opposition to the sun, from which we have 
concluded, that they do not either revolve about the 
earth as a centre, nor include the orbit of the earth in 
their revolution about the sun ; but Mars, and :1l the 
other superior planets, being found sometimes in 
opposition, and at others in conjunction, we are 
equally certain, that they do either revolve about the 


superior 
P 
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By taking P to represent the earth, and Ean inferior Plane 


Astronomy. earth, or enclose its orbit in their's. If they revolved 
ww about the earth as a centre, then their motions ought 





Fig, 5) 


to be always direct ; whereas, it is found from obser- 
vation, that they are sometimes direct, at others sta- 
tionary, and others retrograde; which is strictly what 
ought to take place, supposing them to revolve about 
the sun in circular or elliptic orbits superior to that of 
the earth. Their phases also, although not variable, 
are consistent with the same hypothesis; namely, 
that they revolve about the sun; that they are dark 
opaque bodies, which shine only by the borrowed 


planet, the same results will apply to the case of Venus A#tronomy. 
ee ae’ 


or Mercury. 

Prosrem II. 

To find the time when a planet is stationary; the time of 
opposition, if a superior planet, or of tts inferior con- 
junction, if an inferior one, being given. 

172. Let mand n be the daily motions of the earth and 


planet ; and v, the angle PSE when the planet is sta- 
tionary, then m—n, or n — m is the daily variation 





light of the great central luminary. of the angle at the sun between the earth and planet, 
Paostem | according as it is a superior or inferior planet ; hence, 
i day © 
To find the position of a planet when stationary. seater es 7 OG: ors 


171. To solve this problem with the utmost accu- 
racy, the distances and relative motions of the earth 
and planets ought to be first ascertained, but the prin- 
ciple of computation may be explained independent of 
these data, and the subject having an intimate relation 
with the preceding parts of this chapter, we shall 
make no apology for introducing the question here, 
although we may not be able to give the most correct 
numerical results. 

Let S (fig. 51) be the sun, E the earth, P the co- 
temporary position of a superior planet, and MN the 
sphere of the fixed stars, to which all motions are 
referred. Let EE’, PQ, be two indefinitely small 
arcs described in the same time ; and let EP, E’Q pro- 
duced, meet at L; then it is manifest, that while the 
earth moves from E to E’, the planet will appear 
stationary at L; and, in consequence of the immense 
distance of the fixed stars EPL, E’QL may be consi- 
dered as parallel. Draw the other lines as in the 
figure: and then since EP, E’Q are considered as 
parallel, we shall have ; 

ZQE/S— ZPES = ZPwS — ZPES = ESE’ 
and ZSP w— ZSQE’= ZSvE’— SQE’= PSQ 
Hence the cotemporary variations of the angles at E 
and P, are as the angles ESE’, PSQ;; or, since the 
angular velocities are inversely as the periodic times, 


or as the #d power of the distances, we shall find 


those angles to each other as sp? : sEt, or denoting 
the ratio of the distances by a : 1, they will be as 
at. 1, 
Now the sines of the angles of a triangle being in 

the ratio of their opposite sides, we shall have 

sinE : sinP : SP: SE: a:1 
and the variation of angles, whose sines are constant 
being as their tangents; we shall have also, 

snE : snP:a: tl 





the time from opposition or conjunction to the sta- 
tionary points both before and after. 

Hence the planet must be stationary every synoazc 
revolution. 


173 It is to be observed, that the above solutions Remarks. 


depend upon the supposition of the orbits being cir- 
cular, which we know is not precisely the case; but 
as the subject is altogether one rather of curiosity than 
utility. we have not thought it necessary to enter upon 
it at greater length. It will be sufficient to observe, 
that in the case of elliptic orbits, the stationary posi- 
tions will depend upon the position of the apsides, and 
the places of the bodies at the time. A near approxi- 
mation however may be obtained by computing, on 
the supposition of circular orbits, the time when the 
planet would be stationary, and finding for several 
days about that time the geocentric place of the planet, 
so as to obtain two results, such, that on one day the 
motion of the planet be direct, and on the other retro- 
grade, within which interval it must have been sta- 
tionary ; and the point of time when this happens mav 
be determined by interpolation. 


174. It is obvious from what has now been stated, Superior 
that a superior planet will be retrograde in opposition, Planets re- 


and an inferior in its inferior conjunction ; and that 
the latter would appear to retrograde whether the 
earth were in motion or at rest, but that the apparent 
retrogradation of a superior planet depends wholly 
upon the motion of the earth; this will, however, 


perhaps be rendered more evident by referring to fig. Fig. 52. 


52, in which we shall suppose E to represent the 
earth; P a superior planet, in opposition ; then, as the 
velocities are as the inverse square roots of the radii 
of the orbits, the superior planet moves slowest ; 
hence, if EF, PQ, be two indefinitely small cotem- 
porary arcs, PQ is less than EF; and, on account of 
the immense distance of the sphere of the fixed stars, 
FQ must cut EP in some point x between Pand m; 


sin E sin P consequently, the planet appears retrograde from m to 
ae (= tan E) : <oaP (= tan P) :: at: n; whereas, if the earth were at rest, then the motion 


of P must necessarily appear throughout its whole 


sin E sin P ty circle to crabs the same ee ss se 
OF “Hamat eh VilcanPr' *° 175. Again, if P be the earth, and E an inferior planet in 
a vt a P) , its ate conjunction, it will appear retrograde from 
wheiss.. ta08 he 2 v tow; which being due to the more rapid motion of 
‘@—] at + a+] the planet, it is clear that the same phenomena wouid 
‘“ occur, whether P were at rest or moving with a velo- 
aod sin E = city less than that of the planet. The periods and 


V(a@+a+1) 
the planet's elongation from the sun when stationary. 


ations would however be obvi- 


positions of re 
e former case. 


ously changed in 
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Prosiew III. lution of the planet, it will return to the same point Plax 
P; let then the earth be at E’, and the angle P’E’S be “#tronomy 


Astronomy. 


—V~" To delineate the phase of a planet in any given 
oe 176. The principle of this construction will appear 
oo ¢ pha fom what has been stated in the preceding part of this 
= section, where we have observed that the enlightened 
hemisphere will be that whose plane or base is per- 
pendicular to a line drawn from the sun, and the hemi- 
sphere of vision that whose plane is perpendicular to 
a line drawn from the earth, each being directed to 
Fig.53 the centre of the planet. If, therefore, in fig. 53, we 
take S to denote the sun, E the earth, V any planet, 
aV b will be the plane of the illuminated hemisphere, 
or the plane of illumination, and «Vd perpendicular to 
EV the plane of vision; draw av, perpendicularly to 
cd then ca is the breadth of the illuminated part which 
13 projected into cv, the versed sine of cVa, or SVZ, 
SVc being the complement to both. Now the circle 
terminating, the illuminated part of the planet being 
seen obliquely, appears to be an ellipse, therefore if 
cmdn represent the projected hemisphere of the pla- 
net next the earth, mn, cd, being two diameters per- 
pendicular to each other, and we take cv = the versed 
sine of SVZ. and describe the ellipse mon, then mcn 
nm will represent the visible enlightened part, as it 
appears at the earth; and from the property of the 
ellipse this varies as cv. Hence 


The visible enlightened part 
Is to the whole disc 

As the versed sine of SVZ 
Js to the diameter. 


From this construction it appears, that the more re- 
mote a planet is from the sun with respect to the 
earth, the nearer will the illuminated part as seen from 
the earth approach to a circle; in Mars a gibbous 
form may sometimes be perceived, but in the more 
distant bodies the angle SVZ never differs enough 
from two right angles to give them the same appear- 


observed. Then by the theory of the earth's motion, the 
angle ESE’, and the lines SE, E'S are known, there- 
fore the angles SEE’, SE’E, and the line EE’ may be 
also determined. 

Again, in the triangle EME’, there is known EE’ 
and the angles PEE’, PE E, therefore the sides PE, 
P’E’ are likewise known or may be found. Lastly, in 
the triangle P'SE, the sides I”E, ES and the included 
angle P’ES are given to find SP’, the sun’s distance 
from the planet at the point P’ of its orbit, as also the 
angle ESP’, whence the difference between ySE, the 
longitude of the earth, and ySP’, the longitude of the 
planet, become also determined. 

178. To find the latitude seen from the sun, the 
following proportion may be used, 


As the sine of the angle PES : sine of ESP’ : : the Heliocen- 
tangent of the latitude of the planet, observed from ‘ric latitude 


the point E, to the tangent of its heliocentric Jatitude, 
that is, to its latitude as observed from the sun. To 
find the true distance of the planet from the sun, that 
is, the line SP, say, as the cosine of the planet's helio- 
centric latitude is to radius, so is the SP’ to the dis- 
tance sought. 

We may otherwise determine the longitude, lati- 
tude, and distance by means of the triangle SEP. By 
either of these means the distance of a planet, its lon- 
gitude and latitude may be found for various points 
of its orbit, but as will be seen in the following pro- 
blem, three such points being found, the orbit itself 
may be described. 


ProsLem. 


To describe an ellipse through three gwen pois, 
that is, naving given three distances, and the three 
corresponding heliocentric longitudes, to find the 
orbit. 


ance, that is, they must necessarily always appear 179. In the preceding part of this section, we have To deter- 
full. shown the method by which the distance and helio- mine the 


centric longitude of a planet may be determined from At 
2. On the reduction of observations made on the planets observation, the dimensions of the earth's orbit being gitades and 


from the earth, to the corresponding observations that 
would be made from the sun. 


Determina- 177. The earth being in constant motion in its 

tion of the orbit, and being thus very differently situated with 

ee regard to the other bodies of our system, as well in 

ie respect to distance as position, it is actually necessary 
for the purpose of comparing different observations 
with each other, to refer them all to one common 
point of observation ; and it is obvious that no point 
can be better suited for this purpose than the sun, 
the common centre of all their motions. The theory 
of the earth's motion being determined, the dimensions 
of its orbit may be taken as the base of the geometric 
operations necessary for the reduction in question, of 
which we have had occasion to speak in describing the 
laws of Kepler ; we shall now illustrate the same a 
little more at length. 

Fig. 54. Let E (fig. 54) be the earth’s place in its orbit, S 
the sun, and P any planet, P’ its projected place in the 
ecliptic, SEP” the observed angle, measuring the dif- 
ference between the longitude of the sun and that of 
the planet seen from the earth. After an entire revo- 


supposed known ; but the distances thus determined 
apply only to those particular points of the orbit in. 
which the planet is at the times of observation, and 
we are still at a loss to determine the nature and ele- 
ments of its entire orbit; the present problem then 
is intended to obviate this difficulty, and to show that, 
from three points being given, the orbit itself may be 
ascertained. This may be effected either geometri- 
cally or analytically, but we prefer the latter. 

Let SP, SP’, SP’, fig. 55, be three given distances, 
and ySP, SP’, ySP”, three given longitudes, and AB 
the Jine of the apsides of the planet's orbit. Let the 
angles PSP’, PSP’, which are known, be represented 
by m, n, and the angle ASP which is unknown by z; 
let the three distances SP, SP’ SP” be denoted by p p’ 
p”; the semi transverse Ac by c, and the eccentricity 
by e; then the three unknown quantities which are 
to be determined are, a, e, and the angle z, and the 
three equations from which their values are to be de- 
duced are, 


_ a(i— é) 
~ 1 +ecossz 


(1) 
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Astronomy. = a (1—e*) 
~_— P=Tteomesy 8 © 
a a (1 — e*) 
W=Trea@t+sy 
See art. 58. Dynamics. 


Cases in 


From these three we deduce the two following, in- 
volving only e and x; viz. 
p (1 + ecosz) = p’ {1 + ecos (m + 2)} 
p (1 + e cos z) =p" {1 + ecos (n + 2) 
or which are still the same, 
_ p’ —Pp 
~ peos rz —p” cos (n + 2) 
Pp —P 
© = p cos — p’ cos (m + 2) (5) 
Let p’— p = r’ and p'—p = *; then 
r pcosxr —r p” cos (n +2) =r” pcosx— rr” p’ cos 
(m + 2) 
or 
cos x (rp —r’p)=r’ p” cos (n + 2) —1"p’ cos (m+z) 
tia x)=cos n cosz—sin n sin r 
substituting for } a 3 =cos m cos z—sin m sin x 
and dividing by cos x, we have, 
rp—r’p = 1r'p” (cos n —sin n tan x) — r’p’ (cosm 
— sin m tan zr) 
Hence (r’p’ sin m —r’p” sinm) tanz = r'p —r’ p 
— (r'p” cos n—r’ p’ cos m) 
Therefore, finally, 
r'p—rp—(r'p” cos n—rp’ coa m) 
r’p’ sin m—r'p” sin m 
The angle x being thus determined, the three angu- 
lar distances from the perihelion become known; 
also x being given, the eccentricity e may be computed 
from either equation 4 or 5, and hence again a, the 
semi transverse axis from equation 1, 2, or 8. 
180. We have thus the means of determining very 


(4) 


tanz = 





which the accurately all the preceding elements of a planet's 


solution 
will not 
ply. 


orbit, but it will be perceived, that it rests upon one 
important condition, namely, that the planet has been 
observed from the same point of its orbit after one, or 
some number of complete revolutions ; for it is on 
this condition that the heliocentric longitudes are de- 
termined. The problem, therefore, will still not 
directly apply to any newly discovered body, as for 
example, Uranus or the Georgian planet, whose period 
of revolution being about 80 years, we must have 
waited till this period had passed by, before its helio- 
centric longitudes could have been computed on the 
principles explained in (art.179). Butas such a de- 
lay is wholly incompatible with the anxiety and im- 
patience of astronomers, recourse has been had to a 
method of trial and error, and by assuming a distance 
in the first instance, and comparing the results as 
determined according to Kepler's laws, with those 
deduced from observations, and making such succes- 
sive corrections as the case requires, astronomers 
have found the method of approximating to the ele- 
ments of a planet's orbit, from three geocentric lon- 
gitudes only, the time between these observations 
being of course also given. It was by these means 
that the elements of the orbit of Uranus were deter- 
VOL. IIL. 


mined by Lalande to a very. considerable degree of Plane 
accuracy, within one year of the first discovery of that Astronomy 
planet by Sir W. Herschel. oe 


Of the methods of determining the elements of a planetary 
orbit. 

181. We have in the preceding articles explained the pementsof 
methods of determining certain of the elements of a a planet's 
planet's orbit; but there are others equally necessary. orbit. 
to be known, in order to complete the theory of the 
planetary motions. 

The quantities known under the denomination of 
elements, are the seven following. 

1. The longitude of the ascending node. 

Q. The inclination of the orbit to the plane of the 
ecliptic. 

$. The mean motion of the planet about the sun. 

4, The mean distance from the sun. 

5. The eccentricity of the orbit. 

6. The longitude of the aphelion. 

7, The epoch of the planet being in its aphelion 


1. Determination of the place of the nodes. 


182. The nodes of a planet's orbit are the two points Longitude 
where the orbit intersects the plane of the ecliptic, and of the node. 
the line joining those points is called the line of the 
nodes. That node at which the planet passes from 
the southern to the northern side of the ecliptic is 

ed the ascending node, and is marked 9), the other 
is called the descending node, and is marked 25. 

Since the node is the intersection of the orbit with 
the ecliptic, and the latitude of a planet being always 
estimated from that plane, it is obvious that if by a 
comparison of observations made on a planet when 
near the node, and when its latitude is decreasing, 
we compute according to the principles explained in 
several preceding articles the exact time when its la- 
titunde was zero, that time will be the exact time of 
the node. Whence again, as explained in the last 
section, find the corresponding heliocentric longitude 
of the planet, and the result will be the longitude of 
the planet when in the ecliptic or the longitude of the 
node. 


Second method. 


188. Let N, (fig. 56,) be the place of the node, 2Mm Second me _ 
a portion of the ecliptic, aN 6, a portion of the pla- re 
net's orbit, am bn, two heliocentric latitudes, reduced eee 
from their geocentric latitudes ; then by the analogies 
of Napier. 





rad. sin Nm — cot N tan am (1) 
rad. sin Nn = cot N tan bn (2) 
Whence 
sin Nm _sin(mn—Nn) _ tanam 
sin Nn sinNn tandba 
and by reducing 
; tan am 
sinnm x cot Nn — cos mn = 
tan bn 


sin nm tan bn 
cos mn tan bn + tan an 
where bn, am, the two reduced latitudes are known ; 
also nm, the difference of the longitudes in the inter- 
val of the observations ; and hence Nn, or the differ- 
ence of the longitudes » and N is also known ; and the 
48 


Whence tan Nn = 
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wom ee’ determined. number of complete revolutions; as by this means Astrononmty. 


the errors will be so much the more divided, and ren- —~\—>" 


2. To find the inclination of the orbit. dered of less consequence. If the time of opposition, 


{nclination 


184. This is immediately deducible from the pre- 


ofthe orbit. ceding investigation ; for as Nn is determined, and 


Periodic 
times 


Periodic 
times b 
opposition. 


bn known, we have from equation (2) 





ssp ntee sin Nn ee tan bn them. Saeed 
co = om tan ba ortanN =r x ain Naz 187. Mr. Vince in his Astronomy, gives the fol- Mlustrated 


3. To determine the periodic time of a planet. 


185. This miay be effected in different ways; viz. 
we may determine by means of (art. 179 et seq.) the 
semi axis of its orbit, and hence compute its periodic 
time by Kepler's laws ; or we may observe the planet 
in its node, and again, when it returns hither ; and the 
interval elapsed will be the period nearly but not 
exactly, by reason of the retrogradation of the nodes 
and some other minor circumstances. 

Another method, and the most accurate of any, is to 
observe the planet, if a superior one when in opposition, 
and if an inferior when in conjunction, and to observe 
the same again after one or some number of complete 
revolutions, whence the time may be found very 
correctly, and the tables of its motion corrected. The 
time of opposition, it will be perceived, is selected for 
this determination, in consequence of the heliocentric 
and geocentric longitudes being then the same ; 
whereby that reduction necessary in all other cases is 
avoided. 

186. Therefore when the planet is approaching 
towards opposition, observe the mean time that it 
passes the meridian, its eight ascension and meri- 
dian altitude, whence by means of the correc- 
tions already explained, find its declination on 
those days ; and, hence again, compute its latitude 
and longitude ; make similar observations on the 
sun, and determine its longitude in like manner. By 
comparing these results with each other, it will be 
seen that the difference of longitude from being more 
than 150°, has become less than 180°, consequently, 
the opposition must have taken place in that interval. 
that is, between the two observations that give these 
opposite results. 

In order now to find the exact instant, compute the 
sun's longitude at the moment when the planet was on 
the meridian, for that observation that gives the differ- 
ence in longitude too little ; and let 180° — d denote 
the difference of longitude between the sun and planet 
ut this instant; let r represent the sun's daily increase 
in longitude at this time, and r’ the daily motion in 
that of the planet ; then since when a planet is in op- 





as determined above, be compared with the time given 
in the tables, the difference will be the error of the 
tables, and may be employed as a means of correcting 


lowing example of this kind of determination. On byexample. 


October 14, 1763, M. Lalande observed the difference 
between the right ascension of 8 Aries and Saturn, 
(which latter passed the meridian at 12h. 17m. 17s. 
apparent time) to be 8°5' 7”, the star passing first. 
Now the apparent right ascension of the star at that 
time was 25° 24° 336, hence the apparent right as- 
cension of Saturn was ls. 8° 29’ 40'°6 at 12h. 17m. 
178. apparent time, or 12h. 1’ 37” mean time. On the 
same day, he found from observation of the meridian 
altitude of Saturn, that its declination was 10° 35’ 20” 
N. Hence the longitude was found to be 1s. 4° 50’ 
56”, and latitude 2° 48’ 25”8. At the same time 
the sun's longitude was found by calculation to be 
7s. 1° 19% 22”, which subtracted from Is. 4° 50’ 56”, 
oe 6s. 83° 31’ 34; hence Saturn was 38° 31’ 34” 

yond opposition, but being retrograde must after- 
wards come into opposition. Now, from the obser- 
vations made on several days at that time, Saturn's 
eee was found to decrease 4’ 50” in 24 hours, 
and by computatiun, the sun's longitude increased 59’ 
59”, in the same time, therefore r + 17’, or the sum 
of the two, was 64’ 49”: hence 

64’ 49” ; 3°31’ 24” : 24 : 78h. 20m. 20s. 

which added to Oct. 24, 12h. lm. 37” gives 27d. 18h. 
21’ 57” for the time of opposition. 

To find Saturn’s longitude at this time, say 

24h. : 78h. 20m. 20s. 4’ 50” : 15/ 47” 

which latter is the retrograde motion of Saturn in 
78h. 20m. 20s., and this subtracted from Is 4° 50’ 56” 
leaves 1s. 4° 35’ 9”, the longitude of Saturn at the time 
of opposition ; and by a similar process, the longitude 
of the sun for the same time was found to be 7s. 4° 
35’ 9”, 

In a manner nearly analogous, we may find the la- 
titude of Saturn at the instant of opposition ; viz. by 
observing the daily variation in latitude. In the pre- 
sent case between the time of observation and opposi- 
tion, the latitude had increased 6”, and consequently, 
the latitude was 2° 43’ 31” S at the time of opposition. 

188. The most ancient observation of this kind on 
record is one by Hipparchus ; from which it appears 
that 


ition i ion i C. . Saturn's longi- 
position its motion is retrograde, the sun and planet 228 '8.c. Mar. 2, Lh gi 98° 23’ 0” 
will approach each other at the rate of r+’, per day ; tude in opposition was ........ 5 cal 
and we shall have _ lat. N 2° 50 
d 1714, a.v. Feb. 26, Sh. eet 97° 56’ 46” 
r+r3d: lday . gitude in opposition was ...... 
rrr lat. N 2° 3’ 


the time prior to the latter of the two observations, 
when the difference of longitude was exactly 180° ; 
which time, therefore, subtracted from the time of 
the said observation will be the time of opposition 
required. 

If the above be, as we have supposed, repeated for 
several days, and the mean of the several results be 
taken, the time will be bad more accurately, and 


Differen. of longitude in 1943y. 105d. 7h. 15m. = 
26’ 14” 

Now we find the time of describing this 26’ 14” to be 
13d. 14h. Adding this to the former interval, we 
have 1943y. 118d. 21h. 15m. for the interval between 
these two oppositions of Saturn, and the period of 
this planet is known to be about 294 years, this time 
must therefore contain 66 complete periods of revolu- 
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Astronuny. tion,’and hence by division we have 


nn 19438y. — 21b. 15m. = 29y. 169d. 4b. 27m. 
for the exact time of one revolution. 
Sideral re- 159. It will be observed, that the longitudes in 
volution of both these cases is reckoned from the first point of 
Saturn. Aries, and in consequence of the annual precession of 
this point of 501, the entire precession due to the 
above interval of 29y. 162d. 4h. 27m. will be 24’ 35’. 
The period then determined for Saturn belongs to his 
tropical revolution, and is shorter than his sideral by 
the time that he employs in describing 24’ 35”, which 
is about 12d. 7h.; hence his sideral revolution will 
be 29y.. 174d. 1lh. 27m. His mean annual motion is 
| hence found to be 12° 13’ 35” 14” and his daily mo- 
! tion 2’0097. 
Exactly the same process may be observed with all, 
the superior planets. 
Method for 190. With respect to the inferior planets, we may 
the inferior proceed in the same manner when circumstances will 
planets, admit of our making the requisite observations, but it 
is obvious that this will only happen when the elon- 
gation of the planet from the san, near conjunction, 
is sufficient to render the former visible. The most 
accurate method of observing the time of an inferior 
conjunction of either Mercury or Venus is from obser- 
vations on them in their transits over the sun's 


disc. 


3. To find the semi axis major or mean distance. 
Ufthe mean 191. Let d denote the mean distance of the earth, 
distance. and ¢ the time of its sideral revolution, D the required 
mean distance of the planet, and T its period of revo- 
lution, as determined in the last article. Then by 
Kepler's law 


2:7 ::;:8  - D=o= Fé x= 


3 
whence D=dx (+) “the distance sought. 


4. To determine the eccentricity of the erbit. 
192. This may be done by means of our general 
equation. 
_ @a(l—é) 


~ L+ecoss 
the angle z, and radius vector p being determined as 
in arts. 179 and 180, and aas in the preceding article ; 
but more conveniently from the equation (4) art. 179. 
viz. 


city. 


i p’ —p 
~ pcosx — p” cos (n + 2) 
in which all the quantities on the second side of the 
equation are suppesed to have been determined. 
3. Of the aphelion of a planet's orbit. 
Longitude 193. This is deducible immediately from article 
of aphelion. 179, where we have. 
rv p—r’p — (9 p’ cos m — 1” p’ cos n 
rp sinm — 1’ p” sin m 
for the quantity x is the angular distance of the aphe- 
lion from the observed place of the planet, the longi- 
tude of which is known. 
194. Another method of determining the same ele- 


tanr= 


Second me- 
thod. 


ment, is by means of the greatest equation of the cen- Plan¢ 
tre, for example, let the planet be observed when near Astronomy. 
A (fig. 48) ; if it should be exactly there, it will be 
known by the mean angle proportional to the time 
from M to A, minus the difference of the observed 
longitudes at M and A, being equal to the greatest 
equation of the centre. But suppose it to be less by 
some quantity e, then the planet is at some point S ; 
make a second observation, and now let the difference 
of the true and mean motions be greater than the 
greatest equation, by another quantity e’; then the 
planet is at T, past the aphelion. Now the longitudes 
of S and T are known; consequently the difference, 
SET is known, and the intervals between the two ob- 
servations ; then, the points S and T being supposed 
very near to A, we shall have 

e+e’: ZSET 3: e: £Z SEA 
Add, therefore, the Z SEA to Z SEM, and Z MEA 
or the angular distance of M from the aphelion will be 
détermined. 


6. To determine the epoch at which a planet is in the 
aphelion. 

195. This may be readily deduced from the preced- Epoch de- 
ing observations ; for since the interval of time ¢, be- termined. 
tween the two observations at S and T are known, 
and the angle SEA has been determined, we have 

et 
e+e 
the time from S toA: which time thus determined 
added to the time of observation at S, gives the time 
at which the planet was in its aphelion. 

196. We shall here conclude this division of our Tabteof the 
treatise, by giving the following table of the elements elements of 
of the planets, according to the most recent determi- the planets. 
nation of Laplace, reduced where necessary to English 
measures. 


Table of the elements of the planetary orbits. 





e+e :ecst: 


Sideral periods of the planets. 

Days 
Mercury ........ 87°96258 
Venus ......... 224°700824 
The Earth ...... 864'256384 
Mars .......... 686'°979619 
Vesta .......... 1335°205 
Juno .......... 1590°998 
Ceres .......... 1681°5389 
Pallas .......... 1681°709 
Jupiter ........ 4332-59630 
Saturn.......... 10758'969840 
Uranus, or the Geor- 


gian Planet . . . . 30688°712687 


Mean distances, or semi axes major of the orbits. 


Days 
Mercury .......... 0'387098 
Venus ............ 0°728382 
The Earth*®........ 1:000000 
Mares 4.6siaetsies 1°523693 
VGSEG: 6 avis adios kas 2°373000 





* The distance of the earth from the sun is computed to be 
93,726,900 English miles. 
422 


576 

JUNO 2.2... cece 4 2°'667168 
OF! 5 eee 2°767406 
Pallas g4.ccsece cons 2°767592 
Jupiter .......... 5°202791 
Saturn............ 9°538770 
Uranus, or the Geor- 

gian Planet...... 19°18305 


Ratio of the eccentricities to the semi axes major at the 
beginning of 1801, with the secular variation of the 
ratio. The sign — indicates a diminution. 

Ratio of eccentricity. Secular variation. 


Mercury...... 0205514 § 0°000003867 
Venus........ 0006853 0:0000627 11 
The Earth .... 0°016853 0°'00004 1632 
Mars ........ 0093134 0'000090176 
Juno ........ 0°254944 

Vesta ........ 0093220 : 
Ceres ........ 0°078349 \ not ascertained 
Pallas........ 0245384 

Jupiter ...... 0'048178  0'000159350 
Saturn ...... 0050168 00003 12402 
Uranus ...... 0'046670 0°000025072 


Mean longitudes at the beginning of 1801, reckoned from 
the mean equinox at the epoch of the mean noon, Jan. 
ast, 1801, Greenwich. 


é 4 
Mercury .......... 166 0 482 
Venus ...........- 1l 33 161 
The Earth ........ 100 39 10°0 
Mars ....... ..-7- 644 @ 57'5 
Vesta ... cece cease 267 $1 49:0 
JUNO’ bch sewn een 290 37 16:0 
Ores hbseews beens 264 51 340 
Pallas: ss4c2est ces 252 438 32:0 
Jupiter .......... 112 15 70 
Saturn..........0. 1385 21 32:0 
Uranus .......... 177. 47 880 
Mean longitudes of the perihelia, for the same epoch as 
_ above, with the sideral and secular variations. 
Mean lon. per. Sec. var. 
¢ 4 LA 
Mercury........ 74 21 46 9 43°5 
Venus.......... 128 37 08 4 28 
The Earth ...... 99 30 5 19 39 
Mars .......... 332 24 24 26 22 
Vesta .......... 249 43 O 
JUNG: 46652442088 53 18 41 
Ceres .........- 146 39 3 not known 
Pallas .......... 121 14 1 
Jupiter ........ ll 8 35 ll 4 
Saturn.......... 89 8 58 S82 17 
Uranus ........ 167 21 42 4 0 


Inclination of the orbits to the ecliptic at the beginning of 
1801, with the seculur variations. 


Inclination. Sec. var 
4 

Mercury .....- 7 01 19'8 
Venus ........ 8 23 32 4'°5 
The Earth 000 
Mars ........ 1 51 3°6 V5 
Vesta ........ 7 8 46>. 
Juno ........ 18 8 28 
Ceres ........ 10 37 sf not known 
Pallas ........34 37 76 
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Jupiter ...... 118 51 2S Plane 
Saturn........ 229 348 155 Astronomy 
Uranns ...... O 46 26 3°7 sw 


Longitudes of the ascending nodes on the ecliptic at the 
beginning of 1801, with the sideral and secular 
motions. 

Lon. of ascen. node. Sec. var. 


0 4 4 M 
Mercury .... 45 57 31 13°2 
Venus...... 74 52 386 3110 
The Earth... O O 0 
Mars ..... 48% 14 38 38 48 
Vesta ...... 103 O 6 
Juno ....... 171 6 37 ‘ 
Ceres ...... 80 55 i not known 
Pallas ...... 172 82 35 
Jupiter..... 98 25 34 2617 
Saturn ..... lll 55 46 37 54 
Uranus..... 72 51 14 59 57 


§ IX. On the computation of eclipses. 

197. We have already given a popular illustration of Compute 
the phenomena of eclipses ; and have shown that they ton of 
arise from the interposition of the earth between the lips 
moon and sun, or of the moon between the earth 
and sun. If the lunar orbit were in the plane 
of the ecliptic, we must necessarily have an eclipse at 
every conjunction and opposition of the sun and 
moon, and these phenomena would therefore, in this 
case, be governed by the phases of the moon; but the 
duration of the obscuration, and the other circum- 
stances attending the eclipse, would still depend upon 
the relative distances and apparent magnitudes of 
these bodies with respect to each other. 

When the moon is at her mean distance, the appa- 
rent diameters of the earth and sun as seen from the 
moon's centre are 1° 55’ 8” and 31’ 59”°08. But the 
angles subtended by the sun and moon at the extre- 
mity of the earth's shadow in a lunar eclipse, are the 
same, about 64’; consequently, the moon must fall 
within that shadow at a ‘very considerable distance 
from its vertex ; and by computation it will be seen, 
that the length of the shadow is actually about equal 
to four times the distance of the moon from the 
the earth. This has reference, however, only to the 
mean distance, but the eccentricity of the lunar orbit 
being only ‘0548553, the ratio between the length ot 
the shadow and the distance of the moon is never 
materially changed. For example, the greatest dis- 
tance of the moon from the earth never exceeds 64 
terrestrial radii; and the length of the shadow when 
the moon is in perigee is 212°896 rad. 

mean distance 

in apogee 
Consequently, as we have cbserved above, if the lunar 
orbit, were wholly in the plane of the ecliptic, we 
must necessarily have an eclipse of the moon at every 
opposition. 

The case, however, is somewhat different in a solar 
eclipse ; for here the shadow of the moon in no in- 


oeeeensneeeee#e@ 


eeoeeeee8ee 
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‘ stance passes far beyond the earth's centre, and in» 


some it does not even reach the surface ; but still the 
eclipse must, on the supposition we have made, ac- 
tually take place with every conjunction of the sun 
and moon : this phenomenon depending, not upon the 
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Astronomy. shadow of the meon, but upon the actual interpositior. 


—~ =~ of that body between the sun and earth. 


Fig. 57. 


The moon, however, revolves in an orbit which in- 
clines to the plane of the ecliptic at an angle of 5° 9 ; 
and, co ntly, she may be in opposition, that is, 
the difference of longitude of the sun and moon may 
be 180°, and yet the latter body be either above or 
below the terrestrial shadow, in which case no eclipse 
will take place ; and the same of course applies to the 
moon being in conjunction, or having the same longi- 
tude as the sun. It is not necessary, however, that 
the moon be actually in her node at the time of oppo- 
sition, but only that she be within certain limits of 
that position ; for the shadow of the earth subtending 
a larger angle at its vertex than the moon does, an 
eclipse may happen although the moon be not in her 
node at the time of opposition ; and the same again, 
except that the limits are more narrow, at the time of 
conjunction. Let us, therefore, first examine what 
are called the ecliptic limits, that is to say, the least 
degree of proximity of the moon that will render an 
eclipse possible. 

198. For this purpose, let SO (fig.57) denote the radius 
of the sun, TE that of the earth, and L the centre of the 
moon at the moment of opposition : the three centres 
being in the same right line. Let OENC represent a 
solar ray, sears erp, Sar pre eenie and to the 
earth at E: SO and will be perpendicular to the 
radius OC ; and CS will be the axis of the conical sha- 
dow projected by the earth, and which, therefore, will 
be dark between the earth and the vertex C. 

Let LuK be a portion of the lunar orbit ; then its 
tangent LN will represent the semi diameter of a 
section of the cone, jaan perpendicularly to the axis 


‘in the region of the moon, and this section will be a 


circle ; « will be the point where the edge of the lu- 
nar disc enters into the conical shadow ; the centre of 
the moon being in K, or Ku being supposed equal to a 
semi diameter of the moon at that time, as seen from 
the earth at T. Let now TE, the terrestrial radius 
= 1, then 


I 
TS = dist. of sun from theearth = -——— 
sin p 
te ol 
TL = dist. of moon from the earth = = p 
. _ 1 
TC = axis of conical shadow = 


where p denotes the parallax of the sun, P that of the 


moon, and C the angle of the cone, or C = TCE. 
l 1 
Now LC = TC — TL ~Ginc sine 
sinP —sinC 2 sin} (P—C) cos$(P+C) 
ie = ican sin C sin P 
Let the apparent semi diameter of the sun, as seen 

from the earth be called 6, then 

sin 6 

8 


, or 


SO = TS siné6 = — 
in p 

SCTE _ SC _ST + TC 

SO ~  §0 





and TC = 





~ §O 
Or, substituting for these quantities their respective 
values, we have 


577 











1, yy, sine 
sinC sinp sinC _ sin C 
snd \ sine 
( sin p ) 
Whence, 
sin 6 oak sin p _ sin C + sinp 
sin C sinC sin C 
Therefore, 
or, sin 6 = sin C + sinp 


sin C = siné — sin p 
Now, sin C = 2 sin § C cos $C 
and sind — sinp = 2sin § (6 — p) cos (3 + p) 
Wherefore, 
2 sin $C cos § C = 2 sin $ (6 — p) cos § (6 + p) 
In this expression, if (6 — p) and (8 + p) were equal 
to each other, we should have, accurately, 
2 sin§C = 2 sin } (6 — p) 
or C=é—p 
which may, in fact, be taken as an approximate equa- 
tion; for since 6 never surpasses 16’ 18”, nor p7 9”, 
we have the greatest value of $ (8 + p) = 8’ 14” 
and of $ (—p) = 8’ 5”; consequently, the cos $ 
4 (6 — p) = cos § (6 + p) very nearly. Hence the 
angle subtended by the side and axis of the conical 
shadow, is equal to the sun’s apparent semi diameter 
minus the sun's parallax, or, 
C=é—p 
Now CTE = 90° — C = 90° + p—é = bTE = bE 
2bE = 180° + 2p—285 = EbF = 180°— 2 (3 
— Pp) | 
E 5F is the obscure part of the earth's surface, which 
is less than a hemisphere by a zone whose altitude is 
C, or6—p; andthe enlightened part is for the like 
reason greater than a hemisphere by the same 
quantity. 
The angle LT u = TuE—C =P—C=P—é + 
p= P + pPp— 8 
Hence the sum of the two parullaxes, minus the sun's 
semidiameter, will be the angular distance of the 
moon from the axis of the conical shadow at the mo- 
ment when the edge of the lunar disc enters into the 
shadow. To this angle, adding the moon's semidia- 
meter (d), we shall have the angular distance of the 
axis of the cone from the moon's centre for the same 


instant. The two expressions therefore are 
P + p— 6, and 
‘ P+p—é+d, 


and they are those generally adopted ; although, as 
we have seen, they are in fact only approximative, 
but very closely so. 

199. If we conceive the moon to be placed between the 
earth and the sun in L’, L/n’ being a part of its orbit, 
n’ will be the point at which the moon enters into the 
luminous cone, and we shall have 


L/T rn’ =TVE+ C=P + 6—p=P—p+é. 


Whence the difference of the parallaxes, plus the semi- 
diameter of the sun, will be the angular distance of 
the centre of the moon from the axis of the cone, at 
the moment when the centre of the moon enters into 
the luminous cone; and to this expression, adding 
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ferent apparent diameters of the sun that must have = ptane 
place to produce a total or annular eclipse. For ex- Astronomy. 
ample, in the following table,the semidiameter of the sun ———~__—— 


5/8 


Astronomy. the semidiameter (d) of the moon, we shall have the 
“> angular distance corresponding to the moment when 
the edge of the lunar disc enters the cone. 


Limits of 
total 


The formule therefore for solar eclipses are 
P—p+é 
P—p+é64+d. 
We have thus the general expressions for the limits 
ne which no eclipse of either luminary can take 
e. 
200. Within these limits an eclipse will happen, but 
they must be still further restricted in the case of the 


‘being such as stated in the first column, the lunar pa- 


rallax (P) must not be less than that stated in the se- 
cond column, in order that the eclipse be necessarily 
total : ifthe parallax be less than in the second co- 
lumn, but greater than in the third, it may be total 
to certain observers ; but if the parallax be less than 
that given in the third column, it can be only annular 


or partial. 








eclipses sun, inorder that the eclipse may be total. With respect 
to the moon, the eclipse is aeceieile total, provided Limits of total and annular eclipses. 
the latitude of this luminary be such that it enters 
completely within the shadow. But this condition 6 Pp pY P—P’ 
only is not sufficient in the case of a solar eclipse ; for 
although the moon may be completely interposed be- 
tween the earth and sun, yet its shadow may not 1s 48 57 42 | 56 48 by 
arrive at the earth; and in this case the eclipse will 15 50 58 Ol 57 3 58 
not be total, but annular or partial, 15 55 58 19 57 21 58 

Draw KVO, a tangent to the moon and sun ; then, 16 00 58 37 57 39 58 

if KL’ be equal to TL’, the eclipse is necessarily total 16 05 58 36 57 56 60 
wherever it is central ; and the duration of it will be 16 10 59 14 5S 14 60 
greater or less according to the situation of the ob- 16 15 59 32 58 32 60 
server on the terrestrial surface. The same will also 16 20 59 (51 58 50 6] 


happen if KL/ be greater than TL’; but the obscura- 
tion will continue longer. If KL/ be less than L’T, 
but not less than L/a, the eclipse will still be total to 
those observers who are nearer the moon than the 
vertex of the cone, and total for an instant only to 
those who are precisely at the same distance as the 
vertex: to others the eclipse will be partial or annu- 
lar. If KL’ be less than a L/, then the eclipse cannot 
be total to any observer on the terrestrial surface. 
Now it may be shown, that 





1. Eclipses of the moon. 


202. Having in the preceding articles explained the Eclipses 
principles by which the ecliptic limits may be deter- the moon. 


mined, we proceed now to the computation ; beginning 
with those of the moon. 


Let NZ (fig. 58) be the ecliptic, O the point of it Fig. 58. 


opposite the sun, or the nadir of the sun; the posi- 
tion of which will always be known by adding 180° 


1 sin d 
TL’— KL’ = — —-——.— to the sun's longitude. This point O will therefore 
sin P hs P tas é be in the axis of the cone, and be the centre of the 
sin é sin P circular section cut bya plane perpendicular to the 
sin 6 sin P axis. Let 


Hence assuming d = 16’ 28”, =16’ , P= 60’ 
20” p—8”6; wehave, expressing the above in num- 
bers, 

1 ( ; sin 
sin P sin 6 


Os. Pie cee ae et 
TL'— KL 1 — 002445107 








OE = 0G = P + p — d, be the semidiameter of the 
shadow. 

Conceive NAV to represent the orbit of the moon 
inclined about 5° 9 to the ecliptic; then OA will be the 
latitude of the moon at the moment of conjunction. 
We shall suppose the point O immoveable during the 
time of the eclipse, although in fact it advances along 
the ecliptic about 2’4 in an hour, but the moon’s mo- 


== (000245110) ( 1— = tion is about 32’4 in an hour; we may therefore con- 
sin P sin 6 sider the point O constant, and conceive the moon to 
“y 1:°27386100  0'0024511 advance at the rate of about 30’, this being called its 
702 “ne  anP relative velocity or motion in the ecliptic. 


Consequently, when this expression is equal to zero, 
we shall have 


sin P = 3:663792 sin 3 
and when it is equal to unity, that is, to T a, 
1°002508336 


While the moon advances from N to A (fig. 59), pig, 59, 


her latitude, which is nothing at N, will be OA when 
she has arrived at A, or is in conjunction. 

Let m M denote the motion of the moon in longi- 
tude, and m2 her motion in latitude, and m5 the 
motion of the sun in longitude. 





sine = » 
1 0°279996 Then — = tan of inclination of the true orbit = 
sin 6 tan N; 
and it is only between these limits, in the value of md ek alinati . . 
sin P, that the eclipse can be total. mMons tan of inclination of relative orbit 


201. By means of these two expressions, we may com- 
pute the several values of P corresponding to tie dif- 


=tanI; 
for while the moon passes from N to A by a combi- 
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Agronomy. Bation of the motions mM, md, the nadir of the sun 
~~’ will have passed from S to O; so that the moon and 
the nadir of the sun are found at the same instant in 
the same circle of latitude AO. 
Now in the right angled triangle ONA, we have 


OA 
eNO 
but by placing the nadir immoveable in O, it is ne- 
cessary to suppose that the moon left the point I, such 
that NI = SO; whence IO will be the relative motion, 
which we have denoted by mM— mS: the motion 
in latitude will be actually OA; and the triangle OAI 
gives 
AO mr 


seas IO =mM—ms 


as stated above. 

The motions being supposed uniform during the 
eclipse, if we assume m M, m, mS, to be the hourly 
motions, and n any fraction of an hour; then nmM, 
zmvX, nmS, will be the actual motions in the time 
mn, and we shall still have 

nmv mX 
amM—nmS  mM—mS 
Hence the relative motion of the moon to the sun, 
will always have the same inclination to the ecliptic ; 
and if we suppose the nadir of the sun immoveable, 
the relative orbit of the moon will be IA, of which 
the inclination is I 

These suppositions are made for the sake of sim- 
plifying the calculation ; and they are so nearly true 
for the interval we have employed, that they produce 
no sensible error in the calculation : but if more accu- 
racy should be thought desirable in any case, we may 
employ the common methods, for calculating the 
distances of the centres; or we may eonceive the 
period of duration of the eclipse divided into a certain 
number of equal parts, for each of which the angle I 
of inclination may be computed. All the motions to 
which we have referred are the true motions as seen 
from the centre of the earth; and no notice is taken 
of the parallax; for in order to know whether the 
moon actually enters into the shadow, and loses the 
light which she receives from the sun, it is not neces- 
sary to know the point in the heavens to which the 
moon is referred, but the point where she actually is, 
before we can ascertain whether she is in the light or 
in the shadow. 

Calculation. 203. These preliminaries being established, and sup- 
posing the time of opposition to have been determined 
by tables, or otherwise to within half an hour of the 
truth, we commence the calculation of the eclipse as 


= tan I. 


follows: 
Calculate first, 
mN 
tant = 3M — mS 
make J = 180+ 5S 
then 
(mM — mS) ; 1 hour = (3600) : @ —M: t= 
(3g —M) 3600” 
mM—mS 


So that T being the time given by the first calcula- 
tion, the time of opposition will be 


7 (go =) 3600” 


Shae mM—mS 
In which ¢ will be negative if M 7 ¢. 
Again, 
tm X 





8600” : md°3t . 


Hence the latitude at the opposition will be 


tmr dé —M 
M+ sage =*+ (Sas) Mah 
where \ is supposed to be the latitude by computation. 
Now l cos I, will be the shortest distance ; for, 
letting fall the perpendicular m QO, fig. 58, on the re- 
lative orbit NA, the point m will be the nearest to the 
centre O of the shadow ; Om will be the shortest dis- 
tance from the centre of the moon to the point O, 
and 
Om = OA cos m OA = I cos I 
and it is evident that m CA = 90° — mON = 90° — I, 
also, mA will be the path of the moon in her orbit 
between the time of the shortest distance in m, and 
the time of the conjunction in A, or 
mA = OA sin mOA = lsin I = Om tan I. 
Let fall the perpendicular mm’ on the ecliptic, and we 
shall have 
m’ O=m O cos m Om’=I cos I sin mOA=!1 sin I cos I 
(mM — mS) : 3600” :: m’O : timein m’O = 
Ll sin I cos I 3600” 
mM — mS : 
tsinI 3600” mA 3600” 
mM—mS” mM—mS 
cos I cos I 


time inm O= 


Thus, in order to convert the arc m’A into time. 
that 1s to say, to determine the time which the moon 
employs to describe any arc of its relative orbit, it is 
sufficient to multiply this arc by the constant quantity 

3600” 3600” cos I 
mM —mS”~ mM —mS 
cos I 
and reciprocally, to know the arc of the orbit when 
the time is given, we have only to divide by the above 
quantity, or multiply by its reciprocal, 
mM —mS 
3600” cos I 
This is denominated the horary motion in the relative 
orbit. 

204. From the centreO, (fig. 58) and with the radius 
P + p — 6 = OR, describe the circle ERG, which 
will be the circle of the shadow, or the section of the 
dark cone. With the radius OL = OV = P+ p —8 
+ d mark the points L and V on the relative orbit ; 
and from the points L and V, on the relative orbit, 
and with the radius LE = LV = d, describe two 
circles, which will represent the disc of the moon; 
and which two circles will be tangents in E and in G 
to the circle of the shadow. The points L and V will 
therefore be those of the beginning and end of the 
eclipse: the right angled triangles m OL, m OV, will 
have two sides equal each to each; and hence it fol- 
lows, that 
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Astronomy. 93 Ly = mV = J (OL? — Om*) = ./(OV? — Om*) 
eee 


=,/{ (OL — Om) (OL + Om)} 
=/{(P +p—S+d—lcos!I) (P+ 


p—&+d+ bcosl)} 
whence the value of m L or m V becomes known. 


Duration of 205. It follows from this, that the point m is equally 
the eclipse. distant from the beginning in L, and from the ending 


Quantity of 


in V ; it is therefore the middle of the eclipse, and the 
mt: at m is called the time of the middle of the 
ecipse ; the time in L m is the half duration; where- 


fore the 
mL * 3600” : cos I 
mM — mS 
middle of the eclipse — $ duration = time of com- 
mencement, 


middle of the eclipse + 4 duration = time of the end. 
Hence we may make 


half duration = 


: . Om lcos I 
sin OLm = SiIn& = OL P+p—ét+d 
and ° 
mL = OL cosu = (P+ p — & + d) cos u. 
As the moon advances from L towards m, its dis- 


the eclipse. tance from the centre O will diminish, because we 


Fig. 60. 
Projection 
of an 
eclipse. 


have always for any point L’, 

L’'O* = L’m? + Ont; 
Now the distance cannot diminish without a part of 
the disc entering into the shadow, and being eclipsed ; 
and the part eclipsed will be 
LO —V/O = ((P + p—& +d) — the actual dist. 
of centres. 

It is obvious, supposing the centre to be in L/, 
that the semidiameter drawn from L/ towards O will 
be in the shadow; and that the part RL of another 
semidiameter will be also in the shadow. The eclipsed 
part therefore will be 
d+RU/=d+ OR’—-VO=d+P+p—és—L/O 

=P+p—é+d—L0. 

The least value of L/m is Om, and therefore the 
greatest quantity of the eclipse is found by substitut- 
ing for L’m, Om, or its value 2 cos I, in which case 
it becomes, 

P+p—é+d—lcoslI. 
If the part eclipsed be equal to the lunar disc = 2 d, 
we shall have, 
Qd=P+p—%+d—LO 
or LO= P+ p—é+d—2d=(P +p) — (8+a) 
= sum of the parallaxes — § sum of diameters. 

206. Take L‘O= (P+ p) — (6+ 4d), (fig. 60,) and 
describe about the two points L’, L/ two circles touch- 
ing the circle of the shadow OR in the points R, R’, 
and we shall have 


/\(OL’ — Om) (OL’ + Om) } 
V{(P + p—é—dicos!l) (P +p—s+d 
+ lcos I)} 


mi 


and the half duration of the total eclipse will be 


mL/ 3600 cos I 
mM —mS 
In order to make these calculations of the half dura- 


tion, the radius of the shadow is commonly assumed 
equal to $4 (P + p— d) ; because it has been found 


4 duration = 
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that the observed duration always exceeds the com- 
puted ; a circumstance which is attributed to the at- 
mosphere of the earth, viz. its intercepting the light 
of the sun, and thereby producing an effect equivalent 
to an increase of ‘5 1n the diameter of the earth. 

It is customary to express the quantity of the eclipse 


in digits, or pyths of the lunar diameter, under which . 


form our equation (art. 205.) becomes 
eclipse = x (P + p—8 + d—lL cos) 


which, when ! = 0, or when the eclipse happens in 
the node, becomes. 
eclipse = (P + p) + (d— 8) = (P +d) + (p—) 


60°20 76°48 
= 6a ¢ t CP) = F695 7 CP) 


which exceeds the quantity 2d very considerably. 
Whence we learn that a lunar eclipse may be more 
than total; that is, the number of digits may ex- 
ceed twelve. 

207. Again let us suppose 

2 d= eclipse = P + p+ d—6 — Jl cos I 
and it will follow, that 

tcos I = P + p— (8 + 4), and 

eee 

cos I " 
In this case the eclipse will be total, but only for an 
instant; if J be less than this quantity, the eclipse will 
be total with a greater or less duration: but if J be 
greater, the eclipse can only be partial. 

The least value of P + p is 53’, ahd in this case 
d+ é= $3)’ at the greatest : hence 
P —(d—3 fo ey , 

P+ p— (@—8) _53'—8V _ 22 at the mini- 
cos I cos I cos I 

mum; consequently, if the latitude do not exceed 22’ 

we may conclude that the eclipse is necessarily total. 

When we have measured the quantity of the eclipse 

E=P+p—é+d—QJlcosI, 
we shall have 

P=KE—p + é—d+lcosI 

and we thus know the parallax of the moon, provided 
we know that of the sun, the semidiameters and the 
latitude ; but practically this method, though em- 
ployed by the ancients is by no means conclusive, on 
account of the difficulty in measuring the eclipse in 
consequence of the penumbra. 

The figure of the shadow is always circular, which 
demonstrates the spherical figure of the earth ; but as 
the arc which terminates the shadow is never more 
than a small part of the circumference, it is impossi- 
ble from it to decide whether it be accurately a circle 
or an ellipse of small eccentricity. 


‘= 
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206. As the penumbra, which encompasses the pure Of the lon- 
shadow, renders the beginning and end of the eclipse gitude of 


difficult to observe with certainty, astronomers prefer 
noting carefully the moment when the edge of the 
shadow arrives and it passes the divers spots which are 
always observed on the disc of the moon. Thus the 
same eclipse may present many different observations, 
which we may compare with others made in a differ- 
ent place, in order to ascertain the difference of longi- 
tude between the meridians; for these phenomena 
happen precisely at the same instant of time to all 
observers ; and the time shown at these different places 


Ces. 
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Astronomy. will furnish of course the means of determining the 


Sie! 


construc: 


tion. 
Fig. 61. 


difference of longitude between them. 
The ancients, who had only the eclipses of the 
moon for finding the longitude, might easily be 


' deceived as much as 2°, or even more, in their results: 


for two degrees in measure answers only to eight 
minutes in time ; and we may readily imagine, that 
with the means they possessed, two observers might 
very easily be in error each four minutes in opposite 
directions, and thus cause a difference in the results 
to the extent we have stated, and even considerably 
beyond it. 


Geaphical construction of an eclipse. 


209. Let AX (fig. 61) be a line representing the 
ecliptic, and divided into six equal parts by six per- 
pendiculars, which will be so many parallels of 
latitude. Take each interval, AA’, A’ A”, &c. for the 
hourly relative motion in the ecliptic, and divide each 
of these intervals into 60 parts, which will be minutes 
in time; place the corresponding nuinbers 1t every 
five minutes, and mark with zero each intersection 
with a circle of latitude. This figure, once con- 
structed and divided, will serve for all kinds of eclipses 
and occultations. 

Let A” be the place of the moon for the instant 
given by calculation; then, on the first interval, 


take 
AB=mM—mS= relative motion of moon in 
“— (the ecliptic. 

If, for example, the relative horary motion be 32’, 
we must make AB = 3%’, and the perpendicular BD 
= 60’; and the lines BD, AB, will have to each 
other the ratio of the times to the angular motions. 
Through the points A and D draw the indefinite right 
line ADH. This being done, take Ac equal to the 
latitude for the time shown by the calculation ; and 
the perpendicular cd will be the latitude in parts of 
the figure: apply ed from A”’ to a’”, and a’” will be 
the place of the moon at the time given by the cal- 
culation. 

Take Aa equal to the latitude an hour before the 
time by calculation, and apply the perpendicular a 6, 
from A’ to a’, and the latter will be a second point 
in the relative orbit ; draw the indefinite line a” a’”’, 


- which will be the relative orbit. 


Take Ae equal to the difference of longitude between 
the moon and the sun at the time by calculation, and 
ef will be the distance of the conjunction in the figure ; 
apply then ef from A’” to O, and O will be the place 
of the conjunction, and the centre of the shadow. If 
the conjunction is past the time by calculation, 
OA” must be applied backwards on the ecliptic; but 
otherwise it must be taken forward towards X ; and 
the divisions for the time will show how many minutes 
the point O precedes or follows the time by calcula- 
tion: and we shall thus have the instant of opposition. 

Draw the perpendicular O m, which will be the 
shortest distance: let fall the perpendicular im 2, and 
the point will show how much the middle exceeds 
the time by calculation, or how much it follows the 
time from A” ; that is to say, the time in A” dimi- 
nished by an hour. 

Take AG’?=P+p+d—é6é; make OC= GH’, 
and with the radius OC mark the points C and F from 
the beginning and the end: and the perpendiculars, 
Cc, Ff, will give the instant of these two phases. 
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in, take AG” = P + p —d — 8, and make OI 


Plane 


= G”H”; and with this as a radius, mark the points Astronomy 


I and E, which wil] be those of immersion and emer- 
sion; viz. from the commencement and end of the 
total eclipse. The perpendiculars Ii and Ee will 
give these two instants. 


Take AG =P + p — 6, and with the radius OG = 


GH describe from the point O the circle GM, which 
will be the section of the shadow. 

With the radius CG describe circles about the points 
C, I, m, E, F, and we shall have all the phases of the 
eclipse. 

Produce Om to M ; (d + mM) will be the quantity 
of the eclipse. If Om is less than P + p—é—d, 
the eclipse will be total; if Om = OM, the eclipse 
will be six digits; if Om be greater than P + p — 6, 
the eclipse will be still less; andifOm=P+p—é 
+ d= OC, the eclipse will not take place, being in 
this case only a simple contact. 

We have stated, that the figure above described, 
when once constructed, will serve for all eclipses; it 
is therefore advisable, in order to preserve it, not to 
draw actually the several perpendiculars Cc, Ii, mn, 
&c., but to employ a square for simply getting the 
points of intersection, which is all that is required. 
See Delambre's 4b: égé d' Astronomie. 


2. Lclipses of the sun. 


210. At the instant when the centre of the moon Eclipses of 
enters into the luminous cone which extends from the the sun. 


sun to the earth, the angular distance of the moon 
from the axis of the cone is P— p+ 6; atthe instant 
when the edge of the moon enters into the cone, the 
distance is P—p +6-+d. But the edge of the moon 
cannot penetrate into the cone without obstructing 
the light of a part of the sun from an observer at E 
(fig. 57,) who will see the edge of the solar disc in 
the horizon, his zenith being in the prolongation of 
the radius TE; but an observer at E’ will see the 
centre of the sun in the line E’rS, and the inferior 
limb in the line E 0 O’, and consequently at a certain 
distance from the edge of the moon which enters at 
n’; the eclipse therefore will not have commenced to 
the observer at E’. 

Let us conceive the plane L’ro to be a tangent to 
the orbit V'n’L’ of the moon. This may be called the 
plane of projection; or will be the projection of the 
semidiameter of the sun; the point r the projection 
of the centre, and o that of the edge. The observers 
placed in different parts of the enlightened hemi- 
sphere, of which the section is EaF, will all see the 
centre of the sun answering to different points on the 
plane of projection. 

The section of the cone by this plane will be circu- 
lar, the radius of the circle seen from the centre of the 
earth, subter.ds an angle equalto P—p+6. Let 


therefore O (fig. 62) be the centre of the sun, con- Fig. 62 


sidered as immoveable, and with the radius OE = P 
— p + 6 describe the circle ED, which will represent 
the section of the cone. LetOA be the latitude of the 
moon in conjunction, NLAV the relative orbit; and 
the perpendicular Om will be the shortest distance of 
the centres. Let OL =P—p+6+d, and mark 
the points L, V, which will indicate the first and the 
last instant of the eclipse ; the point E will be that 
at which the first edge of the moon enters into the 
cone; and the point S that at which the other edge 
4 
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Astronomy. leaves it; therefore from the points L and V, and 
aor —we’ with the radius LE = VS = d, describe two circles, 


Effect of 
parallax 
illustrated. 
Fig. 63. 


Fig. 64. 


which will represent the lunar disc ; the points E and 
S will be the points of contact of these: two circles 

with the circle of the section of the cone EDS. 
We shall thus have, as in the eclipses of the moon, 
mr 


tan [ = —_-__ 


aM ons? Om =lcosI; Am=ilsin I; 


l sin I cos I. 3600” 
mM —mS 

mL = .{(OL + OM) (OL—Om)} 

m L: 3600’: cos I 
mM —mS 

211. Instead of the trigonometrical calculation, we 
may employ the graphic construction, (art. 209) and 
we shall thus have all the general circumstances of 
the eclipse ; viz. we shall have the instant when the 
shadow of the moon begins to abstract the light of 
the sun from certain points on the earth, and that, 
when the eclipse is entirely terminated; but the 
most important and the most difficult to determine, 
is the precise places on the earth where the eclipse 
will be visible ; and to find rules for calculations of 
the eclipse for a given place ; for these circumstances 
vary with the position of the observer relative to the 
moon and sun, which changes every instant by the 
diurnal motion. 

In all these calculations it is necessary to take into 
account the parallax, which is different for every place 
on the earth, and of which the effect changes every 
instant ; in short, it is involved in so much intricacy, 
notwithstanding the ingenious application which has 
been made of the plane of projection, that M. Delam- 
bre has preferred employing the direct soiution, and 
in which we propuse to follow him in the remaining 
part of this article. 

212. Let T (fig. 63) represent the centre of the 
earth, O a point on its surface, of which Z is the 
zenith. Let S be the sun, whose zenith distance will 
be ZTS for the centre of the earth, and ZOS to the 
observer at O; let the moon be in the same vertical 
at the distance ZOL ; then the observer will see the 
centre of the moon on the centre of the sun; and if 
we suppose the apparent diameters of both bodies to 
be the same, as they are nearly, the edges of the two 
discs will coincide, and the sun will be totally eclipsed 
to the observer at O, while to an observer supposed 
at the centre, T, the entire disc, will be luminous, as 
it will consequently to all points on the surface com- 
prised between the radii aT, 5T, and to observers 
situated towards D and E, the distance of the two 
bodies will be still greater; we see therefore how 
very considerable is the effect due to the parallax. 

Let LR (fig. 64) be the horizon, and HMPR the 
meridian of any place P; PS the circle of declination 
of the sun S; PL, that of the moon L; La, the 
semi-diameter of the lunar disc; S },'that of the solar 
disc ; at the centre of the earth, the distance of the 
edges of the moon and of the sun will be the arc ba, 
and therefore there will be no eclipse to an observer 
supposed at the centre; but if the arc ab does not 
exceed a few minutes of a degree, the parallax, which 
has a tendency to diminish this distance, may bring 
the disc of the moon within the luminous cone, and 
produce an eclipse more or less considerable. 


time inAm = 


4 duration = 
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If it be desired to have the entire effect of the paral- 


lax, in the place of referring the moon to the zenith Astronomy 


V, of the place P, and to the vertical VL, which is 
oblique to the distance of the centres SL, let us place 
it at Z on this distance SL, prolonged'to M and Z; then 
the parallax will carry the edge a of the earth directly 
towards S. Make a Z = 90°, La will descend towards 
S by all the horizontal parallax ; a } will be diminished 
by a quantity equal to it ; and if therefore ad is equal 
to this parallax, the distance of the edges of the sun 
and moon is reduced to zero, supposing no parallax 
of the sun, but this last is p, and therefore the actual 
diminution of the arc ab, will be P —p; conse- 
quently, when ab = P — p, we shall have a simple 
contact at the place, whose zenith is Z, and which 
obviously happens when 
SL=P-—p+é4+d 


which is precisely the radius we have employed for 
determining the commencement and the end of the 
general eclipse. (art. 210.) 

213. Let us conceive the arc ZP to be drawn, then 
PZ will be the meridian of the place, where the simple 
contact will be observed; PZ will be the distance 
from the pole, or the co-latitude of it; HMP is the 
meridian of the given place P, and consequently 
ZMP is the difference of the meridians. Now we 
know the time at P, for which we have calculated 
the true distance LS; and we have therefore the 
horary angle MPS. Hence, if we can find ZPS, we 
shall have ZPM = ZPS — MPS; but in the spherical 
triangle ZPS, we know 

PS = 90° — dec. of sun = 90°— D 

SZ = Sb + 90° = 90° + Jdiam. © = 90° + 6; 
and we may calculate the angle PSL; we shall there- 
fore have 
cos PZ=sin lat.=cos S sin PS sin ZS +cos PS cos ZS 

=cos S cos D cos 6 — sin D sin 6 


cot ZS sin PS 


an S — cos PS cot. S; 


cot. ZPS = 
ZPS will therefore be the horary angle of the place, 
which is greater than the same angle corresponding 
to P, and the sun therefore more distant from the 
former place than from the latter: here we not.only 
know the difference of the meridians, but we shall 
know also whether it be to the east or west, and the 
place required is therefore correctly known ; that is, 

lon. sought = lon. P + (ZPS — MPS) 
= lon. P — horary ang. of P + ZPS, 

and this longitude will be west of P, supposing S to 
be in the east part of the heavens, and the hour at P 
to be in the morning. 

If, on the contrary, we suppose the figure to repre- 
sent the western part of the heavens, the time at P 
will be afternoon, and the east longitude of the place 
will be 

= lon. of P+ MPS 

== lon. of P + ZPS — MPS 

= lon. of P east — hor. ang. of P. 
+ the hor. angle of the place. 


The point thus determined will be the first that has 
simple contact. 

214. The instant after tnat at which the simple 
contact has place. the true distance LS will be dimi- 
nished, and ah will be less than P — p. 
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Astronomy. Let ab=(P—p) sin N, or place P, which may be considered to represent Paris, ie Plane 
Say at we shall have determined the place which will have a “*70my 
sin N= P = sin bZ simple contact by the leap in altitude ; the central 
oe ; eclipse by another parallax of altitude, and the most 
then N will be the distance from the zenith, which gouthern eclipse by the horizontal parallax; all 
will give us the parallax in altitude =a}, sufficient these places will be in the same vertical, and there- 
for reducing the distance ab to zero. With fore necessarily in a great circle of the terrestrial 
SZ = bZ + 6, PS and angle S, sphere ; and two of these points, viz. of contact, and 
we shall have, that of the most southern eclipse, will be sufficient for 
cos PZ = sin lat. = cos S sin PS sin ZS + cos PS finding all the intermediate places which will have 
cos ZS: an eclipse of intermediate magnitude ; for two points 
: t ZS sin PS being given on a globe, nothing is more easy than to 
cot ZPS = LSP BE _ cos PS cot S, join these points by an arc of a great circle, and such =’ 
sin S circles traced for every 10’ for the whole duration of 
the longitude will be known by the preceding formula, the eclipse, will convey a sufficiently exact idea of all 
and ZS will be the true distance of the sun from the the places that will be eclipsed, or of the terrestrial 
zenith. zone traced by the shadow of the moon. 
There will be a time when SL = P—p: then sup- _.216. In order to illustrate the application and use ~ 
posing SZ = 90°, our formule will become of the oblique parallax, let 
cos PZ = sin lat. = cos S sin PS LS 2 (P— p) + (6 + 4d), (fig. 65,) Oblique 
cot ZPS = — cos PS cos S On this known side, form with the sides parallax 
illustrated 
this calculation will give the latitude and the longitude SV=6+dand LV=P--p, Fig. 65. 


of the place, which will be first centrally eclipsed. 

Afterwards the distance SL will be less than the 
parallax P—p ; it will then be necessary to find 6 Z, 
SZ, and the quantities as before by the formule, (art. 
214.) We shall thus have successively all the places 
which will be centrally eclipsed, both in the time at 
the given place, and in that of the places themselves. 

As SL diminishes, we may, with different values of 
SZ, have different parallaxes; and, consequently, 
eclipses of different magnitudes, from the simple con- 
tact to the north of the sun to the central eclipse, and 
even beyond that in the south part of the sun; and 
sometimes merely a simple contact with the southern 
limb of the sun and the northern limb of the moon, 
providing we have 

P—p=SL+ 64d, or 
SL=P —p—é6-—d, 
which is very possible. 

Suppose even that the distance SL be less than 6 + 
d, so that the disc of the moon covers a part of that of 
the sun to the centre of the earth, it would still be 
possible to reduce this eclipse to simple contact, by 
finding a zenith Z on the prolongation of SL, which 
should give us a parallax. 

(P — p) sinbZ=—ab, or 
. ab 
sin bZ = P—p? SZ =6bZ — é. 

Then, in the triangle PSZ, we shall have PSZ = 
180° — PSL, SZ, and PS ; whence we obtain PZ, and 
ZPS by the above formule; but in this case, the 
difference of longitude will not be the difference, but 
the sum of the horary angles. 

For all these divers cases, there are always the 
same two trigonometrical formule, and the same for- 
mule for the parallax in altitude. 

Again, when the distance a b shall be less than the 
horizontal parallax, and that we are obliged to have 
recourse to the parallax in altitude, to reduce the 
edges to contact, we may still obtain a simple con- 
tact by making the parallax act obliquely instead of 





the triangle SLV, which we may consider as rectili- 
near, in order to simplify a little the calculation ; and 
let us compute 


oe Ss 7 
sin °{ SLV= (=> +t) ( a LV ) 


SL: LV 
We shall then know SLV, which, subtracted from 
PLS, will give us PLV and PLZ = 180° — PLV, SL 
= 90° — (P— p) and PL = 90° — declination of the 
moon. 
We may then calculate, 


cos PZ = cos PLZ sin ZL sin PL + cos ZL. cos PL, 


cot ZL. sin PL 
cot ZPL = Fin ZLP — cos PL cot ZLP 

ZPS = ZPL + LPS = ZPL + (RO—RMC) 

We have then the latitude and the longitude always 
by the same formula. 

Let us now apply LV on the other side LV’, and 
the triangle LSV’ will be perfectly similar and equal 
to LSV ; we have therefore already SLV’, and 

PLV’ = PLS + SLV’ = PLZ = 180° — PLV’; 
and we may calculate PZ’, Z/PL, and ZPS, by the 
preceding formule, and we shall thus, for the same 
instant, have another point, where will be seen a 
simple contact in the horizon. 

In order to abridge these calculations, we may 
form for the whole duration of the eclipse, for every 
ten minutes, a table of the sides PS, PL, SL, and of 
the angles LPS, PSL, and SLP. 

Lastly, if we wish to know those places which have 
a simple contact, or an eclipse of a given number of 
digits for its greatest phase, the means are still equally 
easy. 

For this, we may assume the centre V of the moon 


(fig. 66) on the line of the shortest distance mS, in Fig. 66. 


such a manner, that SV = 6 + d, or SV = 8 + d—n 
digits ; then we shall know mV, we shall have mL 
by the relative orbit, and 


Advantages directly in the arc LS. tan m LV= my iy L 
Oftheahoye 215. This method presents many advantages : for mL. cosmLV 
methol, example, let us suppose, that for the same hour at the PLV = PLS—mLV; PLZ = 180°— PLV 


4r@ 
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sin ZV = EU, ZL = ZV —LV 
P—p 


Then, in the triangle ZPL, we shall have ZL, PL, 
and the contained angle, to calculate PZ, ZPL, ZPS ; 
and we have still the latitude and longitude by the 
same formule. 

In making use of the oblique parallax, we may take 
for our data one of the angles, with the sides SL and 
SV, for example LSV, and hence find LV, ZV, and 
ZL; and for the rest, the calculation is the same: as 
the above. When SLz (P — p) + (6 +d), we have 
two points V,V’ two equal and similar triangles SLV, 
SLV’ ; two zeniths, Z, Z’, which have a simple con- 
tact in the horizon: the triangles SLV, at first very 
oblique, have the angle at L very acute, the angles V 
or V’ very obtuse ; L will open more and more, and 
V will close; the angle LSV will increase from 0 to 
180°, and we shall then have, (fig. 65,) 

P—p=SL + (6+), or 
SL = (P—p) — (6+ 4) 
at this moment the points V and V’ are in one, we 
shall have only one zenith, one point of contact in the 
horizon ; the curve formed by all these zeniths which 
give the contacts in the horizon, will finish as it 
begun, in one point only ; it will form a sort of oval, 
of which we may have the breadth at each instant ; 
for this breadth is the arc ZZ’, which separates the 
two zeniths, where the contact is simultaneous : now 
ZL =90 —LV = ZL= 90° — LV’; therefore 
sin $ ZZ’ = sin ZL sin SLV = 
sin | 90’ — (P—p)}sin SLV= 
cos (P — p) sin SLV. 


The breadth ZZ’ can never become zero, except when 
sin SLV vanishes; therefore the two branches do 
not cross each other, and they touch each other only 
in the extreme points. 

If the shortest distance = (P — p) — (8+ d), it 
will be at the middle of the general eclipse that the 
angle LSV becomes equal to 180°; and in the other 
half of the eclipse we shall see return in the inverse 
order, the same angles S, L, V, and the same tri- 
angles SLV, but not the same triangles LPZ, because 
the angles PLS, and the sides PL will have changed. 

If the shortest distance Sm 2 (P— p) — (6+ d), 


it is before the middle of the eclipse that the angle _ Plane 
LSV will be 180°, and the contacts at the horizon Astronomy. 
will cease, to commence again after the middle, when “~ ~ 
we shall have SL = (P — p) — (6+ 4d), by which 
interruption we see that the curve of the contacts will 

close, and form an oval of an unequal breadth. 

While SL 2 (P — p) — (6 + 4), the contacts at the 
horizon are impossible ; and in order to have the 
simple contact, we must employ the parallax in 
altitude. 

At the conjunction in right ascension, (fig. 67,) if Fig- 67- 
SL = (P—p) — (6+ 4), the zenith Z is on SP; 80 
that SZ = 90° — 6; butif SL 7 (P—p) — (6+ 4), 
we shall have two zeniths Z and Z’, which will cor- 
respond to places having contacts at the horizon; LZ 
= LZ’ = 90° — (P—p): these arcs will be com- 
monly greater than LP, and the distance ZZ’ of the 
zeniths will be found by the formula, 

sin 4 ZZ’ = cos (P — p) sin SLV. 

The difference of longitude is the sum of the two 
horary angles after the conjunction. The point 
V, which gave a zenith more westerly, will give 
one more easterly, the two branches will intersect 
each other in the interval, and the curve will resemble 
the figure of 8. We might extend these remarks to a 
greater length; but as the circumstances attending 
the different forms of the curve under particular data, 
are rather matters of curiosity than utility, we shall 
proceed to other inquiries. 

217. In order to calculate by this method all the Method of 
circumstances of an eclipse, we are supposed to Calculation. 
have found very exactly by the tables of the sun and 
moon, and for a time not too distant from the middle 
of the eclipse, or the conjunction, the longitude of 
the sun, his horary motion, his parallax and semi- 
diameter ; the longitude and latitude of the moon, its 
horary motions, the parallax, and its diurnal change, 
and semi-diameter. 

From these first data we compute, hour by hour, 
the longitudes and the latitudes, from which we draw 
the right ascensions and declinations both of the moon 
and sun. 

218. Let us take as an example the annular eclipse Example of 
of 1764, the most remarkable which has been ob3erved the above 
in Europe for many years, supposing that we have mete: 
found the following quantities : 





True ; Declinati Motion in 
as R © Declination R C ec a P 7 p d oes Pi D 
© =D D’ 
mot. MR 
Q 7 é ° 9 / P 
s |11 594| 44608] 94914] dag at] sag Slida 8] Pibid| 316 
9 7 40 47 26 10 15 34 5 3 52 20 47 38 0 52 6 16 26 
10 9 56 48 24 10 41 55 |; 5 15 O 15 47 2 02s 1 29 36 
11 12 138 49 22 ll 818 5 $2 8 10 7 1 O 38 55 
O 14 29 50 20 41 34 40 5 46 16 O05 46 9 |+0 20 11 55 56 
l | 16 46 51 18 12 1 4 6 O 24 5400 14 46 8 |+0 44 18 69 


All these quantities increase with sufficient regu- 
larity, to enable us to extend the table to every ten 
minutes ot time, by means of simple proportional 
parts. We may perform this operation on the decli- 


nation of the sun and moon, for the differences of 
right ascension and parallax. And as to the diameters, 
we may suppose throughout d = 14’ 47”, 6=15'57”, 
and é + d =o = 30' 44”, We may, moreover, suppose 
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stronomy, the relative motion in right ascension to be P = 24’ 

——— & on the equator; it will then be (24’ 6”) cos D’ in 
the region of the moon, and the relative motion in 
declination = 13’ 10”. 

The calculation of the relative orbit with regard to 
the equator, is a little less simple than when referred 
to the ecliptic, because the sun has a motion in decli- 
nation as well as the moon. Astronomers, however, 
are satisfied with multiplying the relative motion in 
right ascension by the sine of the polar distance of 
the moon, in order to obtain the motion in the region 
of the moon, which motion will be (24 67’) cos 5’ 
25’ = 23’ 595; the tangent of the inclination of the 


relative orbit will be 
mot. D/ 13’ 10” Bis 
ee SE ees 4 = 
a mot. AR cosD 23’ 595 iat 
and the shortest distance S m = 43’ 54-6 cos I = 39’ 


22-3. 

This method is sufficiently exact, taking, as we do, 
the declination of the moon corresponding to the 
middle of the interval. 

We may determine the conjunction in right ascen- 
sion by means of the following table A, where we see 
that at 11 hours the difference of right ascension was 
3’ 55”, therefore 

24”6 : lh.?? 3’ 55” ; 9 46”; 
that is, the conjunction will be at 11h. 9’ 46”, and 
subtracting 47’ 204, we shall have for the middle, 
10h. 22’ 26”. 

At 11 hours, the difference of declination is 42’ 46”, 

and it increases by 13’ 10” per hour- hence 
Ih. ; 13 10°: 9’ 46” , 2°86, 
and the declination in conjunction will be 44’ 54-6, 
s in the preceding approximation. 

219. In order to calculate the angles S and L, and the 
distance of the centres E = SL, we may employ the 
following formule : 
tani(L — 8S) = 

. sin $ (D’—D) cot £P 4(D’ — D) 

cosi(D/+D) — Jinot. R cos £(D'+D)’ 
_ cos 3(D’ — D) cot 4P 
tan $(L+S)= sin £(D + D) ; 
L=4(L +S) + 4(L—S) 
= 4(L+ S)—i(L—S), 
cos Dsin mot. AR __ cos DY sin mot. M 
sin L sin S 

We may observe, that the angles at S are always 
diminishing till the conjunction, when they pass 
through zero, change their positions, and then increase 
to the end. The angle at L, on the contrary, in- 
creases till the conjunction, when it becomes 180°, 
and then diminishes to the end. 

P—p= 54’ 3” 

3 — y= su’ 44” ¢ (P—P) + (8—d) = 84" 47” 
the distance of the centres for the commencement. 
Now we see by the table A, that this difference hap- 
pens a little before 7h. 40’, at which time, E = 83’ 
56”, with a diminution of 4’ 8” for 10 minutes; 
therefore 

243” : 10 or 243" : 600” 5: 51 | 126” or 2 6”; 
hence the commencement of the eclipse will take 
place at 7h. 37’54”. 





sin E = 


985 


The angle S’ changes 1° 23’ 20” in 10 minutes; it Plane 
therefore changes 25’ in 2’ 6”, it will consequently be Astronomy. 
91° 6 33” for 7h. 37’ 54”. —— 

The declination of the sun changes 9” every 10’, or 
0’°9 in one minute ; it will therefore be 4° 46’ 7”. 

With these formule we find the horary angle H, 
viz. 
sin H = cos D cos S sin ZS + sin D cos ZS 

= cos 4° 46’ 7” cos 91° 6’ 38’ =sin lat.=1° 6’ 19” S 


3, 

eot. ZPS = cou Dict 22. 
sin S 

= —sin 4° 467” cot. 91° 6” 88’ =89° 55’ 17” 


—sin Dcot.S 


ang. at Paris (— 4h. 22’ 6”)  =65 31 30 
longitude west of Paris.............. 24 23 47 
Hour at the place, or dist. of merid. .. 5h 59 41°8 


By making ZS = 90’ we have put the centre of the 
sun in the horizon, but we might, without sensibly 
lengthening the calculation, bring its upper limb in 
the horizon by making ZS = 90° 15’ 57”, and by 
making ZS = 90° 30’ 44”, we should bring the centre 
of the moon to the horizon. 

There is no other calculation to make for this instant ; 
this is the only place where the contact is seen, and it is 
seen in the horizon. This place being near the equa- 
tor, we may employ the equatorial parallax, which is 
the greatest of any : 

at 7h. 40’, the distance is only 83’ 56’ 
6+d=cac= 80 44 





The distance of the edges...... 53 12 


It will be here sufficient, with a parallax of 53’ 12” 
to work a contact in the vertical; the horizontal 
parallax produces an eclipse of 51” in the northern 
limb of the sun. 

220. In order to find the contact, we make 


53’ 19” 
= ZS=N +8; 
and afterwards with D and S for 7h. 40’ and the 
formule, 
sin H = cos D cos S sin ZS + sin D cos ZS 


cot ZPS = geen ote sin D cot. 8 


sin S 
we shall have the latitude and the horary angle, the 
hour and the longitude, as given in table B. 

In this first calculation, the angle S may be acute 

or obtuse, according to the position of the moon with 
respect to the north pole, from which we reckon the 
angle PSL; but the rules for the signs of the trigono- 
metrical lines are sufficient guides in this respect. 
At 13h. 10’. E 7 (P—p) + 8+, we ascertain by 
simple proportion when E=P— + 6 + d, as for the 
commencement, and by an operation, in all respects 
similar, we find the last point which will have a sim- 
ple contact in the horizon. 

221. For the following operation, that is, for 
forming table C, we have 

ZS = 90°+ E— (P—p)—d 
thus, for 7h. 40m. 90° + E= 91° 23’ 56” 
—(P—p)= —h4 3 
—d= —l4 47 





sin N = 





ZS = 90 15 0€ 
D and S are found as in the preceding operation. 
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The quantity of the eclipse is 
(P—p)— (8+ 4d) —-E=p'+o—E 
which will augment as E diminishes; but it can never 
surpass 2d = 29 34’, it is to this quantity that we 
must reduce it if it be too great. Thus at 9h. 
p +o=84' 46”, E = 54/27" pp’ + o— E = 80 19”. 
This quantity is less than 26, and greater than 2d, 
we must therefore reduce it to 29’ 34”. The moon 
has not then reached the southern limb of the sun, 
but it has passed the northern one, the eclipse is 
therefore annular. 
At 9h. 10’ p’ +o = 8446, E = 51’ 25”, p’ + o— E 
= $3’ 21”, 
which is greater than 26 or 31’ 54’ by 1’ 27”; the 
edge of the moon is therefore beyond the sun, and the 
eclipse is 2d— 1’ 27” = 29’ 34” — 1’ 27” = 28’ 7”. 
This found, by making ....p’ = 54’ 2” 
E = 51 2 


p—E= 2 37 
o = 30 44 





E—(p’ —o)=E+ o—p =o (p—E)= 28 7 

This rule will serve till the eclipse surpasses 2d, with- 
out being so great as 28, then we have to reduce it to 
2d, thus 








at llh. 40’...... E = 52’ 56” 
a = 380 44 

E+o=83 40 

p = 54 ] 





—— 


E + o—p’ = 29 39 7 2d 
the eclipse will be....29 34 = 2d. 


When the eclipse surpasses 26, we must have recourse 
to the formula : 
pt+o—E =o + (p —E) = o—(E—>p), 

and the eclipse will again be northern, as in the 
commencement. The eclipse will be central for a 
point on the earth, when we have E = P— p= 54’ 
2”, which happens between the times 9h. and Qh. 
10’. We may find this instant as we found the first 
contact. But from 9h. 10’ to 1lh 40’ inclusively, 
the distance being less than the horizontal parallax, 
we must use a parallax in altitude. We then search 
the distance from the zenith by the formula 


e E ° 
sin N = P—p' (N—psinN) =ZS; 
but we may, without sensible error, make ZS = N ; 
then we shall have 


sin H = cos D cos S sin ZS + sin D cos ZS, 


cot. ZPS = C8? 

sin S 

where it is only necessary to pay attention to the 

signs. It is in this way that table D is formed, which 
shows all the points where the eclipse is central. 

222. The places determined by the three first opera- 
tions for the same instant are in the same vertical, and 
in the same great circle of the globe: therefore, in 
joining them by an arc of a great circle, we shall have 
on this arc all the places where the eclipse will be 
seen of divers magnitudes, from simple contact to 


, cot. ZS —sin D cot S, 





where itis central, (when this happens,) and in all 
other cases to the mazrimum shown in table C. 

223. After having made the calculations of the 
effects of the direct parallax, we must pass to the 
oblique parallax contained in tables E and F, where 
we find the contacts at the horizon. 

We must at first calculate the angle SLV = L’ by 


the formula : : . 
sin $L/ = ee 
from which we draw 
PLV = PLS—L’ = (L—L’), and 
PLV'= PLS + L’=(L+L) 
PLZ=180°— (L—L’), ZL=Z’L=90° — (P—p), 


‘PLZ’=180°— (L +. L’) 


sin H = cos PLZ sin PL sin ZL + cos PL cos ZL 
= —sin (L—L/) cos D’ cos (P—p) + sin D’ 
sin (P— p) 
sin H’ = —sin (L + L’) cos D’ cos (P—p) + sin D’ 
sin (P —p) 


cos D’ tan (P—>p) 
cot. ZPL =— “sin (L—L) 


; cos D tan (P—p) : , 
te ees oes t 
cot. Z PL sin (b+ L) sin D’ cot(L + L’) 


ZPS = ZPL + LPS = ZPL + mot. M, 
Z’PS = Z’PL + mot. MR. 
These will be the horary angles of the two places; 
whence their longitudes may be deduced as above. 
These formule require no modification from the com- 
mencement to the conjunction in right ascension ; but 
in order that the triangle LSV may be possible, it is 
necessary that 
EZ(P—p) + (6+ d) and 7 (P—p) — (6 +4). 
If the shortest distance Sm = mot. D cos I = 
(P— p) — (6 + d) the points V and V’ are united in 
one on the arc LS, and there will be but one point of 
contact in the horizon, and this in the prolongation of 


— sin D’ cot (L—L] 





mS. 

If Smz(P—p) — (6+ 4d), the curve of contacts 
at the horizon of the first half will have no point com- 
mon with the other half; and the two will be sepa- 
rated by an interval of greater or less extent. 

When we have again E = (P — p) — (6 + d) the 
curve of contacts, recommences at one point. When 
E7 (P— p) — (6 + d), there are two points, till E = 
(P—p) + (6+), then the curve is shut by a point 
only, which is the last of the eclipse. 

For this second curve we have, as for the first, the 
same formule for L’, for PLV and PLV’, for PLZ and 
PLZ’, for H and H’, and for ZPLand Z’PL; but ZPS= 
ZPL—mot. MR, and Z’PS=Z'PL—mot. AM, because 
mot. AX hasa change of sign; by this means ZPS 
and Z’PS may be negative, if ZPL and Z’PL are very 
small: in this case, the contact at the horizon will be 
east, and it will be west when ZPS becomes positive : 
the same may be said of the triangle Z’PS. 

The curve of contacts which embraces the pole will 
have a node. The two branches will cross each 
other, as we may perceive by putting the results of 
the calculation into table E and F; the former will 
contain the quantities given by the formula (L —L’), 
and the latter by (L + L’) ; but at 10h. 20’ the longi- 
tude and the latitude follow in more regular order, 
by putting the (L +L’) in table F, and the (L—L/) 
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PLZ = 180°— PLV = 180° — PLS + SLV, 
= 180°— L + SLa—mLV, 
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“v= little consequence ; for, by placing all these points on 


u globe, we see always the figure of the curve, and 
we may estimate, with sufficient accuracy, the place 
of the node, which would be difficult to determine by 
calculation. 

In our example, the curve of contacts at the hori- 
zon (tab. E and F) is subject to no interruption, because 
Sm 7 (P—p)—(é+d): all these points form a 
single curve, of which the branches intersect, but of 
which the inferior parts are at a considerable distance 
under the globe. The lower extremes may be joined 
by another curve, which gives the simple contact for 
the greatest phase. 

In order to calculate it, on Sm = mot. D. cos. I = 
— «, let us take SV = o =é + d, and draw LV, which 
will be the parallax ; we shall then have 

Lm = Sm tan mLS = e tan (S — I) 
mV _«—o 
mL e tan (S—1) 
:, LV 
LV= cos m LV? 8 ZV = (P—p) 
ZL = ZV — (P—>p) 
PLV = PLS — SLV = PLS — (SLm — mLV) 
= PLS + » LV — (90° — SLm) = PLS +mLV 
—90’ (S — I) 
= PLS + mLV + (S —I) — 90° 
PLZ = 180° — PLS — mLV + I —S + 90° 
= 270° +1 — (L+S—mLV). 

Then we have for calculating the triangle PLZ the 
formula given in the preceding articles, and ZPS = 
ZPL + mot. AR. 

This formula will serve for the commencement of 


the eclipse, by remarking that the angle I will change 
its sign, if the middle be after the conjunction. 


After the middle, and before the conjunction, 
mL =e tan (S — [) = — etan (I — S) 
because I 7 S, and m L changes position ; but the for- 
raula will advertise us of the circumstance. 


tan m LV = 





e—é¢é 


¢ tan (I — S) 


LV= es sin ZV= —— ZL=ZV—LV 


PLZ = 180° — PLV = 180° — PLS — SLV 
= 180° — L— (SLm—mLV) 
= 180° + mLV — L — (90° — mSL) 
180° + mLV —L —90° + I—S 
90° + mLV + I—(S + L) 
90° + 1+ mLV—(S + L) 
After the conjunction, 


tan mLV = 





9 
all 


€~——- 0 


mL’ 
ZL = ZV — LV 





mL =e tan (I+ S), taamLV = 


_ mb “LV 
~ cos m LV P—p’ 





; sin ZV = 


= 180°—mLV—L+S +I, 

= 180° + I—mLV — (L—S), 
where I changes signs, if the middle be after the con- 
junction. 

ZPS = ZPL + mot. MR. 

The two parte of this angle change their signs at the 
conjunction, and the place is to the west, provided 
ZPS be not negative, or greater than 180°. 

224. In fig. 66, it is evident, that the moon advanc- 
ing from L towards m, and the zenith towards PS, 
the two causes will concur in detaching the moon 
from the sun, and the contact will be that at the end. 
It is not certain that this has not been preceded by a 
small eclipse, but it must have been very small, for 
the motion of the moon is more rapid than that of the 
point V. 


In fig. 67, after the instant of calculation, the two pi, ¢7, 


causes will separate the moon from the san for the 
same reason. 


In fig. 68, the motion of the moon will open the Pig. 68. 


two edges, but the diurnal rotation may approximate 
them. When the declination of the moon is less than 
that of the sun, the eclipse is very little for our cli- 
mates ; and as the more southern parts of the globe 
are little inhabited, astronomers have hitherto paid 
but little attention to these kind of eclipses: they 
have generally been satisfied with calculating the 
line of centrality, which has always place when the 
shortest distance is less than the horizontal parallax ; 
adding thereto the northern limit, and sometimes 
that of the contacts in the horizon, in all latitudes 
where this may be thought important : but for this it 
is commonly thought sufficient to make the calcula- 
tion hour and hour. 

When we have determined, by calculation, the prin- 
cipal curves, they may be placed on a map or chart, 
whose projection is such as to contain all the countries 
where the eclipse will be visible. The maps pro- 
jected on the equator, and particalarly those which 
are projected on a plane inclined to the equator at 
23°4, or even to 45 or 50°, will also do very well. 

we have no chart already projected, it will be 
best to take the pole for the centre of projection, all 
the meridians being then right lines about the pole ; 
and with any radius taken at pleasure, describe a circle 
to represent the equator ; divide this into equal por- 
tions of 10° each, and at each division draw radii to 
represent so many meridians. 

From the centre, and with radii equal to the tangents 
of the semi-polar distances, draw circles parallel to the 
equator ; and on this chart trace the configurations of the 
principal continents and islands, and fix by their lati- 
tude and longitude some of the principal places in them ; 
and then, by their latitudes and longitudes, the calculated 
points of the different curves. This practice, which was 
that of Lalande, is the most commodious, as it dispenses 
with tracing ellipses ; every thing is done with a ruler 
and compass ; and thus saves time, which would be 
otherwise lost without any corresponding recompense 
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Taste A 
——; E=LS |! 
Fo Distance of 
Time DO yc | R’—R S L pesarsi | 
h. me. iu“ (ou 
7 30 45 59 42 40 
‘ 50 46 18 47 22 20 12 | 89 10 46 90 42 32 19 56 
8 O 4 46 28 4 49 44 1 1610] 87 29 36 92 25 20 1 15 57 
10 4 46 38 452 5 112 8] 85 36 1 94 17 55 112% 5 
20 4 46 47 4 54 26 1 8 8} 8 30 383 96 23 48 1 8 19 


See fA is fereere es | coe ee 9 Oe | eos fee 


CEE, | Eye | EE ee | oe ef Oe | eee of eee 


me Oe Or 


ewes | eee | Gee ee fr eS | eee | Oe | Se eee 
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4 5 0 4/59 59 11,119 57 11} O 

40 448 4 5 13 17 036 3 | 54 52 50 |125 4 2] O 
4 5 0 3 | 49 20 12 | 1380 36 38} 9O 

O 

0 

0 





4 5 028 1] 43 17 39 | 186 39 55 
10 4 48 33 5 20 21 024 0] 36 55 1/1438 2 53 
4 5 O 20 
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> 
oO 
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4 5 O 28 18 | 24 56 48 | 155 O 34 
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30 4 50 49 5 53 20 032 15 | 27 9 13 | 152 47 45| 1 10 18 
40 4 50 58 5 55 41 0 36 16 | 29 7 23 [150 49 13; 114 7 
50 451 8 5 58 2 0 40 17 | 30 64 34 | 149 1 38]; 118 O 
13 O 4 51 18 5 O 24 O 44 18 | 32 30 45 | 147 25 7; 1 21 59 
10 451 27 6 2 45 O 48 19 | 33 57 53 | 144 57 31 1 26 0O 














i 
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F 








given 

h. m. = 

7 40 | 14 46W 

7 650 8 11W 

8 0 2 59E 

8 10 6 40 

8 20 10 44 

8 30/118 33 

8 40/15 54 

8 50117 59 

9 oO; 2 11 

9 10; 21 Ill 

9 20| 2 9 

9 30] 2 52 

9 40 | 24 18 

9 50;23 6 
10 Of; @& 33 
10 10/21 34 
10 20] 20 g& 
10 30; 18 37 
10 40; 16 53 
10 50; 15 16 
ll Oo; 138 46 
ll 10] 12 $2 
ll 20; 11 40 
ll 380 ll 10 


VOL, II. 


25 
35 
55 
51 
10 


27 
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| 


Time, place | Quantity of | 





given " sought. the eclipse. 

h. ’ h. m. h ” eae 
— 5°19 7 40 —6 1]/ Ob51N 
—4 23 7 50 —6 0] 451 
—3 48 -g Oo —6 0] 8 50 
—3 23 8 10 —6 1] 1241 
—2 57 8 20 —6 21] 16 27 
—2 36 8 30 —6 $|2 7 
—2 16 8 40 —6 3 | 2 41 
—1 58 8 50 —6 4 | 27 6 
—1 39 9 O —6 5 | 29 34 
—1 25 9 10 —6 6| 28 7S 
ee ee 9 2 —6 8 | 25 18 
—0O 58 9 30 —6 9] 2247 
—0O 47 9 40 —6 11 | 20 35 
—O 38 9 50 —6 141] 18 46 
—0O 30 10 oO —6 20 | 17 23 
—O 24 10 10 —6 24 | 16 29 
—0O 19 10 20 —6 29116 6 
—0O 16 10 30 —6 39 | 1615 
—O0 12 10 40 —6 55 | 16 55 
—O 9 lo 50 —7 35118 2 
—O 5 ll oO —8s 15 | 19 40 
+0 0 11 10 +11 54 | 21 53 
+0 7 ll 20 +847 | 2 5 
+0 15 11 30 +7 22 | 26 43 
+ 0 25 11 40 +715 | 29 34. 
+0 36 11 50 +6 59 | 28 SON 
+051 12 Oo +6 51 | 25 19 
+17 12 10 +645 | 21 51 
+1 28 12 20 +641! 18 12 
+1 54 12 30 +637 | 14 6 
+2 25 12 40 +6 34 | 10 37 
+3 8 12 50 +681] 6 44 
+417 1 oOo +629 | 2 45 
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Central Eclipse. 
Tasie D. 

ae suid 

Time at Longitude. Latitude. ihe scl; ere 

. pee 
given place. _| north. is al. 
h m. Oo + 3 , h. ¢ 

i 9 10 | 80 42W] 21 42 |—4 58 
9 20 | @ 36 24.55 1—4 14 
9 30 —3 47 

9 40 —3 23 
9 50 —38 @ 
10 oO —@ 4) 
10 10 —2 21 
10 20 —2 1 
10 30 g 49 46 29 i—1 41 
10 40 0 1Ej 49 58 |}—1i1 2 
10 50 4 55 53 21 |—O 58 
ll O 7 Zi 57 8 |] —0 $2 
11 10] 12 18 61 15j1;—0 1 
li 20 | 20 88 65 40 |+0 42 
1] 30 | 34 2 7O 24 )+1 46 
11 40 | 67 10 75 20O'+4 9 


The longitudes here are from the given place, 
Paris ; and the negative time is the time during the 
morning, counted from the next noon. Table B gives 
the minimum, and table C the maximum in the same 
vertical. Table D shows the places where the eclipse 
is central. By the maximum, however, we must not 
understand the maximum absolutely, but the greatest 
immersion of the moon in the vertical of the sum. 
if the centre of the moon is above that of the sun, 
the eclipse is north ; and it is south in the contrary 
case. e places situated on the same great circle 
have all an eclipse of greater or less magnitude, as 
they are nearer or more distant from the point where 
it is seen central ; the distance between the first and 
second place is the greater axis or length of the 
figure of the shadow. The places marked in Tables 
E _ F, by their distance, give the breadth of the 
shadow. 
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Tasce E. 
Time at 
Time, given Latitude. l 

place. | Longitude. | north. scuaht 
h. m. fo) l 4 ° / h 4 
7 40} 2457W | 5 21!/—6 4 
7 50] 2912W|]15 18/—6 7 
8 OO] 382 14W| 21 48}/—6 9 
8 10] 35 10W | 26 57 |—6 11 
8 20] 38 10W | 82 14 |—6 18 
8 380 | 40 59W | 85 26 |—6 14 
8 40| 44 2W! 40 6{!—616 
8 50 47 27W | 46 87 |—6 20 
9 O]| 503834W | 50 18 |—6 22 
9 10 | 54 1W | 54 55 |—6 26 
9 20| 57 42W! 69 27 |—6 31 
9 30] 61 54W | 64 15 |—6 38 
9 40] 66 58W | 69 18 |—6 48 
9 50! 73 56W | 74 3883 |—7 6 
10 O|} s619W | 80 1|1—7 45 
10 10] 120 44W | 84 46 |—9 53 
10 20 | 165 4E | &4 10| +49 20 
10 30] 135 S8E | 78 47 | +7 35 
10 40 | 124 138E | 72 24 /+6 57 |! 
10 50 | 127 36E | 66 2/|+6 40 
1h Oj] 112 382E | 60 17 |1+4+6 80 
1l 10] 108 55E | 54 57 1+4+6 96 
1l 20 | 105 27E | 50 18 | +6 22 
11 80] 102 18E | 46 24146 18 
11 40] 99 20E | 48 1614617 
11 50]! 96 82E | 40 45/146 14 
12 O| 93 58E | 39 8/1+618 
0 10/| 9) 20E | 38 9146 12 
0 20 | &8 55E | 37 49146 12 
o 30| 86 388E | 88 15/+6 12 
Oo 40] 84i11E | 38 581+6 12 
0 50| 82 20E | 41 513146 14 
1 O| 80 42E | 46 154{+6 197 





ASTRONOMY. 59} 
Astronomy. Contact at the horizon. there will be an eclipse, at least ifthe conjunction does Plane 
—— not take place considerably out of the meridian; and in A*tronomy. 














Tass F. all cases it will be sufficient to compute two triangles —“"v—” 
to decide the question. 
When we have determined that the eclipse will 
) = happen, we mney search for the time of the middle, 
Hours, ngitude. | Latite me at nown within half an hour or an hour, the longitudes 
sven gas. ” o a of the two bodies, their latitudes, horary ao aaa 
nr parallaxes, and diameters. For two instants differing 
——- by an hour, we must calculate the right ascension of 
h. m. oe ye h. ’ the midheaven M, the nonagesimal degree x, the 
7 40 | 24 56W | 6 50S |—6 0 height h of the pole, of the ecliptic, and the parallax in 
7 50 26 44W | 138 39 | —5 59 longitude and latitude, by the formule of art. 202, 
8 O; @ 52W | 1649 |—5 55 et seq.; substituting there the relative instead of 
SS the absolute parallax; the parallax in latitude and 
8 10; 31 9W/] 18 9 |]—5 54 longitude being applied according to their signs, and 
8 20; 33 3W {19 20 |—5 52 to the places of the moon. We must then compare 
8 30 | 36 1W/} 17 53 |—5 51 the position of the moon with that of the body 
—_——— —_—_—_— eclipsed, and thence deduce the apparent difference 
8 40 | 38 29W | 17 22 |—5 54 of latitude and longitude for the two instants in 
8 50 | 40 55W | 17 20 |—5 54 question. It is necessary to make these calculations 
9 OO; 43 33SW}] 15 14 |—5 54 with great precision, but we may neglect the seconds 
_—_——— | in the subsidiary arcs n and hk, which is the principle 
9 10} 46 14W | 12 32 |—5 55 advantage of the nonagesimal method. 
9 20; 49 1W] 8 51 |—5 56 226. ‘This being done, and our object being to pre- 
9 30] 5151W] 4 34 |—5 57 pare ourselves for observation, we may proceed accord. tions for 
—_—_—_—— ing to the principles of the graphical construction illus- i 
9 40] 54 46W | 0 41N|—5 59 trated in art. 209; that is, on the two perpendiculars ~°™ 
9 50] 57 41W | 6 8 |—6 1 A” a’, A’”’a’”, (fig. 61,) mark the two apparent lati- 
10 Of}; 60 15W | 1220 |—6 8 tudes, if the eclipse is of the sun, and the two apparent 
—_—_——- differences of latitude, if it be an occultation of a star 
10 10 | 68 47W | 18 53 |—6 5 or planet ; and through the summits of the two lati- 
10 20 | 67 14W | 25 81/—6 9 tudes draw a line, which will be the apparent orbit. 
10 30 |} 70 7W {32 9 |—6 10 The interval between the two perpendiculars will 
——— | ——___ be the horary motion; it will correspond to 60’ 
10 40 | 73 23W | 38 24 |—6 14 in time, answering to the relative motion of the moon 
10 50 | 76 44W | 44 15 | —6 17 to the sun, or more generally to the relative motion 
1l Of; 80 17W | 49 58 |—6 21 multiplied by the cosine of the latitude of the body 
_—— | eclipsed. 
11 10 | 83 59W | 55 13 | —6 26 Find on the line AX the place of the apparent 
11 20 | 87 57W | 60 10 |—6 22 conjunction, as we found the centre of the shadow in 
11 30 | 91 28W | 64 48 | —6 40 the eclipse of the moon. Let fall from this point the 
| perpendicular on the apparent orbit to obtain the 
ll 40 97 14W | 69 2 |—6 49 shortest distance. With the sum of the diameters, 
ll 50 | 103 47W | 73 36 |—7 5 mark the points for the beginning and end on the 
12 oO | 112 50W | 77 49 |—7 31 relative orbit; and by means of a square, mark on 
—_—_——_—_ ———— AX, the points which answer to the beginning and 
0 10] 127 6W |] 81 42 | —8 22 end. 
O 20 | 161 44W | 84 40 |—10 27 If the eclipse be central or total mark the points 
O 30 | 148 46E | 84 16/410 5 of immersion and emersion, with an opening of the 
a OER, ee, (ee ee a compasses equal to the difference of the semidiameters. 
O 40 | 114 46E | 81 2/+8 9 If it be a planet which is eclipsed, these two vee 
0 50 | 97 88E |75 91+7 21 will differ very little from the two first ; and if it be 
1 oO 88 14E | 67 50/]+6 53 a star, the points of contact will be confounded with 





3. Eclipse of the sun for a particular place. 


Eclipse, or 225. In determining the several circumstances 
occultation attending an eclipse of the sun in a particular place, 


for a parti 
calar place 


we have no occasion for that preparation, which has 
‘ been explained in the preceding articles: we have a 
ready means of ascertaining whether the eclipse will 
or will not be visible ; for, if the difference of declina- 
tion at the instant of the mean conjunction be less 
than the sum (P—p) +(é+d), and the moon 
nearer the pole than the sun (or than the star when 
the question is an occultation), it is nearly certain 


those of immersion and emersion. 

From the point m, as a centre, describe the lunar 
disc ; and from the point O, as acentre, describe the 
disc of the body eclipsed, and we shall have the figure 
of the greatest eclipse. 

Draw from the centre O, to the place of com- 
mencement C, the radius OC ; and through the same 
point O raise a perpendicular to the ecliptic, which 
will be the circle of latitude ; with the declination of 
the body calculate the angle of position, placing the 
circle of declination to the east, if the tangent of the 
angle of position be positive. 

For the time of the beginning compute the angle of 

4G@ 
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sin I will be the difference of apparent longitudes on _Plane 
the ecliptic ; SL sin I—parallax long. will be the true Astronomy. 
difference of longitude at the instant of the greatest —~v—~ 
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Astronomy, the vertical of the sun with the circle of declination, 
——— that is, POZ ; form the angle POZ on the figure, and 
OZ will be the vertical. 


Fig. 69. 


Now the eclipse ought to commence with the con- 
tact at G on the line OC. Place before you the figure 
of the eclipse in such a manner, that OZ may bea 
vertical line ; and we shall see the position of the 
point G, at which the eclipse will commence: and 
thus we shall have the place of the first impression of 
the lunar disc on the body eclipsed. If it be a planet 
or a star, of which the disc js very small, through the 
point C, the centre of the moon, draw the parallel 
ZC, which will indicate the point where the eclipse 
ought to begin. 

This is indeed useless for the commencement, 
because the star or the planet will be seen by the side 
of the moon, but it is indispensable for the end, in 
order to know precisely the place of emersion, the 
planet till then being invisible behind the moon; and 
it is therefore of iraportance, in order to ascertain well 
the instant of emersion, and particularly if it takes 
place at the enlightened part of the disc. We must 
perform then, for the emersion of the star,an operation 
similar to that which we have employed for the be- 
ginning of the eclipse of the sun. 

If however it is Jupiter that is eclipsed, we need 
not use the above proceeding, for some one or more 
of his satellites will commonly emerge before him, 
and indicate the place of his emersion: and if not, 
the disc of this planet is such, that if we miss the 
emersion of his first edge we may get that of the 
second. 

227. In the occultations of the stars and planets, 
no other considerations than those of immersion and 
emersion are required ; but in eclipses of the sun, we 
may continually measure the lines of the horns. This 
line is shortened by refraction ; and, in order to com- 
pute the quantity, we must know the inclination to 
the horizon, which we may take at any time from the 
figure; and the line thus corrected, is a common 
chord to the lunar and solar discs, from which we 
may obtain the distance of the centres. The observa- 
tion is however attended with difficulty, and is scarcely 
worth attention. 

228. An observation more easy to make, and more 
useful in its results, is of the greatest quantity of the 
eclipse. Towards the middle of the eclipse, the line 
of the horns is of a constant magnitude, at least to 
observation, for one or two minutes, which is plenty 
of time for observing it very exactly. 

Let then ab (fig. 69), the distance of the horns, be 
the greatest of all those measured during the eclipse, 
and corrected for refraction ; then 








eclipse ; we shall thus have the time of the true con- 
junction by the true relative motions if we have well 
determined the time of the middle of the eclipse, and 
by calculating for this instant the true latitude by the 
tables, we shall know the error of the tables in lati- 
tude. It is true that the motion in latitude is only 
6” in one minute of time; and, therefore if we deceive 
ourselves by a minute as to the time of the middle, 
we shall not know nearer than within 6” the errors 
of the tables in latitude. | 

If amongst the line of chords measured there are 


found many that are equal two and two, these will 


give the time of the middle. We shall also have the 
time of the middle very nearly by the observations on 
the beginning and end ; and we shall have thus very 
nearly the errors of the tables. 

If the eclipse be annular, the time of the two inte- 
rior contacts, denominated the formation and break- 
ing of the ring, will give us the difference of the 
diameters ; for the interval of time between the two 
observations will give us the motion of the centre of 
the moon on its relative orbit. Let m be the half of 
this motion, ¢ the shortest distance, then we shall have 

(6— d)®? = m? +; 
also, at the instant of the interior contact, the breadth 
of the ring in the part opposite the contact will be the 
differencé of the two diameters. 

If the eclipse be total without duration for more 
than an instant, the apparent diameters are equal ; 
and this instant will be that of the shortest distance 
= (X%— p) cos T= 0; whence X=p. Calculate 
therefore for this instant the parallax in latitude, 
which will be the true latitude, and the parallax in 
longitude will be the true difference of longitude for 
this instant ; and the augmentation of the diameter 
will be the difference of the true diameters. We shail 
have therefore the correction of the three elements, 
the longitude, the latitude, and the difference of the 
diameters. 

If the sun remains for some time in the shadow, we 
shall have the apparent relative motion; and if we 
have deduced the shortest distance, we shall have as 
above, the difference of the diameters. These obser- 
vations, however, are very rare; and after all, per- 
haps they will not admit of great precision. 


§ X. Of Comets. 


229. We have already, in our introductory chapter, Of comets. 


made a few observations on this class of celestial 


kab ab bodies, which are occasionally seen in the heavens 
=— = sin aSL, with ill defined and faint discs, and usually accom- 
Sa 26 panied with a coma, or stream of faint light, in the 
fab ab, direction of a line drawn from the sun through the 
Le aqua sin 2 LS ; Roniet: 


6 cos aSL + d cos aLS = shortest distance = (A — 
p) cos I; thus 


6 cos aSL + dcosaLS 
cos I 


Calculate now the parallax of latitude p for the 
middle, then 


=(A—p)= app. lat. 


(A—p) +p=., 


and we shall have the latitude in conjunction. SL 


These bodies, as far as regards their change of 
place in the heavens amongst the fixed stars, resemble 
the moon and planets; but they differ from them in 
almost every other respect ; they have never, (with 
one or two exceptions,) been known to return; that 
is, they do not appear to have definite elliptic orbits : 
the inclination of their orbits also are inclined to the 
ecliptic at a great variety of angles, from 0° to 90° ; 
their motions are, some retrograde and some direct : 
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Astronomy. ana the eccentricities of their orbits are so great, that 
_ \o~amv it has been found that they may be very nearly repre- 
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in the vicinity of the sun; and that, after moving plane 
round by the aphelion of its oval orbit, it has again Astronomy, 





: _ sented by parabolas. 

What are called the elements of a comet's orbit, 
are less than those of a planet's in number, being only 
five. It is impossible, from the observations made 
during one appearance of a comet, to compute the 
major axis of its orbit, and its period with any accu- 
racy : what astronomers endeavour to compute, and 
what they do with difficulty compute, are, the peri- 
helion distance, its place or longitude, the epoch of 
that longitude, the longitude of the ascending node, 
and the inclination of the orbit. 

The elements of the orbits of planets are capable of 
being determined by observations made in the meri- 
dian ; by longitudes and latitudes computed from 
right ascensions and declinations ; but comets require 
observations of a different kind, by the rotation of the 
earth they are brought on the meridian, but generally 
from their proximity to the sun while they are visible, 
this does not take place in the night, and it is only 
then that they can be observed, on account of the 
faintness of their light. ‘They must therefore be 
observed out of the meridian ; and in that position the 
difference between the right ascension and declina- 
tions, and those of a known contiguous star must be 
determined. 

It is difficult to make these latter observations with 
accuracy, by reason of the doubtful and ill defined 
disc of the comet ; and a small error in the observa- 
tions will materially affect the elements of the orbit. 

The rigorous solution of the problem of the ele- 
ments of a comet's orbit requires three observations 
only. But then the solution is attended with so 
many difficulties, that in this, as in other like cases, 
astronomers have sought, by the indirect method of 
trial and conjecture, to avoid them. If, what gene- 
rally happens, more than three observations are 
obtained, the redundant ones are employed in cor- 
recting and confirming previous results. 

The periodic time, as we have observed, cannot be 
determined from observations during one appearance 
of the comet. If known, it can only be so by recog- 
nising the comet during its second appearance ; and 
the only mode of recognition is by the identity of 
the elements of its orbit, with those of the orbit of 
acomet already observed. Ifthe perihelion distance, 
the position of the perihelion and of the nodes, and 
the inclination of the orbit, are the same, or nearly 
#0, we May presume, with considerable probability, 
that the comet we are observing has been previously 


returned towards its perihelion. 

Comets not having been formerly observed with 
great accuracy, it so happens that, till lately, the 
period of one alone, that of the comet observed in 
1759, 1682, 1607, and 1531, is known to any degree 
of certainty. Its period being about 76 years: assum- 
ing the earth's mean distance to be unity, the peri- 
helion distance of this comet was 0°58, and the major 
axis of the orbit 35-9. The inequalities which are 
noted in its period are supposed to arise from the 
influence of some disturbing forces. This comet was 
foretold by Dr. Halley; and its appearance in the 
former of the above years verified the conjecture, and 
immortalized the name of this celebrated astronomer. 

It would carry us far beyond our due limits to enter 
minutely into all the particulars necessary for illus- 
trating the various methods of computations adopted 
by astronomers in their inquiries concerning the orbits 
of comets ; and it does not belong to this part of our 
treatise to discuss the various hypotheses which have 
been advanced by different philosophers respecting 
the nature of those bodies, their tails, comas, &c.; we 
shall therefore conclude this section by giving in the 
form of a table, the several particulars of one hundred 
comets, whose elements have been determined with 
some degree of accuracy ; whereby we should be able 
to ascertain their identity should any of them re- 
appear. 

It must not, however, be understood that this table 
is intended to include all, or even the principal num- 
ber of the comets belonging to our system; this 
number being very considerable. From the accounts 
of the ancient and the more accurate observations of 
modern astronomers, it has been ascertained that 
more than 500 comets have been seen since the com- 
mencement of our era. When the attention of 
astronomers was called to this subject by the expecta- 
tion of the return of the comet of 1759, no less than 
seven were observed within the course of as many 
years ; and from 1780 to 1800, about 30 comets were 
seen, and the elements of their orbits computed. 
These circumstances therefore, and the probability 
that most of the comets of small apparent magnitudes 
were overlooked by the ancients, and moreover that 
even in the present day many may pass unnoticed in 
the southern hemisphere, it is reasonable to conclude 
that the number of these bodies is very considerable, 
and far beyond any estimation that can be made from 
the observations we now possess. 














594 ASTRONOMYY. 


Astronomy. Table of the elements of the orbits of 105 comets Plane 
ae of of ; of Astronomy. 


Perihelion 

















































3 Longitude of | distance, | Longitude of rs 

g | Passage through the perihelion perihelion of | thatofthe | the ascending | Inclination of 8 Authorities. 
3 in mean time, Greenwich. the orbit of jearth being node. the orbit. | 

the comet. 1. 
Anno A.C. 
hom. "| 8 i. 4 

1| 539 Oct. 20, 15 O O} 10 13 30 0] 0:3412 ]1*28°%or70 28° 10° + or —|D | Burckhardt. 

Anno Domini, Old Stile. 
2| 837 March 919 3 0} 0'5800| 6* 26° 33 O} 10° or 12 |R| Pingré. 
$|1097 Sept.21, 21 $6 oO} 11 2 30 0| 07385) 6 27 30 0| 73° 30’ 0” |D | Burckhardt. 
4/1231 Jan. 30, 71240) 414 48 O}| O9475 013 30 oO} 6° 5’ OID Pingré. 
5)1264 July 6, 8S 0 OO} 921 0 0 0445| 519 O oO} 86 80 O |D| Dunthorn 

— July 17,, 6 040) 9 5 45 O| 041081 5 28 45 O| 30 25 O Pingré. 
61/1299 March 31, 7 28 40] O 320 O| O3179 817 8 O| 68 57 O {R| Pingré. 
7|1301 Oct. 9s. or 10s. 0-457 | O 15 +or—| 70°+ or —|R | Pingré. 
8/1337 June 2, 625 O; 1 7 59 O| 040666 2° 24 210; 3211 OR Halley. 

June l, 0 30 40| 020 O OO} 06445] 2 6 2 OO} 3211 O Pingré. 

9/1351 Nov.26, 12 0 O| 2 9 O O} 1-:0000 D | Burckhardt. [years. 

C [10/1456 June 8, 22 O O} 10 1 O Of 05855 118 30 0; 17 56 O |R| Pingré, period 75} 
11)1472 Feb. 28, 22 28 0} 1 15 33 30} 0542783 9 11 46 20} 5 20 O |R| Halley. 

C 1531 Aug. 24, 21 18 30} 10 1 39 0} 056700 119 25 O| 17 56 O |D| Halley. 
12/1532 Oct. 19, 2212 0} 321 7 O} 050910} 2 20 27 O} 32 36 O |D| Halley. 
13/1538 June 16, 19 30 O| 4 27 16 O} O-20250{ 4 5 44 O| 35 49 O |R| Douwes. 
14/1556 April21, 20 3 0| 9 8 50 0| 046390} 5 25 42 0} 32 6 30 |D| Halley. 
15/1577 Oct. 26, 18 45 O| 4 9 22 O} 018342] 0 2 52 O} 74 32 45 |R| Halley. 

116/1580 Nov. 28, 13 44 40; 3 19 11 5] 059553 019 7 37| 64 51 50 |D| Pingré. 
15 0 O}| 319 5 50) 059628 O 18 57 20} 64 40 0 |D Halley. 
17/1582 May 7, 8* 5° or 7° 5° or 21°; 59 or 61° |R}| Pingré. 
18/1585 Sept.27, 19 20 0; O 8 18 7° 42’ 30”; 6° 4'0O''D)| Halley. 
19/1590 Jan.29, 345 O| 7 6 5 15 80 40| 29 40 40 |R| Halley. 
20)1598 July 8, 13 5 26 5 14 15 O} 87 58 O |D} De la Caille. 
21/1596 July $31, 19 55 O| 7 18 16 O/ 051293{ 10 12 12 R | Halley. 
29, 15 33 40) 7 28 30 50/0'549415 | 10 15 36 R | Pingré. 

C|*"10|1607 Oct. 16, 350 O;}; 10 2 16 O} 058680 1 20 Ql R Halley, 
22/1618 Aug.7, 3 2 40| 10 18 20 0] 051298| 9 23 25 D | Pingré. 
23/1618 Oct.29, 1223 O| O 2 14 Of 037975 216 1 D | Halley. 
2411652 Nov. 2, 15 40 Oj] O 28 18 40] 0°84750 2 28 10 D | Halley. 
25/1661 Jan. 16, 23 41 O} 3 25 58 40} 04485] 2 22 30 D | Halley. 
26/1664 Nov.24, 11 52 O| 4 10 41 25/1:025755 | 2 21 18 R | Halley. 
27)1665 April 14, 5 15 30} 2 11 54 30/'010649| 718 2 O| 76 5 O R | Halley. 
2811672 Feb. 20, 8 37. O| 1 16 59 30| 0°69739| 9 27 30 30) 83 22 10 |D| Halley. 
29}1677 April26, 0 37 30| 4 17 37 5| 028059| 7 26 49 10) 79 3 15 R | Halley. 
3011678 Aug.16, 14 3 O} 10 27 46 Oj; 1°23801 51140 O| 38 4 20 |ID| Douwes. 
31/1680 Dec. 8, O 1 2| 8 22 40 10/0:006080| 9 1 57 18] 61 22 55 |D| Pingré. 

15 0 4 O| 8 22 33 O 9 153 O| 61 20 20 Halley. 
7, %3 9 OO} 8 22 44 25/0:006170 9 2 2 O| 61 6 48 Halley. 
7, 2% 88 39| 8 23 26 48|0:006565 |; 9 259 9] 58 39 50 Euler. 
8, O 4 O}| 8 27 43 0/Q:005920 9 1 53 OO} 61 20 20 Newton. 
~{*10) 1682 Sept. 4, 7 39 O; 10 2 52 50) 0°58328 1 21 16 30} 17 56 O |R}| Halley. 

| 21 31 O| 10 1 36 Oj} 0°58250 1 20 48 Oj 17 42 O Halley. 
32|1683 July 2, 3 50 O| 2 25 29 30] 0°56020| 5 23 23 O} 83 11 O |R}| Halley. 
33/1684 May 29, 1016 O| 7 28 52 0} O96015| 8 28 15 O| 65 48 40 |D| Halley. 
$4)1686 Sept.6, 1433 O| 217 O 30) 0°32500| 11 20 34 40) 31 21 40 |D Halley. 
3511689 Nov. 21, 14 55 40] 8 23 44 45/0 01689 | 10 23 45 20] 69 17 O |R Pingré. 
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Tasia—continued. Plane 
Astronomy 
Perihelion 
& Longitede of | distance, Longitude of dj 
= | Passage through the perihelion | perihelion of the | that of the| the ascending | Inclination | Authorities. 
2 in mean time, Greenwich. _| orbit of the comet. car beige node. of the orbit.. = 
h m ” 3 ° , un” 
36/1698 Oct. 8, 1657 O} 9 O51 15| 069129] 8 27 44 15] 11 46 O {R| Halley. 
37/1699 Jan. 8, 8 22 19] 7 281 6| 074400] 10 21 45 35| 69 20 O |R| De la Caille. 
88/1702 March9, 14 12 19] 4 18 41 38] 064590! 6 9 25 15] 430 O |D/| De la Caille. 
3911706 Jan. 19, 4 22 39} 2 12 29 10] 0-42580| © 18 11 40) 55 14 10 {D} De la Caille. 
456 4] 2 12 36 25/0-426865| O 13 11 23] 55 14 5 |D| Struyck. 
40|1707 Nov.30, 23 29 39] 2 19 54 56] 08597] 1 22 46 35} 88 836 O |D| De la Caille. 
23 48 6| 21958 9| 085904] 1 22 50 29] 88 37 40 |D| Struyck. 
4111718 Jan.8, 23 38 89} 4 1 30 O| 1:02650/ 4 8 43 0] 30 20 0O |R| De la Caille 
4, 114 55| 4 1 26 36] 102565! 4 7 55 20} 31 12 53 Douwes. 
42/1723 Sept.16, 16 10 0] 1 12 15 20|0998651 | 0 14 16 0} 49 59 O |R| Bradley. 
4311729 June 14, 11 6 40} 10 22 40 0} 4:26140| 10 10 32 87] 76 58 4 |D| De la Caille. 
12, 686 2] 10 22 16 53] 40698] 10 10 35 15] 77 1 58 Douwes. 
44/1737 Jan.19, 8 20 O} 10 25 55 0} 022282] 7 16 22 O} 18 20 45 |D| Bradley. 
4511789 June 6, 9 59 40} 3 12 38 40] 067358} O 27 15 14] 55 42 44 |R| De la Caille. 
46|1742 Jan.28, 483 40) 7 7 35 13] 076568} 6 5 38 29] 66 59 14 |R| De la Caille. 
420 50| 7 7 33 44/0°765555| 6 5 34 45| 67 4 Il Struyck. 
27, 41439] 7 lo 49 23| 07521} 6 9 32 7| 61 43 44 Euler. 
4711742 Dec. 30, 2025 40] 3 2 41-45] O83501| 2 8 21 15} 2 19 33 |D| De la Caille. 
21 15 16| 3 258 410888115] 2 8 10 48| 2 15 50 Struyck. 
48/1743 Sept.9, 211618] 8 6 33 52] 052157| O 5 16 25| 45 48 21 |R| Klinkenberg. 
49|1744 Feb.19, 8 27 O| 6 17 12 55| 022206| 1 15 45 20] 47 8 36 |D| Betts. 
50/1747 Feb.20, 71040) 9 7 2 O} 219851] 4 27 18 50| 79 6 20 |R| De la Caille. 

17, 11 44 38] 910 5 41] 229388) 4 26 58 27| 77 56 55 Chezeaux. 
5111748 April 17, 19 25 0} 7 5 0 50| 084067| 7 22 52 16] 85 26 57 |R | Maraldi. 
5211748 June7, 192418] 9 6 9 24| 065525] 1 4 39 43) 56 59 8 Struyck 

New &tyle. 
53/1757 Oct.21, 9 46 40| 4 249 Oo! O38800| 0 4 4 O} 12 48 O |D| Pingré. 
5411758 June ll, 3 17 8 27 38 0O| 021535! 7 2050 O| 6819 O |D| Pingré. 
"10/1759 Mar. 12, 13 81 40] 10 3 16 O| 058349] 1 23 49 O| 17 39 O |R}| De la Caille. 
18 50 4| 10 8S 86 10] 058490] 1 23 45 35] 17 40 14 Lalande. 
18 48 16] 10 8 16 20] 058360! 1 23 49 21] 17 35 20 Maraldi. 
5511759 Nov. 27, O 2 387] 1 28 34 19| 0°80189| 4 19 39 41| 79 6 38 |D| Pingr. 
5611759 Dec. 16, 21 3 40] 4 18 24 35| 096599] 2 19 50 45| 4 51 32 |R| De la Caille. 
57|1762 May 28, 15 17 40| 3 15 15 0} 1:01240] 11 19 20 0} 64 45 © |D/ Lalande. 
, 651 29} 8 14 29 46] 100985 | 11 19 2 22| 8 S$ 2 Struyck. 
29, O18 28} 3 15 22 28] 1:01415| 11 18 55 31) 85 22 21 Maraldi. 
5811763 Nov. 1, 19 43 18| 2 24 51 54] 0:-49576 | 11 26 23 26| 72 40 40 |D| Pingré. 
20 58 14] 225 1 6] 049820] 11 26 27 O| 72 28 O Burckhardt 
5911764 Feb. 12, 13 42 16] O 15 14 52] 0°55522| 4 O 4 33/ 52 53 31 |R/| Pingré. 
60|}1766 Feb.17, & 40 40] 4 23 15 25| 050538| 8 4 10 50} 40 50 20 |R/| Pingré. | 
61/1766 April@2, 20 46 20] S 2 17 53/ 038274] 2 14 22 50/ 11 8 4 |D| Pingré. 
62/1769 Oct.7, 12 2040) 4 24 5 54] 019376| 5 25 0 43] 40 87 32 |D} Lalande. 
13 36-53} 4 24 11 7| 012272] 5 25 6 83| 40 48 49 Prosperin. | 
14 56 89| 42416 O| 0122965| 5 2 8 O| 4050 0 Euler. 
15 28 16) 42410651] 01297! 5 2 4 41| 40 49 38 Lexell. | 
12 84 9| 42411 8| 0123298| 5 25 2% @4) 40 48 29 Sir H. Englefield 
| 15 42 @| 4 24 15 58] 0'12275| 5 @ 6 4| 40 46 42 Pingré. 
12 44 38] 4 24 11 32] 012827] 68 2 8 40| 40 47 56 Legendre 
63/1770 Aug. 14, 0 4 4| 11 26 26 13\0676893| 4 1217 3] 1 34 80 |D| Pingré. 
18, 12 65 40] 11 26 16 26,0674881} 412 0 O| 1 33 40 Lexell. 
18, 12 37 35| 11 26 15 0O| 067435} 4 11 54 60] 1 34 381 Burekhardt. 
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TaBLE—continued. Plane 
Astronoury, 
‘ Perihelion 
3 Passage through the perihelion section be tie sactas | uceead oe \aacinananes : Authoriti 
e elion o of the e ascen 1 n of |‘ 1e8. 
Z in mean time, Greenwich. _|[ orbit of the comet. ake being a the orbit. 2 
roa h m " 8 ° s n" 
64/1770 Nov. 22, 5 88 40| 6 28 22 44} 052624] S$ 18 42 10] 31 25 55 |R | Pingré. 
65|1771 April 18, 22 5 7} 3 13 28 13) 0:90576| 0 27 51 Oj 11 15 20 |D| Pingré. 
J9, 5 121] 314 @ 54/ 090340] 0 27 50 27/ 11 16 O Burckhardt. 
66|1772 Feb.18, 20 41 15} 3 18 6 22] 101815; 8 12 43 5] 18 59 40 |D| Lalande. 
67|1773 Sept.5, 11 9 25) 2 15 35 43] 1°13390| 4 1 15 37| 61 25 21 |D | Pingré. 
14 83 48} 2 15 10 58] 010120] 4 1 5 30] 6114 7 Burckhardt. 
68|1774 Aug.15, 10 46 15| 10 17 22 4] 14286] 6 0 49 48} 83 0 25 |D | Mechain. 
69/1779 Jan. 4, 2 240] 2 27 18 11] O71312| O25 5 51] 32 24 O |D| Mechain. 
215 10} 2 27 13 40) 07132| 0 25 8 57] 32 25 30 Chev. D’Angos. 
70|1780 Sept. 30, 18 8 30} 8 6 21 18] 009925; 4 4 9 19] 53 48 5& |R| Mechain. 
7111781 July 7, 4 32 O| 7 29 11 25| 077586] 2 23 Oo 38] 81 48 26 |D | Mechain. 
72|1781 Nov.29, 12 32 26] 016 3S 28| O96101} 2 17 22 52] 27 138 8 |R | Mechain. 
12 33 25] 016 3 7| O96099] 2 17 22 55| 27 12 4 Legendre. 
“3/1763 Nov.15, 5 44 38] 1 15 24 46] 15653] 1 24 13 50] 58 9 9 |DJ| Mechain. 
7411784 Jan.21, 447 40) 2 20 44 24] 0°70786| 1 26 49 21| 51 9 12 |R |.Mechain. 
75|1784 April9, 21 7 26] 10 28 54 57| 065053) 9% 26 52 9) 47 55 8 |R | Chev. D’Angos. 
76|1785 Jan.27, 7 48 44] 3 19 51 56/1:143398| 8 24 12 15| 70 14 12 |D | Mechain. 
77|1785 April8, 8 58 52] 9 27 29 33/0-427300| 2 4 33 36} 87 31 54 |R | Mechain. 
78|1786 July7, 21 50 52] 5 9 25 36] 041010} 6 14 22 40} 50 54 28 |D | Mechain. 
79|1787 May 10, 19 48 40]. O 7 44 9] 034891] $ 16 51 36] 48 15 51 |R | P. de Saron. 
80|1788 Nov. 10, 7 25 40] 3 9 8 27} 106801} 5 7 10 38| 12 28 20 |R | Mechain. 
8111788 Nov. 20, 9 4 25] O 23 12 22/0°766911 | 11 21 42 15] 64 52 32 |D | Mechain. 
82/1790 Jan. 15, 5 5 39] 2 O 14 82] O7581| 5 26 11 46] 31 54 15 |R | De Saron. 
83/1790 Jan.28, 7 86 13| 3 21 44 37/1:063286| 8 27 8 37| 56 58 13 |D | Mechain. 
84|1790 May 21, 5 46 541 9 3 43 27| 0°79796| 1 311 | 63 52 27 |R | Lalande. 
85|1792 Jan. 18, 13 35 9] 1 629 42} 1:293| 6 10 46 15] 39 46 55 |D 
86]1795 Dec. 14, 23 17 58] 51387 O} 0227] 11 29 11 O| 2417 O |D]{ Zach. 
15, 15 618] 5 737 O} 0258] 11 18 2 oO] 20 8 O Bouvard. 
14, 18 48 o| 515 34 O]| O215} O 1 7 O} 24 42 O Prosperin. 
8711796 April2, 19 47 51] 6 1244 O| 1578] 017 2 O} 64.55 O |R | Olbers. 
88/1797 July 9, 2 44 31| 1 19 34 48] 0°52545| 10 29 16 35} 50 35 50 |R | Bouvard. 
89/1797 April4, 11 32 21] 3 14 59 0} 048476| 4 2 9 Oo} 43 52 16 |D| Burckhardt. 
90|1798 Dec. 31, 12 58 57| 1 4 29 48] 077968| 8 9 30 44] 42 23 25 Burckhardt. 
91/1799 Sept.7, 5 49 48]- O 8 39 12/0839865| 3 9 31 59] 50 55 37 }R| Mechain. 
5 34 41 O 3 39 10/0840178| 3 9 27 19] 50 57 30 Von Zach. 
424 8391] 0 3 36 0 3 9 34 O| 50 52 30 Burckhardt. 
9211799 Dec. 25, 21 30 49] 6 10 20 12/0°625810] 10 26 49 11! 77 1 88 |R| Mechain. 
93/1801 Aug. 8, 13 22 39] 6 3 49 0} 02617] 1 14 28 Oj 21 20 O |R|{ Burckhardt. 
9411803 Sept.9, 20 33 54] 11 2 8 O| 1:0942/ 10 1017 0O| 57 O O |D| Mechain. 
95|1804 Feb. 18, 13 81 7| 4 28 44 51] 107117] 5 26 47 58] 56 28 40 |D/| Gauss. 
96,1805 Nov. 18, 0 15 39} 429 O 28) 0'87567| 11 15 6 51] 15 58 12 |D| Legendre. 
97/1805 Dec. 31, 6 1 S86} 3 19 23 40] 089159} 8 10 35 24] 16 25 25 |D| Legendre. 
1806 Jan.2, 1035 10/ 8 19 30 2/0911786| 8 11 28 28| 12 43 10 |D| Legendre. 
1805 Dec.31, 6 19 27| 3S 19 21 55] 0892083] 8 10 34 42] 16 SO 35 |D | Bessel. | 
31, 18 39 86} 3 19 23 13| o89682| 8 10 48 5] 15 36 10 |D}{ Bessel. 
$1, 651 8] 3 19 23 39] 089181| 8 10 38 34| 16 31 10 |R| Legendre. | 
31, 6 2059! 3 17 21 50; 089198| 8 10 33 35] 16 30 32 |D | Gauss. | 
31, 8 41 18) 3 19 28 54|0'890347| 8 10 81 34) 16 35 9 R | Bouvard. 
98|1806 Dec. 28, 22 220: 3 4 4 30} 1:08193| 10 22 18 38] 35 4 5 |Dj{ Bessel. | 
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18, 


18, 


18, 


100 |1808 July 12, 


101 |1810 Oct. 
102 |1811 Sept. 
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Ellipse 
Ellipse 


[a 


108 {1811 Nov. 


104 |1812 Sept. 14, 1 
14, 20 
15, 
105 |1813 March 5, 16 
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12, 


10, 
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BS & 


65 
71 


73 
75 
73 
72 
73 


72 
73 
V2 
73 
73 


73 
31 
31 
31 
31 


29 
32 
31 
29 


28 
53 
52 
14 


74 1 32 


73 53 51 
74 2 30 
27 33 30 
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Authorities. 





Burckhardt. 
Bouvard. 
Gauss. 

Beck Colkoen. 
Brojelmann. 


Oriani. 
Ferrari. 
Lemaur. 


Friesneker. 
Santini. 





Bowditch. 
De Montfort. 
Brojelmann. 
Cacciatore. 
Bessel. 


Bessel. 
Bessel. 
Bessel. 
Burckhardt. 
Burckhardt. 


Bessel. 
Gauss. 
Gauss. 
Olbers. 
Gauss. 





Flaugergnes. 
Bessel. 
Bouvard. 
Nicolai. 
Piazzi. 


Calandrelli 
Werner. 
Werner. . 
Werner. 

Zach. 





Werner. 
Werner. 
Nicollet. 
Werner. 





VOL 198 


8 ° é wn 

3 7 2 3/1°081571 | 10 22 19 15 
9 O 56 53|0°647491 | 8 26 39 40 
9 1 O 13] 064788; 8 26 38 31 
9 224 O} 065320} 8 26 44 O 
9 O 53 38/0647617 | 8 26 29 2% 
9 1 6 8| 064846; 8 26 40 52 
9 051 5)/0°646267| 8 26 42 12 
9 045 1/0646213; 8 26 39 9 
9 O 5 55|0646212| 8 26 40 26 
9 O 39 22/0648123 | 8 26 36 57 
9 O 59 55/0°649620; 8 26 25 8 
9 1 6 53/0°648769| 8 26 33 4 
9 O 53 38|/0647617 | 8 26 29 2% 
9 O 58 22} 064746 | 8 26 40 46 
9 1 6 8| 064896; 8 26 36 52 
9 1 53 51| 064587| 8 26 48 9 
8 12 38 50; 060786; O 24 11 15 
2 3 9 10] 096914] 10 8 53 4 
3 8 34 O} 1:76770;| 4 13 12 O 
3 18 12 SO} 123870}; 419 0 O 
2 14 48 14]1:035679 | 4 20 20 25 
2 15 17 34] 1:04006| 4 20 24 13 
2 15 17 34|1:040064 | 4 20 24 13 
2 13 40 45} 1:01045 | 4 20 10 13 
2 13 14 35) 098069; 421 5 59 
2 14 29 40} 1:02716| 4 20 16 56 
215 1 9] 1:03541| 4 20 24 30 
2 14 56 103483 | 4 20 19 50 
215 1 44] 1:038539| 4 20 21 58 
2 14 51 58] 1:08618| 4 20 23 18 
2 14 54 24) 1°08620| 4 20 23 46 
1 16 10 50} 158533 | 3 2 57 1 
1 17 32 10) 1:58892; 3 253 9 
1 17 47 O| 158963] 3 255 1 
1 17 29 30) 158791] 3 2 56 13 
3 2 40 29) 0O°78212} 8 13 36 25 
3 1 54 45| 078830/ 8 13 43 25 
3 2 54 38] 077835] 8 13 18 50 
2 6 52 30} 067451 | 2 17 27 30 
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598 ASTRONOMY. 


Catalogue of three hundred and ninety stars; 


WITH THEIR RIGHT ASCENBION IN TIME AND DEGREES ; THEIR DECLINATION; ANNUAL PRECESSION AND PROPER 
MOTION, BOTH IN RIGHT ASCENSION AND DECLINATION; NUMBERED ACCORDING TO THE CATALOGUES OF FLAM~ 


STEAD AND PIAZZI. 























; Right ascension. Declination. 
wy 
SS a 
s Annual Annual 
3 apa , | Proper proper 
= | In time. In degrees. | PFES’SS10P | notion | In degrees. Annual | mation. 
= R | R precession. 
| h m ” eo , u" a “ ° , nn " Fd 
23) O 257, 0 44 159 |4+46°076 |—O00S |+14 4 16°6 | +20°044 |—0:09 
4/0 9 14| 2 18 306 45°870 |+0°06 |— 9 55 58°35] 20°030|+@004 
2/016 21) 4 5 309 44°659 |—-024 |— 43 23 35°8/ 19°994|—oO0l 
4/021 444 526 Oo? 49555] .... | +61 49 32:3; 19°955|+002 
4/10 25 54, 6 28 307 48989 |+0°10/+52 47 394] 19°918/ O00 
134} SOjle Andromede ..| 4| 028 Il] YF O 120 47323 |—-0'10/ +28 18 25°5| 19°896 |—0°20 
136} 3$1/é Andromede ..| 3 | 0 28 39} 7 9 57:3 47°441 |+0°35 |+29 45 542! 19°889 |—0O09 
139] 18/aCassiopeer....| 3 | 0 29 14, 7 18 35°7 49°700 |—0°05 | +55 26 176] 19°883 |—007 
159] 16/8Ceti ........ 23] O 33 32] 8 23 11:0 45000 | +0°21|}—19 5 11°0} 19°831 |+007 
182} 34/¢ Andromede ..| 4 | O 36 46] 9 11 2S°0 47382 |—0'10/+23 10 36:8/| 19°788/—0O10 
185} 24/7 Cassiopee....]| 4 | 0 37 5) 9 16 21-0 50°9338 |+1°78|+56 45 23] 19°763 |—0O°72 
194; 35|» Andromede ..| 4 | 0 38 49) 9 42 29°4 48'846 |+0°50 }+39 59 11:8; 19°759!—010 
226| 27|yCassiopee....| 3 | O 44 45) 11 11 76 52°648 | 000/+59 37 51:4]; 19°664|+004 
232| 37|/“Andromede ..| 4 | O 45 51] 11 25 29°7 49:049 | +020 |+37 24 41:0] 19°648 |+040 
263 1/Polaris........ 2°3| O 52 25) 18° 6 19°5 | 193942] .... | +88 14 243] 19°524]7 O00 
264) 7lle Piscium...... 4/0 52 34) 18 8 87°8 46°555 1-015 |+ 6 48 37°5| 19°521 |+0°06 
300] Sli Ceti ..... ,..|3'4[ 0 58 32] 14 38 OO 45'005 | +028 |—11 14 42°38; 19°396 |—0°10 
301| 43/8 Andromede 2/0 58 34] 14 88 33:7 45°501 | +0°35 |+34 33 23°5| 19°395 |—010 
62| 37|6 Cassiopee....| 3 | 1 12 51) 18 12 439'8 56°517 | +064 |+59 11 262; 19°041 |—0'16 
45|@9Ceti ......../ 8 | 114 lf 18 30 25'8 44:979|—0'19|— 9 183 95[ 19°009 |—017 
See es 4 {1 20 48] 20 12 24 47:'777 |+0°07 |+14 18 37:3; 18811 |—0°06 
124; 5ljr2Andromede | 8°4| 1 25 47| 21 26 486 54041 | .... |+47 36 33°4[ 18°658] .... 
163} 52|7 Ceti ........ 3:4] 1 34 47] 28 41 39:0 43°550 |— 1:86 |—16 59 405]; 18356 !+084 
184] 45\e Cassiopee....|3°4/ 1 40 10) 25 2 246 62°433 |—0'05 | +62 40 36°8/ 18161 |—O15 
192} 55/¢Ceti ........ 3 { 1 41 35] 25 23 51-0 44°289 |—0'16 [+11 19 42:5]; 18:108/+0'11 
193 Qa Trianguli ....|3°4) 1 41 42) 25 25 43°5 50°704 | +0°04 |—18 35 52:3] 18°104 |—0'36 
202 6|PArietis ...... 3 48 36) 25 54 126 49°168 |+0°14/+19 49 29°0| 18°032 |—O23 


46 39} 26 39 40°5 72806) .... |+71 26 87°3| 17914] .... 
51 41] 27 55 11°5 54°276 | +026 [+41 21 455] 17°712 |—O11 
27 55 394 46°305 |—0'06 |+ 1 47 328] 17°71] [—0°09 
55 55| 28 58 54:0 50°086 |+0°20 | +22 30 36:5] 17°536|—020 


236| 57\yAndromede ..| 3°4 


pond fend peed peed ped ped 
Qr 
pawl 
ney 
NS) 





260| 4|STrianguli .. 57 41| 29 25 21°0 52-662 | +033 |+34 2 46] 17460 ;—Q07 
144) 82/dCeti ........ 4 | 2 29 14| 37 18 39°0 45°896 | +007 |— 0 32 31:0} 15°994/—O 5 
149{ 83le Ceti ........ 4°5| 2 29 53] 37 28 27°4 43°257 |+0°15 |—12 43 41:0] 15°909 ;—044 
150| 13/0 Persei ...... 4 | 2 30 37| 37 39 120 59°790 | +067 | +48 22 207; 15°871 |—0'10 
157| 35jArietis........ 4 | 2 31 45] 37 56 10°8 52°249 | +0°15 | +26 50 500) 15°810 }—0°05 
I6l| S86/yCeti ........ 3 | 2 32 57] 38 14 14°4 49°528 |—0'35 | + 223 65] 15°745 |—-O20 
167| 87|uCeti ........] 4 | 2 34 8] 38 32 105 48'048 |+0°06 |+ 9 15 440] 15°702 |+0°20 
170: 89irCeti ........ 4 | 2 34 36) 38 39 7:2 42:'724 |—O03 |—14 42 41°0; 15°655;+0°11 
178} 39jArietis........ 4/2386 2} 39 0O 31°5 52'836 | +0°23 |+28 24 26:0] 15°574 |—0'13 
186] 4ljArietis........ 3 | 2 38 15) 39 33 405 52°357 |+0°20|+26 25 38:0] 15°454 |—0°13 
219| 3\y Eridani...... 3 | 2 46 39] 41 39 59:7 43°733 |+0°16|— 9 42 40); 14975 |—0O30 
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CaTaLoGuE—continued. 
. Right ascension. 
Annual 
roper 
In time. In degrees. Satoa: 
h m " Oo "7 # 
2 50 24! 42 35 561 —005 
2 50 41) 42 40 15°0 14°7389 | ooo 
2 51 49] 42 57 34°38 14°670 |—O'15 
252 24) 43 6 5:4 14°636 |—O11 
2 53 34] 43 23 39°9 145661 ... 
2 54 42] 48 40 36°6 14°498 |— 0°00 
3 3 24) 45 53 44°4 13951] ogg? 
3 6 7] 46 31 53°7 13°791 |—0°02 
3.10 7| 47 Sl 49°4 13°535 |—O-02 
3 10 37] 47 39 21°9 13508] .... 
3 11 56] 47 59 13°5 13°417 | +088 
3 123 59} 48 14 51:0 13°349] .... 
3 14 4} 48 30 582 13°278 |—O18 
3 16 20) 49 5 108 13'128{ ooo 
3 23 30) 50 52 43°9 12°648 
3 24 57| 51 14 240 12°687 
8 38 45} 52 11 12°6 12°290 |~~-0'10 
3 31 48] 52 57 12°4 2077} .... 
3 33 40] 58 2 93 11°947 }+0°60 
8 35 37) 53 54 163 11°810|—@-09 
3 41 13} 55 18 18°7 11‘410] .... 
8 41 35] 55 23 504 11°383 | 0:00 
! 
| 8 44 291 56 7 73 W175) .... 
3 48 42} 57 10 33°6 10°866 | —0'11 
3 49 36) 57 24 10°3 10799| 0°00 
4 8 25) 62 6 228 9°378 |—0'09 
4 10 19] 62 34 54°6 9°230| .. 
4 11 25| 62 51 132 9°146 |—0°04 
416 57] 64 14 17:1 8°713 |—O' 18 
4 24 27/ 66 6 50°4 8117 |—O'°21 
4 26 20) 66 34 59°4 7°967 |—0'05 
4 27 46] 66 56 43:0 7'850/ 000 
429 1] 67 15 229 7750 |—0'138 
4 31 42] 67 55 282 7534 |—0'06 
4 38 59] 69 44 54°38 6°939 |—0°07 
4 40 34) 70 3 29°5 6°809 | +0°44 
4 43 50] 70 57 31°8 6°540} .... 
4 43 59] 70 59 46°8 6°527 | +002 
4 47 391 71 54 37'5 62241 .... 
4 48 32| 72 7 510 6151] .... 
452 311 73 7 396 5°818 |—oOl12 
4 56 59] 74 14 540 54517 .... 
458 1! 74 30 208 5°355 |—0°11 
4 59 34] 74 53 405 B°QQAT .... 
Anstey 5 1 56] 75 29 O6 5°025 |[—0°44 
19|Rigel ........ 5 4 55| 76 13 57:4 . 4°770 | —0' 02 
20|7 Orionis ...... 5 7 54| 76 58 800 4°518] .... 
112)8 Tauri........ 5 13 89] 76 2 51°9 4:026| O17 
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600 
CaTALOGUE—coniznued. 
Numbers Right ascension. Declination 
according to 3 
=—| Namesofthe | 3 Annua] | *nnual 
5 § : : In time In degrees. oer aa motion | In degrees. Annual |motion 
ii RR 
ee a ee we ON oe Ok ae, we. oe oe 
80| 24/yOrionis ...... 2/5 14 24| 7836 82/+48131|—017/4+ 6 9 21'3/+ 3-961 
81| 287 Orionis...... 4|5 14 25] 78 36 240] 457112] .... |— 2 35 33:9 
113] 9|8Leporis...... 4|5 19 41| 79 55 11:8] 38464 |—003 |—20 55 425 
126] 34/éOrionis ...... 215 21 47| 80 26 537| 45°853 |—O12 |— 0 27 327 
130| 36lv Orionis ...... 4|5 22 15| 8088 577| 43-492] .... |— 7 27 38-0 
139] 11/aLeporis...... 3 | 5 23 54) 80 58 39'7| 39°588| ..... |—17 58 33'3 
140] .. |e Columbe ....| 4 | 5 24 6] SL 1 485; 31812] .... |—35 37 39°0 
141| 39] Orionis...... 4/524 7| 81 1540] 49427] .... 1+ 9 47 172 
151| 44: Orionis ...... 3415 25 39] 81 24 520] 43910] .... |—-6 3 56 
152| 123/¢ Tauri........ 3°4| 5.25-41| 81 25 228] 53:623/—003 |+ 1 0 25:0 
160| 46leOrionis ...,..;23| 5 26 4| 81 831 21] 45°547}/—014/— 1 20 29:4 
172| 48loOrionis ...... 5 28 42| 82 10-375] 45:066/—021|— 2 43 36-0 
188] 50/€ Orionis ...-.. 5 30 40| 82 40 40] 45°296/—O12|— 2 8 366 
196] ..|2Columbe .... 5 32 241 838 6 7:2| 32:492|—020|—34 11 21:0 
219} 13]/y Leporis...... 5 7| 84 1531] 37°744|—042 |—22 31 24:0 
234| 53lc Orionis ...... 5 88 16] 8434 49| 42582|—007/— 9 45 40 
262| 33/8 Aurige ...... 5 4) 85 45 570! 78°780 +54 14.571 
267| ..|8Columbe .... 5 43 54] 85 58 447| 31:561| .... |—35 51 4:0 
268] 58|a Orionis...... 5 44 20] 86 5 125] 48594/—003|+ 7 21 25:0 
269] 34\fAurige ...... 5 44 51] 86 12 529| 65°950|—0°03 |+44 54 353 
277| 37\@ Aurige ...... 5 5| 86 31 145} 61:190|+0111+387 11 OO 
281] 16|7 Leporis...... 5 47 17| 86 49 267| 40942 —14 12 505 
297 y Columbe .... 5 50 26] 87 36 43:5] 3$1°823] .... |—35 18 47:0 
18| 44\«< Aurige ...... 6 2 37| 90 89 22:9] 57:378/—0'30/+29 33 22:3 
74{ 13|4Gemin. ...... 6 10 51] 92 42 409| 54347/4+013/+22 36 85| 0882/—0o16 
81] 1/€Can. maj. .... 6 12 38} 98 9 345| 3$4465|—020/—29 59 40|/ 1105 |—0-25 
92] 2/8Can. maj. .... 6 18 58] 98 28 23:1| 39:°561|—004/—17 52 5:0| 1:°214/—0o006 
95} 3]\ Can. maj. .... 6 14 48| 98 42 30] 32°850/—034|—33 20 365] 1:294|—o08 
169] 24lyYGemin. ...... 6 26 9| 96 82 169} 51:932|+005/+16 33 246}  2282!—0-08 
204| 27\e Gemin. ...... 6 31 87| 97 54 163| 55°403|—003|+25 18 540! 2757! 000 
205} ..|v¥ Argo navis 6 31 38] 97 54 405| 27°041|—014 |—43 1 41°0 2°759 i— 0:20 
217| 31/E2 Gemin. .... 6 34 4| 98 30 55:2] 50624 +13 5 565 se 
227| 9|Sirlus ........ 6 36 20} 99 4592| 40166/—051|—16 27 62| 3:165|—1:14 
248| 34/0Gemin....... 6 39 86] 99 58 52°5| 59°425|—0'16/+34 11 120] 3446] .... 
259| 13|«2 Can. maj. 6 42 22] 100 35 34°5| 33:563|—0:10/—32 17- 9°5| 3°665!+4+ 0:04 
279| 16]o1 Canis ...... 6 45 49] 101 27 307| 37:298|—o:10 |—~23 56 87:0! 3892! 000 
304] 21le Canis........ 6 50 45] 102 41 289! 35:301|—0-05 |/—28 42 803]  4:404/+ 007 
312} 43/€Gemin. ...... 6 52 14] 108 8 339| 53449] 000}+20 51 100]  4:530|—0-05 
320| 22|o Canis maj... .. 6 53 45] 103 26 181] 35°794|—0-04 |—27 39:27:4] 4659} 0-00 
328] 24/0 2 Canis...... 6 54 40| 103 49 54] 37°522|—0-01 |—23 33 20] 4737/+ 002 
325| 23]yCanis........ 6 54 42] 103 40 363| 40666; 000|—15 20 51°0| 4'740|—0-04 
57| 45/8 Gemin. ...... 7 8 9| 107 2276| 53°787|—0-:06|+22 20 143|  5°S75|—005 
68} ..lrArgo........ 710 5| 107 31 15! 31-738| .... |—36 44 467| 6033, .... 
90| 60|¢ Gemin....... 7 1317| 108 19 180] 56208 |—0-27|+28 10 564! 6-301 ]+ 0-08 
{ 104] S1|y Canis min.,... 716 10! 109 2 42:6] 35542 |—012/—28 55 180| 6544] 000 
106} 3/8Canismin..... 7 16 si 109 4 244] 48:904|—0:04/+ 8 40 520| 6550!+ 004 
127] preec.... 7 21491 110 27 7:2] ow. - sal 
66|Castor ae 7 91 49! 110 27 18:0| °7°892 poe ies 18 450] 7 a -O _ 
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es: CaTaLoeun—continued. 
Numbers : Right ascension. Declination. 
according to o ee ee ee 
Names of the 3 Annual one 
ar & In time. | In degrees. —— motion | In degrees. | Annual oncne 
a in precession. | motion. 
PR 
hm ” ° e “ a“ v ° , “” " " 
-JoArgo...... 4 | 7 22 53) 110 43 105 |+28'587 |—0'43 |—42 54 105 /— 7092 | +030 
10|Procyon ......| 2 | 7 28 49) 112 12 21-7] 47-873 |—0-71|+ 5 43 385| 7:576|—0-98 
77\<Gemin. ......| 4 | 7 33 21] 118 5 150] 54:556|—0-16|4+24 51 527| 7-861 |_o-02 
78|8Gemin. ......| 2 | 7 33 3) 113 15 45°6|] 56:005 |—0'72/+28 29 46:8 7917 |~o1l 
-.-1C Argo prec. ..| 4 | 7 33 8 114 31 15] 32021] .... |—387 29 27-0 8318] .... 
TIE Navis........ 4 | 7 40 53) 115 13 15°0| 387°798 |—0-07 |—24 22 GO| 8542! o-oo 
.- 1G Argo ........ 2°3| 7 56 33} 119 8 19°5] 31°605| .... |—39 26 46°8 9761) .... 
15|Navis ........ 3°41 7 59 1) 119 45 208] 38358 |—O21 |—23 44 87 9°949 |+0°09 
17 BCancri bs ieiekat anes 4/8 5 39} 121 24 49°6 48°964 |—O13/}+ 9 47 30:0 10°4438 |—0'02 
lio Ursze maj.....| 4 | 8 13 32) 123 22 45°0| 76675] .... |+61 22 14:0) 11-029 2p £4 
4\s Hydre ...... 4/18 27 3 1296 45 49°5/ 47°81] + 6 2 317] 11:998 
life Hydre ...... 4 | 8 36 10 129 2 345] 47-962] .... |4 7 8 340] 19-602] || "” 
16l¢Hydre ...... 4 | 8 44 49] 131 12 138] 47°783/4+014/14+ 6 41 54:1 13°205 |—0°48 
9}. Urse maj 3°4) 8 45 27) 131 21 37°5| 63-208 |—1°05|+48 48 57:5] 13-246 —0'32 
65|a2 Cancri 4 | 8 47 32) 131 52 594] 49°354] .... 1412 387 22:0] 13:383 ee 
NArgo........ 2°3; 9 O 38) 135 9 45°7/ 33:00] |—004|—42 87 48'0| 14-915 +0°06 
38/Lyncis ........ 4/9 6 21) 136 35 16:0] 56:634 |+028/+37 38 22:8} 14:562 |—o-20 
23\h Urse........ 4 | 9 J5 35] 138 53 525] 72:941|—009/+63 55 300| 15-105 |~o-04 
30\a Hydre ...... 2 | 9 17 45) 139 26 202| 44-296 |—015|— 7 47 54°5| 15°229|—o-05 
2510 Urse ...... 3 | 9 19 23) 139 50 52°8| 62:902 |—080/+52 34 45°4| 15°322|—o60 
14!o0 Leonis .... | 4 | 9 30 27) 142 36 53°'7| 48331 |—O22/+10 47 43:4] 15-9298 |~o004 
17\e Leonis .... 3 | 9 34 28! 143 37 22) 51477 |—0'03/4+24 41 180] 16138 +0°02 
Z4in Leonis .... 419 41 21} 145 20 21°3| 51°806 |—0°39 | +926 56 31°4|° 16-489 —0°07 
30|y Leonis .... 3'°4| 9 56 24) 149 6 75] 49303 |—0°05|+17 43 55:0] 17-201 |~o-0g 
32|\Regulus ......| 1 | 9 57 42] 149 25 33:4] 48-354 |—0°281+12 56 220] 17:259|_o01 
53/\ Urse maj 34/10 4 58] 151 14 38-4] 55-294] 0:00/+48 54 245] 17:573|—o-05 
-|qArgo...... 4 |10 6 21) 151 35 25°0| 3$7°601 -» |—41 8 OO| 17°6382| .... 
4lly Leonis .... 2110 8 55) 152 138 507] 49°568 | +035 |+20 50 52°2| 17-737 |_90- 90 
34|u Urse...... $ |10 10 21] 152 35 223| 54-468|—029|/+42 30 00! 17-795|+40-08 
424 Hydre ......] 4 |10 16 25| 154 6 180] 43:530/—021/—15 49 92! 18-083|—0-06 
. 47|p Leonis .... 4 {10 22 16; 155 34 O9] 47°5138 |—0'14/+10 19 54:5) 18250] ooo 
$7|Leonis min.....| 4 |10 27 25| 156 51 24-0 51'130|—0-03|+88 0 393] 16432|+0°01 
4\» Hydre .... 4/10 39 46) 159 56 26°7| 44°150/+006/—15 8 59°8| 18:880]/+020 
48|PUrse...... 2 110 49 40) 162 25 90/ 55°4981+0°12/+57 27 45] 19:109|+006 
7\a Crateris.... 4 |10 50 2 162 30 33°0| 44:142|—059|—17 14 11:2] 19118 +0°06 
50ja Urse ...... 2 |10 51 15) 162 48 522) 57°549 |—024/+62 49 384! 19151] OoOo0 
52iy-Urse .... 34/10 58 21| 164 35 300; 51°447 |—0°08/+45 34 52°8| 19325 |—0-07 
6| 11/8 Crateris.. 3°4/11 1 50) 165 27 345] 44:005 | +005 |—21 44 9°0| 19°:404/—0-11 
10} 68/8 Leonis .... 3 j11 3 27) 165 51 43°5| 47°952/+0°18/+21 37 40] 19°488!—o11 
43] 70|@ Leonis .... 3 {11 $3 43) 165 55 541] 47°457 |—0°16/+16 31 15°0| 19°445/—o-06 
| 26] 53/£ Uras maj.....| 4 [11 7 28] 166 52 100| 48'980|—0'52/+382 89 7°51 19:59¢|~o-64 
29| 54!» Urse maj.....| 4 |11 7 39) 166 54 36°1| 49°:095|—008S/+34 11 20] 19°595 +0°05 
| 38} 12/8 Hydre .... 3°4)11 9 21) 167 20 15°0| 44°941/—O19|—18 41 486] 19°558|—0-06 
‘ 42| 77\e Leonis .... 4 {11 10 49) 167 42 14°4| 46°545/|—O16/+ 7 7 245! 19°586|—0-05 
t 54) 78]/¢Leonis ......| 4 |11 13 29] 168 22 18:0] 46-843 |—v-00|+11 37 47:5| 19:634|—o-08 
62); 15iy Hydre..... 4 {11 14 54| 168 43 29°5| 44844 /|—O29 |—16 35 125] 19°658/+0-02 
76| 84|rLeonis .... 4 {11 17 39) 169 24 421] 46266 |—003/+ 3 57 24:5] 19°704!—0-02 
| 86 1)\ Draconis ....|3°4/11 19 22) 169 50 27:0| 55°960|—015 |+70 25 59°7 19°731 | —0'09 
‘ ' 
NN a SSS SSS SSS ssp 


é 











602 ASTRONOMY. 
Astronomy. CaraLocun—coxtinued. 
—\——w/ 
Numbers Right ascension. 
according to 
3 Names of the Annual — 
‘a 8 stars. In degrees. precession a 
2 5 R in 
Ble R 
Oo (8 "7 n” ” 
103} 19/\¢ Crateris...... 170 47 465 |+44:104 |—0°42 |—30 45 85/—19°788 |— O11 
114] 21)@Hydre ...... 171 38 63| 45°565 |—0O14;— 8 41 47:0| 19°8382}+ 005 
150] 27|¢ Crateris...... 173 39 35:1] 45°325 |—006 |—17 14 21:5] 19°923}— 0-09 
152) 63!x Urse maj..... 173 51 22°5| 48470 |—0.36 |}+48 53 16°6| 19°931 |— 007 
159| 938|Leonis........ 174 24 45'9| 46774] .... |+21 19 49:0| 19°950 pee 
163} 94}8 Leonis ...... 174 42 420/ 46°530|—0°53 |+15 41 24:7/ 19°961 |— 0°08 
166 5/8 Virginis 175 4 78| 46:098/+076/+ 2 53 800| 19972 |— 030 
172|  28|8 Hydre ...... 175 42 35°5| 45°045 |'—-0°20|/—382 47 44:0] 19°990);— 013 
174| 64\y Urse maj.... 175 48 872| 48088 } +006 |+54 48 23:0| 19°992/|— 00S 
241 ljaCorvi...... 179 31 501| 45°940/+0°06 |—23 36 44:7| 20°045)+ 016 
248 Qie Corvi ...... 179 57 525] 46007] .... |—21 30 25°0| 20°045 |— 0°09 
22} 69/6 Urse maj..... 181 21 46:0] 45°244/—006/+58 8 402; 20140/— 008 
24 4)y Corvi........ 181 23 33] 46:154|—O3¢ |~—16 25 47°0| 20°040|+ 0°06 
44| 15/y Virginis .... 182 25 102! 46:005 |—0°05|+ O 26 47:0] 20°028 |— 0°04 
92 Centauri .... 184 26 53°4| 47222] .... |—87 55 460} 19°985| .... 
1Ol} = 7|®Corvi........ 184 52 594] 46481 |+007 |—15 23 586] 19°973 |— 0°20 
1238 9|8Corvi........ 185 58 351] 46867] .... |[—22 17 195] 19987] .... 
129 5|« Draconis .... 186 12 490} 39°748 |—050/+70 53 32°7| 19°928 ;— 018 
157] 29iv1 Virginis shen bica 187 52 57°0 46°'028 |—0°72 |— _ O 20 59°0 19°556 | + O10 
220| 77\« Urse maj..... 191 17 43:2) 39°954 |+0°24/)4-57 2 525] 19°657|— 0°10 
223| 43/6 Virginis 191 22 57°9| 45°701|—O05 |+ 4 29 162| 19°651 |— OO? 
226) 12/Can. venatic 191 39 423| 42683 |—0°'34/+39 24 50] 19°682)+ 0°04 
249| 47/e Virginis 198 83 17:4] 45:046/—0O387/+12 2 167] 19°528/+ 0°07 
273| 41/Coma Beren 194 23 292] 43:293| .... [+28 42 7O} 19°417] .... 
2| 42/Coma Beren 195 $3 460| 44259!—045 |/+18 35 27°7| 19°357|+ 015 
45 Qiy Hydre ...... 197 1 90] 483951+014]/—-22 6 410] 19168|— 010 
53 « Centauri 197 21 25| 50°299| .... |—35 39 8 Oo; 197142 ate 
75| 67|Spica ........ 198 40 63| 47°156/—0°09|—10 6 440| 18991 |— 0°03 
78| 79\¢ Urse maj. pr. 198 57 27°0| 36366 |—008 |+55 58 25°8| 18:958|— 001 
85} 80/G Urse maj. .. 199 17 465) 36178/+013/+56 2 1:0) 18919|— 018 
99 D Centauri .... 199 52 3S$0O| 51407] .... |—88 22 55] 18851; .... 
128] 79)\¢ Virginis 201 7 411] 45°957|—049/+ O 25 55°6| 18°699|+ 0°06 
197 »y Centauri .... 204 23 $45] 53°124 —40 40 1:0| 18257 ‘ 
198} .. |*Centauri .... 204 24 32:1] 53°382] .... ]—41 28 11°5| 18°254 ; 
209} 84|7 Urse maj..... 204 54 33°7} 35°886/—0°50/+50 18 59°2] 18181 0°00 
210 5|” Bootis ...... 204 57 246| 43:458] .... |+16 47 462] 18174] .... 
240 8/7 Bootis ...... 206 17 22:5 | 42°884|—010}+19 24 220 17:972 |— 0:40 
293 5/9 Centauri .... 208 41 31°8| 52°865|—063 |—35 22 41:°0| 17°576|— 040 
312} 11l/¢@Draconis .... 209 44 366] 24:353|—015 |+65 20 77] 17°405/+ O09 
14] 98)« Virginis...... 210 88 408| 47°687|—018|— 9 20 SO| 17:261(+ O13 
28} 99). Virginis...... 211 28 7:8} 469283|—O01/— 5 2 200} 17°113|}— 0°47 
32} 16)Arcturus ...... 211 38 66| 42°:187|—1:17/+20 138 483] 17:067|— 096 
37} 100) Virginis 212 4 367| 48360|—008 |—12 26 33°0| 16°986|+ O07 
41] 19/\ Bootis ...... 212 11 31°0| 34553 |—0'55/+47 0 440| 16°964)+ 027 
42| 21)«Bootis ...... 212 16 48| 32°167 |—034|}+52 17 41:0 16950 |— 0-03 
92; 23\@ Bootis ...... 214 35 41:°4| 31°028}|—0°80/+52 46 48:0; 16501 ,— 054 
109 » Centauri 215 48 40| 56280] .... |—41 16 OO| 16°275/ .... 
112} 25ip Bootis ...... 215 48 7:0| 38894|—007/+381 15 200} 16258 |+ O09 








ASTRONOMY. 
CaTaLocur—continued. 


@eveesns 


217 53 59°4 
219 2 100 
219 3 43:2 


@eoeee#e8: 














219 57 34:0 
220 32 28:0 
ZZ1l 22 WSS 
221 33 13:0 
222 51 40°0 






























































paint eear 228 5 555 —0'14 
223 36 81 —0°20 
iene 6 226 38 55:0 —030 
ore 7 226 51 32°4 +010 

15 8 18) 227 4 318 ee 

caters 15 9 9} 227 17 240 ere 
51\# Bootis ...... 15 16 56] 229 13 59°) —0'30 

3/8 Corone bor... 15 19 35] 239 53 45°0 iets 

92/ 12|* Draconis .... 15 20 30] 280 7 25:0 ae 
95 15 21 9] 230 17 los eae 
98) .. iyLupi........ 15 21 51} 230 28 $0 Sayate 
106; S7|Libre ........ 15 23 15] 280 48 57°0 +0°33 
lll] S8iqy Libre ...... 15 24 21! 231 5 95°5 +0714 
117 15 25 15| 231 18 48:0 —0°06 
12} 15 26 15} 231 33 177 -—0O 10 
152 15 31 51] 232 57 39°0 Sues 
163 34 25) 2838 36 22:2 —010 
174, 6&ALapi........ 38 17| 234 34 195 re 
178 39 11) 2934 47 56:1 —004 
182 39 44) 934 56 54 —0°06 
187 40 51| 235 12 486 +0°12 
206} 6/#Scorpil ...... 46 46} 236 41 42°6 +0°10 
217| .. mLupi........ 46 236 43 42:0 pile 
219 47 236 48 201 +0°35 
225 7i°Seorpl ...... 48 237 7 594 i @0o 
248| .. joLapi........ 238 22 26°4 sane 
251 238 27 27°6 +003 
Q77 239 32 19°0 wiley 
4 240 5 5438 —006 
21 240 58 75 —O15 
41 241 56 16°6 +015 
50) 20je Scarpii ...... | 242 15 49°8 — 0°06 
66 13 6; 248 16 31°0 —0'04 
73 13 44) 243 26 2) Laren 
84 17 10| 244 17 322 —0°05 
100 4 116 20 245. 12 235 —Or06 
102| 14\) Draconis ....}3°4/16 21 18) 245 19 27:0 Sates 
108|. 27\8 Herculia ....}2°3)16 21 37| 245 24 207 —O22 

























+38 


+29 : 


+59 
+72 
—40 
—- 9 


—14 
+11 
+27 
+37 
+ 7 


—33 
— 2 
+18 
+ 5 
—25 


— 87 
+16 
—22 
—36 
—19 


+56 
—-18 
— 3 
— 4 


+19 
+46 
—25 
+ 2 
+61 
+21 


se ee a 


37 59°5 
47 39°0 
58 26°0 


26 18 
58 11-0 
56 65 


15°833 
15°818 
15°570 
15°565 


15°365 
15°234 
15°042 
15001 
14°694 


14°636 
14°517 
13°782 
13°707 
13°652 
13°597 


13°090 
12°913 
12°852 
12°808 
12°760 
12°606 


12°590 
12°530 
12°463 
12°075 
11°894 


11°620 
11°555 
11°516 
11°437 
11°005 


10°997 
10°985 
10°879 
10°511 
10°487 


10°162 
9993 
9°728 
9% 430 
9°329 


9015. 


8'965 
8695 
8°406 
8369 
$343 












+008 
—0-04 
—0-08 


—0O18 
—O?21 


—018 
+008 
—002 


+0°07 
—007 


+0:16 
+015 
+015 
—0'30 
+008 
+007 
—010 


—040 
+005 


"0-00 
—0-10 
—001 
—0-20 
—18) 
—010 
—0'10 


+0°30 


— 0°08 |. 


—008 
+0°03 
—0'04 


+0°09 
_010 
—0'06 


—005 
—0'04 
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CaTaLoaur—continued. 




















Astro nomy. iced . 
Numbers Right ascension. ! Declination. 
according to : x 
= Names of the 2 Annual ae 
al S| Intime. | Indegrees, | Precession| Pore | 1. deavees. | Annual | *20U2! 
s = oe oh in precession. Oe 
s i Mm R motion. 
. h m nN ° ’ ” ” " ” 
113] 23lrScorpii ...... 3°4/16 23 27| 245 51 50-4/+55-651 — $:197|— 013 
123) 13)¢ Ophiuchi ....) 3 |16 26 9) 246 32 227] 49°303 7-980 | + O10 
132|  35|oHerculis ....| 4 [16 27 40] 246 54 52:0] 28-901 8601+ 0-08 
165| 40\¢Herculis ....| 3 [16 33 45} 248 36 105| 34-374 7368 |+ 0:47 
173} 44|7 Herculis ....| 3 |16 36 3] 249 0 34:0| 30687 7181 |— 0-09 
184) 26|e Scorpii...... 8 |16 387 14]-249 18 32°2| 58620 7-083 |— 0-18 
189} 1/41 Scorpii ....| 4 [16 38 21) 249 35 16:0| 60525 6991 . 
193} 2lu2 Scorpii ....|3°4/16 38 29] 249 42 17-7] 60521] .... |—37 39 35:4] 6953] .... 
233| 29|: Ophiuchi ....| 4 |16 44 33] 251 8 160] 42489] .... |+10 30 25:0| 6-481] 0-00 
252| 27\x Ophiuchi ....| 3°4/16 48 12] 252 3 70] 42752|—030|+ 9 41 512| 6177|+ 008 
Q72| 58\¢ Herculis ....|3°4|16 52 38) 258 9 345| 34:378/—0'18/+31 13 484|  5°807]+ 005 
302) .. | Scorpii ...... 4116 57 51| 254 27 504| 63:994| .... |—42 57 27°0| 5:369|.... 
306] 35/7 Ophiuchi ....| 23/16 58 55) 254 43 486| 51:362!—0-03 |—15 27 460|  5°279/+ 0-09 
4| 21\u Draconis ....| 4 |17 1 12] 255 18 OO] 18587|—020|+54 44 192| 5°087/+ 016 
29| 64|aHerculis ....|3°417 5-32] 256 22 57:1| 40926 |—011|+14 37 477] 4720/4 0:12 
35| 65/éHerculis ....|3°4/17 6 49] 256 42 132| 36679|—020/4+25 6 .7:4| 4610/—014 
36} 22/e Urse min. ..| 4 [17 6 58| 256 43 55°0|—99°116 |—0'82 |+82 20 35:4|  4°601|+4 001 
39| 67\rHerculis ....|3°4/17. 8 5] 257 1 16:5|/+31-268] .... [+87 23844] 4502] .... 
42| 22\c¢ Draconis ....| 3 [17 8 14| 257 3 280] 2211 |—032/+65 57 42:3] 4499|/+ 004 
53| 42/0 Ophiuchi ....| 3 [17 9 44] 257 26 5:4] 55°045|—0:08|+24 47 40] 4361]/— 007] 
105] 75\o Herculis ....| 4 |17 16 48] 259 11 44:1] 30990 +87 20 21:3] 3758] .... 
106| 34!» Scorpii ...... 3°4/17 17 10! 239 17 460] 60918|+006|—37 7 74| 3723] o-oo 
121} 35|\Scorpii......| 3 {17 20 2] 260 0 39°6| 60°856|—0-08 |—36 56 26°6| 3:477|— 0-02 
158} 55/2 Ophiuchi ....| 2 {17 25 39] 261 24 486| 41°538/4+009/412 48 30| 2993/4018 
155} 23/8 Draconis ....| 2 {17 25 55| 261 28 45°6| 20217 |—0°27 |+52 27 187| 2971] 0:00 
157 55|E Serpentis ....| 4 [17 26 8] 261 82 7-:0| 51:420/—017/—15 15 295] 2951!—O15 
174| .. |«Scorpii ...... 3 117 28 40| 262 9 588! 62041| .... |—s8 54 340] 2732] .... | 
209} 60/8 Ophiuchi .. ..! 3 |17 33 36] 268 23 55:5] 44387|/—017/+ 4 839 481]  2:304]+4+ 022 
211| 85}. Herculis ....| 4 |17 38 49] 268 27 12:0] 25°302 +46 7115] 2285!|— 002 
229 y Telescop. ....| 4 |17 36 15| 264 3 465] 61-015] .... j;—36 57 42:0| 2073] .... 
239] 62\yOphiuchi ....| 4 {17 387 52| 264 28 1:5| 45°087}+002/+ 2 47 43:0| 1:983|—010 
244) 86|xHerculis ....| 4 |17 38 38] 264 39 28°5| 35468 |—0-29|+27 50 48:8]  1:866|/— 084 
308| 64|»Ophiuch ....| 4 [17 48 1] 267 0 160| 49°446| .... |— 9 44 35] 1:045] 0-00 
309| 91|9Herculis ....| 4 |17 49 24] 267 20 540| 30765|—017/4+387 17 81] 0:987|+ 0:06 
314) 92/€ Herculis ....| 4 [17 50 O| 267 29 55°5| 34°782| .... |+29 16 467] 0875] 0:00 
316} 32|fDraconis ....|3.4/17 50 5| 267 31 1°0| 15-280 +56 54 290| 0868/+ 0:30 
$22} 67\0 Ophiuchi ....| 4 [17 50 38| 267 39 261| 44978| .... |14 257 160] 0819] .... 
$35] 33ly Draconis ....| 2 |17 51 58] 267 59 264] 20810|—0'31/+4+51 31 45| 0708|— 0-07 
$48] 10/72 Sagittarii ..| 4 |17 52 57| 268 14 80°0|—57-770 |—0°04 | +30 24 35°5|— 0-615 |— O15 
344) 95|Herculis ...... 417 53 1! 268 15 16:0|+88-:075| 000/421 36 26:3!— 0611]+ 005 
374! 72lg2 Ophiuchi ..| 4 |17 57 52] 269 28 1:0] 42°640 + 9 32 523|— oO-186| .... 
388] 103|o Herculis 4 117 59 45] 269 56 S| 35-016! ,... |4+28 44 41°6|— 0023] .... | ° 
7| 13\|u1 Sagittarii ..| 4 |18 1 48] 270 27 3:1| 53:°745|—0-08|—21 5 45°7|+ 0-158 |— 0-09 
17| .. \8Telescop. ....| 4 18 4 5/271 1 285] 61:007|—0'19 |—36 48 147| 0179|— 0-07 
$2] 19/6 Sagittarii ....|3°4/18 8 11] 272 2 50°4| 57°5299|/40°10|—29 53 505] o716|—010 
46| Ole Sagittarii ....] 3 |18 10 54] 272 43 27°0| 59°753|—0'15 |—34 27 40°7| 0953 |— 0-08 
48| 58], Serpentis ....| 4 |18 10 58| 272 44 28:0| 47:039|—067|— 256 165| 0959|— 9068 
66, 22j\ Sagittarii ....} 3°4/18 15 87| 273 54 243| 65°558|—011|—25 31 1:0] 1:366|— 0-25 


























ASTRONOMY. 605 
Astrondaav. CaTaLocus—continued. Plane 
na poate Astronomy. 
Ne eae 
Numbers Right ascension. Declinatioa. 
according to S aoe 
———| Names of the | 3 | Annual oe = 
3 | § In time. | In degrees. | PF°S™O8| motion | In degrees. | Annual oe 
in recession. : 
. NR R P motion. 
hm ” o f n” " ” ° , “” ” ” 
143) SjaLyre........ 1 118 30 10; 277 32 29°4 |+30'145 | +023 |+38 36 20°3/+ 2°631!+0°25 
159| 27\@Sagittarii ....| 4 |18 33 9) 278 17 23-4] 56°197|+0°12 |—27 10 505 2°890 |—-0°05 
178} 23/8 Urse min.....| 3 {18 36 42) 279 8 46:0] -283°393; . +86 33 42°5 3186] .. 
215) 10/8 Lyre........ 4 |18 42 42) 2380 40 24°6 | +33°150|—0'13 |+33 8 23:2 3°713 |—0O°'25 
218} 34/o Sagittarii 3 {18 42 51) 280 42 52:0} 55°844 |—0°06 |—26 31 47°2 3°727 |\—O11 
‘ l 
257| S8ig Sagittarii ....| 4 49 592| 282 28 96)| 57°381;—0'18/—30 9 16 4°328 |—0°01 
262) 13/¢ Aquile ...... 4 50 $2] 282 38 7:0| 44:340|—017|+14 48 29°3 4°385 |—0°08 
266) l4ly Lyre........ 3 51 27] 282 51 53°1{ 33°598 | +0°07 | +32 25 27'8 4°463 |—0°09 
298} 16) Aquile ...... 3 55 38] 283 54 264) 47'°772|—007|— 5 10 98 4°818 |—OOol 
$03} 17/f Aquile ......] 3 56 13] 284 3 150) 41315 |—0°'14/4+13 34 41°5 4°868 |—O'11 
315| 41/7 Sagittarii ..../ 4 57 52] 284 27 56°2) 53°590 |—008 |—21 19 38°0 5°007 |—0'14 
35) 4Sid Sagittarii ....| 4 5 55) 286 28 513} 52°741)—014 |—19 17 42°5 5°687 | 0-00 
90} 57}8 Draconis ....| 3 12 28| 286 6 580 0444 | +007 | +67 18 35:7 6233 | +0°02 
91} UWkCygni ...... 4 |19 12 28] 287 7 51] 20724/4002/453.-0 17:0] 6234|+0714 
113} 30/5 Aquile ...... 4 15 24) 288 51 100} 45°108/+018/+ 2 43 41:0 6°478 |} +010 
142| 58|r Draconis ....| 4 19 36} 289 54 81 4974 +65 19 51:2 6213] .... 
148 6|Lucida Anseris | 4 20 22) 290 5 420] 37°523 |—030/+24 16 107 6°887 |—0'11 
161| 6/8 Cygniprec ..| 3 |19 22 39] 290 39 49°5| 36227 |—0-07 |+27 32.5038| 7:074/+0-05 
187) S39}c< Aquile ...... 3°4119 26 7} 291 31 53:5] 48°453/+010|— 7 27 347 7°357 |—-0°08 
223! 1SioCygni ...... 4 31 4] 292 46 48]| 24°165 |—0O06 |+49 45 51°9 7758 | +035 
226) 12i@Cygni ...... 4 31 29} 292 52 126 | 35°474 |—O05 |+29 42 5°4 779114010 
264) 50ly Aquile ...... 3 36 44] 294 11 144] 42°742|4+008/+10 § 11°4 8°213 | +0°04 
279 7\6 Sagittee ...... 4 38 2S] 294 36 59:1} 40°072 +18 3 17 8°350/ .... 
260] 18\sCygni ...... 4 119 88 43] 294 40 190] 28°018/—012/+44 39 06} 8370/+011 
294| 53laAquile ...... 12/19 41 1{| 295 15 205] 48°350/+051/+ 8 21 52 8°553 | +0358 
3038} 55|y Aquile ...... 4 42 16| 295 34 9:0] 45°852;/—O10/+ O 30 152 8°652 | + 0°02 
324] 60/8 Aquilz ...... 3 45 29] 296 22 180| 44150/—O03/+ 5-55 52 8'S98 |—0°54 
10} 65/9 Aquile ...... 4 O 58] 300 14 41'7| 46°436|—O09{— 1 24 12:7! 10°097 | +007 
54 5}a 1 Capricorni..| 4 6 33} 301 38 15°9! 49°987/|—0°05|—13 6 51:5} 10515 |—0°08 
58| 6|a2 Capricorni..| 3 6 56| 301 44 126| 49°995/+004/—13 9 102] 10545 |+0°25 
62} 31/02 Cygni...... 4 7 20} 801 49 59:1} 28288 /|—003|}+46 8 288] 10573 /+0:08 
83} 9|8Capricorni ..|3°4 9 45| 302 26 25:0) 50°672|—003|—15 2% 36] 10753 !—008 
124| S37iyCygni ...... 8 120 15 38} 808 45 44:5] 32°214 |—004/|+39 37 94:8] 11°141/+0703 
19} Q|Delphini ......| 4 [20 23 39] 305 54 49°5| 42°963/—010/+10 38 1:0} 11°758{ 0°00 
224, 7ljAquile........| 4 [20 28 0| 307 O 19] 46518] .... |— 1 47 36°0| 12064) .... 
227| 6|BDelphini ....| 4 [20 28 10] 307 2 31°5| 42:049/+012/+13 54 36:0] 12:076|+0°08 
254; 9|aDelphini ....| 8 [20 30 21] 307 35 124] 41°691|—O'09|+15 12-575] 12°9271+010 
285; 50/Deneb...... 1 |20 34 37| 308 39 12°3| 30°589|—0'08 |+44 34 19°83; 12521]; 0-00 
301 S3j|Aquarii ...... 4 (20 37 10| 809 17 35°5| 47°573] .... |— 5 44 587] 12°695/ .. 
304| 12ly Delphini seq..| 4 20 37 23] 309 20 504| 41:738| .... |+15 24 460] 12709] .... 
313} 53je Cygni ...... 3°4/20 38 7| 309 31 47°4; 35°883/+0°44 |+33 13 460] 12°759|+040 
338 3\7 Cephei ...... 3°4 41 12} 810 17 51°0| 18°354/+020/+61 3 563] 12°965/|+081 
410; 58}»Cygni ...... 4 |20 49 48] 312 25 46:9] 33°417|+002/+40 24 142| 13°525/+015 
472| 62\ECygni ...... 4 120 57 40] 314 24 501] 32596] .... |443 8 90] 14:029/—001 
351 63/¢Cygni ...... 3 121 4 25| 316 6 23°5| 38:176|—009 |+29 24 49°5| 14:445)—0°08 
100 lie Pegasi ...... 4 |21 12 50] 318 12 33-7 | 41-423 |4+0°15 |4+18 57 227] 14:946)+0°05 
105 5}a Cephei ...... 3 |21 13 47} 318 26 49°5| 21:274|4+027/+61 44 288] 15°001 |—007 
118 84 Capricorni.... 4 |21 15 13} 318 48 19:0) 51:689 |—0O26 |—23 16 4:5] 15°084|—0°30 
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CataLOGuE—continued. 
Right ascension. Declination. 
Names of the Annual Annual 
. precession | Proper 
In time. In degrees. : motion | In degrees. Annual 
in precession. 
a eee R 
h m " ° a u w Qo ‘ " " 
23 f Aquarii oh tenn ta Zl 1| 320 15 17°7 —0°06 i— 6 26 33°0/+15°414 
8|8 Cephei ...... 26 O}| 321 30 142 —0O 17 |+69 41 28] 15°688 
40) Capricorni 28 59) 322 14 51:0 +015 |—17 33 26°2| 15°850 
@ Pegasi bOce ects 34 21) 323 35 250}. +O11/+ 8 57 553; 16:13838 
10jx Pegasi ...... 35 35] 323 53 57°0 ooes [$24 43 57°3| 16°196 
49/6 Capricorni.. .. 35 59| 323 59 46°5 +024 {|—-17 1 362] 16217 
y Gruis.,...... 41 46| 825 26 11°5 000 |—38 17 47°2| 16°509 
@ Aquarii...... 55 30} 328 52 36°0 —O12|/— 117 ~ 61 17'160 
24|+Pegasb ...... 57 42] 329 25 39:0 +033 |+24 22 280} 17°259 
26|9 Pegasi ...... Oo 6{ 330 1 39:0 +026 i+ 5 13 128 — «17365 
29 x Pegasi Seat tk l 330 16 48°6 .... [+82 12 771 17°409 
Zll¢Cephei ...... 3 330 58 52:0 —014/+57 138 73) 17°525|—O12 
48\y Aquarii...... il 332 49 48°38 —Oll|— 2 23 204] 17°884/+005 
yt. eee 15 833 55 40°0 .... [+51 18 50°6] 18°006] .... 
55i¢ Aquarii...... 18 334 37 56°1 —GO10;— 1 2176] 18113/—014 
17/8 Piscis austr. . . 20 335 1 S10 +0°08 |—33 21 56°7;] 18:166/—O0l 
wiLacerte ..... 93 $35 46 87 —005 }+49 15 29°09] 18280] O00 
62) Aquarii ...... 25 3836 16 7'5 —016/— 1 8 33°8/ 18351 |/—O138 
18}e Piscis austr. .. 39 337 23 30°0 +005 |—28 4 52°5| 185221+002 
42i¢ Pegasi ...... 31 337 52 21°7 +0°08 |+ 9 47 32:0] 18'570/—006 
44\7 Pegasi ...... 33 338 24 367 —0 08 |+29 10 46:5] 18°639 |—0O'12 
48|u Pegasi ...... 40 840 5 222 ..-. [$23 32 571] 18847] .... 
73)\ Aquarii ...... 42 840 32 345 —O015i— 8 38 226] 18901 |—004 
¢Cephei ...... 42 840 38 49°5 —1°94/+65 9 29] 18918 /—O1)] 
76\6 Aquarii ...... 44 3841 0O 19:0] —O17 |—16 52 47°7| 18°954/—O12 
24|Fomalhaut .... 46 341 38 32:1 +033 |—30 40 41-2] 19:026|—026 
ljo Andromede .. 52 3848 11 7°5 —007 |+41 15 14:0} 19°189|—003 
53i8 Pegasi ...... 54 848 31 25:0 +0°24 |+27 O 52] 19°222}+020 
54i\Markab ...... 54 348 42 5°4 +002 |+14 7 571) 19°240|—007 
88ic 2 Aquarii .... 58 844 41 28'5 .o.. [—22 25 146] 19°3384] .... 
16]\ Andromede . . 37 351 57 111 +027 |+45 12 34:9] 19°848}—0°42 
35]yCephei ...... 31 352 48 38:2 —024 |+76 30 59:0; 19°888)/—O'1l 
28|ePiscium...... 49 357 15 43°8 +006 |+ 5 45 23:0} 20023/—o'18 
Qie Ceti ........ 53 858 23 16°5 +024 |—18 26 54°51 20087 |—004 
2lla Andromede .. 58 359 31 66 +014 |+27 59 9O] 20045 |—0¢9]) 
11/8 Cassioper.... 58 3859 38 43°8 +082 |+58 2 455) 20045 |—025 
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NAUTICAL ASTRONOMY. 


Astronomy. THE situation of a ship at sea is ascertained by expressed by the number of degrees, &c. comprised Nautical 
aw determining its latitude and longitude. For this pur- between them on the arc of a great circle. Astrunomy, 
pose two methods are employed, the one called the A spherical triangle is formed by the intersection of ~~” 


‘« dead reckoning’ depending on the course and dis- 
tance sailed; the other founded upon astronomical 
observations, and which may be termed nautical 
astronomy; this last will form the subject of the 
following article. 

The dead reckoning proceeds upon the assumption 
that the ship's course, (that is the angle which her 
way makes with the meridian,) and the distance she 
sails are known, and could these data be accurately 
obtained, the latitude and longitude might be readily 
found by trigonometrical calculation ; but a variety 
of circumstances generally operate to render this 
impossible. The difficulty of steering within some 
degrees of the intended course, uncertainty respecting 
lee way, errors arising from the log, the heave of the 
sea, and the influence of currents, contribute more or 
less to render the dead reckoning, at best, but a rude 
approximation to the truth. 

It must not, however, be understood that the dead 
reckoning is without its value ; on the contrary, when 
combined with astronomical observations, it is of con- 
siderable utility in deteeting the existence and velocity 
of currents, and is indispensably necessary to fill up 
the short intervals which may occur in unfavourable 
weather between celestial observations. But the too 
general practice of relying exclusively upon it, cannot 
be sufficiently deprecated ; and numerous instances 
might be adduced of the fatal consequences of this 
reliance in the loss of vessels, from errors of such 
magnitude, that they might have been detected by 
the most superficial knowledge of nautical astro- 
nomy, and the aid of even a good common watch. 


PRELIMINARY DEFINITIONS. 


Great circles are those which divide the sphere into 
two equal parts, or hemispheres, and consequently 
have the same diameter and centre with each other, 
and with the sphere. 

A great circle is called a secondary to another when 
its plane is perpendicular to that of the first. 

The pole of a great circle is that point which is 
every where distant 90° from its circumference. 

Lesser circles are those which divide the sphere into 
two unequal parts. 

Every circle is supposed to be divided into 360 
parts, called degrees; each degree into 60 parts, 
called minutes ; each minute into 60 seconds, and 
each second into 60 thirds, or into decimals of a 
second. 

The distance of any two points in the heavens is 


three great circles. 

The horizon of any spot on the globe is an imagi- 
nary plane, touching the earth's surface at that spot. 
This is frequently called the sensible horizon. A plumb 
line is perpendicular to this place. 

The rational horizon is an imaginary plane, passing 
through the centre of the earth parallel to the sen- 
sible horizon. It is, therefore, a great circle dividing 
the sphere into two equal parts. 

If we observe the fixed stars, we may remark that 
some of them appear to rise, attain a certain height, 
decline, and then set. Others describe concentric 
circles in the heavens about a certain point. This 
point in the northern hemisphere is called the north 
pole, and in the southern, the south pole. 

An imaginary line passing through the centre of 
the earth, in the direction of these points, is called 
the axis of the earth: ‘about which it makes its diurnal 
revolution, causing the apparent motions of the fixed 
stars before described. 

The zenith is that point which is every where 90° 
distant from the horizon. The zenith is, therefore, 
the pole of the horizon. 

The nadir is 180° distant from the zenith. | 

Vertical, or azimuth circles, are secondaries to the 
horizon, and pass through the zenith and nadir. 

The prime vertical intersects the meridian at right 
angles. It is sometimes called the six o'clock line. 

Cardinal points are the four points where the meri- 
dian and the prime vertical intersect the horizon. 
Those of the meridian, north and south; those of the 
prime vertical, east and west. . 

The altitude of an object is its distance from the 
horizon measured on a vertical circle. 

The zenith distance, or complement of altitude ig 
the distance from the object to the zenith ; and is, 
therefore, what the altitude wants of 90°. 

The meridian of any spot is that vertical circle 
which passes through the poles as well as the zenith. 

The meridian altitude is the greatest altitude the 
object can attain; and is its altitude when upon the 
meridian, and not uncer the elevated pole. 

The azimuth is an arc of the horizon, comprised be- 
tween the meridian (either from the north er south) 
and a vertical circle passing through the object. 

The amplitude is an arc of the horizon between the 
east or west point, and the object when rising or 
setting. 

The equator is a great circle at right angles to the 
axis of the earth, and dividing the globe or heavens 
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Astronomy. into two hemispheres. It intersects the horizon in 
ae the east and west points. 


Hour circles are secondaries to the equator, and pass 
through the poles. When named with reference to 
the earth they are called meridians. 

The declination of a celestial object is its distance 
from the equator, measured upon a secondary, and is 
either north or south, according to the position of the 
object with respect to the equator. 

Polar distance is the distance of the object from that 
puie which is elevated above the horizon. 

The latitude of any spot upon the globe is its dis- 
tance north or south of the equator, measured upon a 
meridian, and is equal to the altitude of the pole. 

Complement of latitude is what the latitude wants of 
90°, and is equal to the angle which the equator forms 
with the horizon. 

Parallels of latitude and parallels of declination are 
lesser circles, parallel to the equator. 

The longitude of any spot on the globe is an arc of 
the equator, comprised between the meridian of that 
spot and the first meridian: or the meridian from 
which the longitude is counted; and is said to be 
east or west, according as the place is to the east or 
west of the first meridian. 

The ecliptic is that great circle which the sun 
appears to describe in the heavens among the fixed 
stars, by reason of the motion of the earth in its 
orbit. 

The obliquity of the ecliptic is the angle which it 
forms by its intersection with the equator; the axis 
of the earth not being perpendicular to the plane of 
the ecliptic but inclined about 234°. 

The equinoctial points are those points where the 
equator intersects the ecliptic. 

The ecliptic is divided into twelve parts, called 
signs; reckoning from the vernal equinoctial point 
towards the west, each sign into 30°, &c. 

The longitude of a celestial body is its distance upon 
@ secondary, north or south of the ecliptic. 

Right ascension is an arc of the equator, intercepted 
(reckoning according to the order of the signs) be- 
tween the vernal equinoctial point, or the first point 
of aries, and a secondary to the equator, passing 
through the object. This, supposing the equator to 
be divided into twenty-four hours, may be expressed 
either in time or space. 

The tropics are two lesser circles, parallel to the 
equator, and are the limits of the path of the sun, 
north and south ; they are consequently distant about 
234° from the equator. The northern tropic is called 
the tropic of cancer; the southern, the tropic of 
capricorn. 

The zodiac is a space extending about 8° on either 
side of the ecliptic. 


Or TIME. 


In order to render this subject as intelligible as 
possible, imagine the earth to be at rest, and the 
fixed stars and sun to move round it. We may then 
observe, that the interval between any two successive 
returns of the same fixed star to the meridian is 
invariable. This is called a sidereal day, and is 
divided into twenty-four hours, &c.; to show which 
we will suppose a clock to be constructed. 

We may also remark that the sun takes a longer 
time than a star to complete its circle round the 


NAUTICAL ASTRONOMY. 


earth, but this time will be found to vary. The mean Nautical 
interval is called a mean solar day, and is divided by 4*tronomy- 


a clock or chronometer into twenty-four hours. Such 
are the clocks and watches in common use, which 
are intended to shew mean solar time. 

Whilst the solar clock passes through twenty-four 
hours, the sidereal clock will have gone through 
24h 3m 56*55. Such, therefore, is the ratio of mean 
solar time to sidereal time. As 24" 3™ 56*55; 
3™ 56°55 ; 245 3™ 55°91; the quantity to be subtracted 
from twenty-four hours of sidereal time to convert it 
into mean solar time; and so in proportion for any 
other period. 

It has been remarked that the motion of the sun 
ig not equable, but that it takes sometimes more and 
sometimes less than a mean solar day to complete its 
revolution. When the sun is upon the meridian we 
say it is apparent noon, and all time deduced imme- 
diately from the sun, is called apparent time, and is 
that portion of an actual revolution which the sun has 
passed through since it left the meridian. 

In order to convert apparent into mean solar time, 
the equation of time must be applied to it ; the equa- 
tion of time being the accumulated errors of the sun, 
(if the expression may he allowed,) from mean 
solar time. The result will be the time which should 
be indicated by a solar clock or chronometer. 


To convert degrees into time and the contrary. 


As every circle is divided into 360°, and also where 
time is concerned, into twenty-four hours, the pro- 
portion for converting degrees, &c. into time, will be 
the same in all cases, that is, 15° to one hour ; but, 
it must be carefully noted, whether the circle or arc 
to be converted into time is that described by the 
motion of a star, the actual motion of the sun, or the 
motion of the sun supposed to move equably. In the 


-first case, the result will be sidereal time, in the 


second, apparent time, and in the last, mean solar 
time. 

To convert degrees, &c. into time and the con- 
trary, a table is generally used, which may be found 
in various authors ; but the following method is more 
expeditious, and it is always desirable to be as 


independent of extraneous aid as possible. 


As 15° degrees give one hour. 
1° degree will give 4™ minutes of time. 
1’ minute 4* seconds, and 

be eatnns 4% thirds. 


If then the seconds of space be multiplied by four, 
the result will be thirds of time. In like manner the 
minutes will produce seconds, and the degrees minutes 
of time. 

Let it be required to convert 57° 49’ 54” into time. 
The operation will stand thus : 

. 57° 49’ 54” 
4 


eoeee@e@ 


3» 51™ 19°86. 

To convert time into degrees, &c. the following me- 
thod will be found the most convenient. Multiply 
the time by ten, and add to this half the product; the 
sum will be the corresponding degrees, &c. 

Let it be required to convert 3° 51™ 19*36% into 


degrees, &c. 
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3 51 19 36 
10 


388 338 16 O 
One half 19 16 88 Oo 


57° 49/ 54” O”” corresponding space. 


Having the apparent time at the ship, and the longi- 
tude, to find the apparent time at Greenwich. 

As all the calculations in the Nautical Almanac, 
with the exception of the eclipses of Jupiter's satel- 
lites, are made for the instant of apparent noon at 
Greenwich ; it becomes necessary when any of the 
data contained in the Almanac are required for a given 
time at the ship, to find in the first place the cor- 
responding time at Greenwich. This may be done 
in the following manner : 

Turn the longitude of the ship into time, and add 
it to the given time if the longitude be west, but 


subtract it from the apes time if the longitude be 
east. The result will be the apparent time at Green- 
wich. 


In this operation, if the result of the addition 
should exceed 24 hours, the excess will be the time 
from the noon of the following day. And in perform- 
ing the subtraction, 24 hours must be added, if neces- 
sary, to the given time at the ship, and the remainder 
will be the Greenwich time from the noon of the 
preceding day. This must be carefully recollected. 


EXAMPLES.’ 


What is the apparent time at Greenwich, when the sun 
is upon the meridian in 76° of west longitude. 
76° O ship’s longitude. 
4 





55 4™ O° longitude west in time. 
O O O apparent time at the ship. 





5 4 O apparent time at Greenwich. 

Given the ship's longitude on the 15th of January, 
105° 13’ west, qnd the apparent time 62 5™, required the 
apparent time at Greenwich. 

105° 13’ longitude west. 

4 


7" 0" 52° longitude west in time. 
6 5. O apparent time at the ship. 


13 5 52 apparent time the 15th Jan. at Greenwich. 


Given the ship's longitude on the 13th August, 96° 7’ 
east, and the apparent time 5° 7™ 30°, required the appa- 
rent time at Greenwich. 

96° 7’ 
4 





65 24™ 28° longitude east in time. 
5 7 30 apparent time at the ship. 





22 43 2 apparent time at Greenwich the 12th Aug. 

Given the ship's longitude on the 15th of January, 
105° 13’ west, and the apparent time 20" 5™ 7, required 
the apparent time at Greenwich. 


609 


7° O™ 52° longitude west in time. 
20 5 7 apparent time at the ship. 





3 5 59 apparent time at Greenwich the 16th Jan. 


Havine GIVEN THE APPARENT TIME AT THE SHIP AND 
THE LONGITUDE, TO FIND THE EQUATION OF TIME, THE 
SUN 8 DECLINATION OBR RIGHT ASCENSION. 


Find the apparent time at Greenwich, correspond- 
ing with the given time at the ship. Take the differ- 
ence between the required element on the preceding 
and following noon, from the NauticalAlmanac. Then 
say, as 24 hours is to this difference, so is the appareut 
Greenwich time to the proportional variation from 
this time, to be added or subtracted from the quantity 
taken from the Nautical Almanac for the preceding 
noon, according as it increases or diminishes. 


ExamMpies, 


Let it be required to find the equation of time on the 
2d April, 1823, at 4" 5™ apparent time. 

The difference between the equation of time on the 
2d and 3d of April, being 18*2, we have 24» * 15*@ 
>> 45 5™: 3*1, the change in the equation of time, 
or the difference between apparent and mean time 
for an interval of 4" 5™ of apparent time ; which being 
subtracted (because the equation of time is decreas. 
ing) from 3™ 48*6, the equation at the preceding 
apparent noon, we have 3™ 45*5, the equation of time 
required. 


Let the equation of time be required Jor the 1st of 
April, 1828, at 194 55™ apparent time. 


The diurnal variation in 24 hours 
have 
24" : 18°3 2:19" 55™: 15*2. the difference for 195 
55™; which being subtracted from 4™ 6*9, the equa- 
tion of time for apparent noon on the lst of April 
gives 3™ 51°7 for the equation of time required. 

The same result might have been obtained, by 
taking the proportional part of 18”3 for the differ- 
ence between 19°55™ and 24 hours; and increasin 
the equation of time for noon on the 2d of April by 
that quantity. 

The sun's declination and right ascension for any time 
at Greenwich may be found in a similar manner ; by 
taking the proportional part of the daily variation of 
declination or right ascension, and adding it to, or 
subtracting it from the quantity at noon, according 
as it increases or decreases. 

This method is however so tedious, that various 
tables have been constructed to facilitate the opera- 
tion. A table of proportional logarithms, which 
appears to be by far the most practically convenient 
for this purpose, was published by Captain Basil 
Hall, of the Royal Navy, and is added at the conclu- 
sion of this article. A description of it will be best 
given in the author’s own words :— 

“This table is useful for finding the proportional 
part of the daily variation of the sun's right ascension 
and declination, and of the equaffon of time, for any 
hour after noon. The numbers at the top to 24 are 
for hours, and at the side for minutes - or, the first 
are minutes, and those at the side seconds: or, the 
first are seconds, and those at the side thirds ; or, in 


being 18°8, we 


Nautica? 
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Astronomy. the left hand column, the equivalent decimals of a Required the variation in the equation of time, 23d of Nantical 
\a\—e second. The top arguments are carried on to 30, as July, 1823, for 7% 35™. Astronomy 





the daily variation of the equation of time exceeds 30° 
on some days in December. 

“‘ The proportional logarithms in this table are 
found by subtracting the logarithms of the minutes 
in the several arguments, from the logarithm of the 
minutes in 24 hours; viz. 3°15836 ; so that the pro- 
portional logarithm of 24" becomes 0. For the pro- 
portional logarithms above 24, the arithmetical 
complements of the logarithms of the arguments have 


Daily diff. 1°9 prop. log. .......... 1.1015 
7° 35™ prop. log..........eceeeeee ‘5004 





Variation required O*6 prop. log. ..1°6019 


Required the variation in the equation of time, for 
9h 7™, the 20th Dec. 1823. 


Daily diff. 29S prop. log. .... 9060 





been added to 315836, which renders it necessary to h 

subtract 1 from the index of the result, for every ade ecieen fanaa prop. log. .... 4204 
proportional logarithm taken from this part of the 1396 
table.” : 


Rvu.e. 


‘¢ To the proportional logarithm of the daily varia- 
tion, add the proportional logarithm of the time 
from noon; the sum is the proportional logarithm 
of the correction for that interval, to be added or sub- 
tracted according as the element employed is increas- 


Here the daily difference exceeding 24, it is neces- 
sary to subtract 1 from the index. The remainder 
‘3264 is the proportional logarithm of 11*3 the varia- 
tion required. 


What is the sun's declination, April LOth, 1823, when 
on the meridian in longitude, 80° east. 


. ° hms 
ing or decreasing. ; ; 
‘© When one or both the terms are small, and conse- Gees we tee wees _ _ 


quently their proportional logarithms great, it is 
convenient, in order to prevent the answer falling 
near the beginning of the table where the differences 
are large, to take 1 or 2 from the index of the result, 
which will bring the answer out 10 or 100 times too 
great, this is readily done by the eye. 
‘The value of the terms of the answer is regulated 
y that of the arguments used; and though on this 
point at first an occasional ambiguity appears to 
occur, it is easily removed by a due consideration of 
the question.” 


EXAMPLES. 


Required the equation of time at Greenwich, the 2d of 
April, 1823, at 4" 5™ apparent time. 


The daily variation being 18*2, seek 18 at the top 
of the table, and ‘2 in the left hand side column. 
Under the first, and in a line with the second, we 


Apparent time at Greenwich, 9th April. .18 38 0 
Difference of declination between 9th and 
10th Feb. 22’ 19” prop. log. .......... $16 
1S? S8™ neesesious prop. log. .......... 1099 
Change of declination .. +0 17 19 prop. log. °1415 
Dec. north at noon on the 
9th Feb........... 7 22 53 





Declination required 7 40 12 north. 


Required the sun's declination for 12th April, 1823, at 
4" 23™ apparent time at Greenwich. 


Daily difference, 21’ 54” prop. log. ........ 398 

OO esis ted. ae nase wats prop. log. .,...... 7384 
Change of declination + 40 prop. log. 7782 
© Dec. at apparent noon 8 29 26 north. 


find the proportional log. of 18°2 ............ 1201 
At the top, and ite 5™ j cat i —_—_—_— 
from the left vee cemm7692 Declination required 8 33 26 
8898 Required the sun's declination the same day at 12™ 45° 


The sum is the proportional log. of the variation, 


apparent time, at Greenwich. 


which is found in the table to be 3°1. Subtracting Daily difference 21’ 54” prop. log. .......... S9E 
this from 3™ 48*.6, the equation of time for noon at NO ADS po iui oc prop. log. .......... 2746 
Greenwich, we have 3™ 48*5. the eouation of time eee 
sought. Change of declination . + 116 prop. log. $144 


Required the equation of time on the 1st of April, 1823, 
at 195 55™ apparent time, at Greenwich. 


Prop. log. of 18*3, the variation for 24 hours. . 1178 


Declination at noon ....8 29 26 ‘0 


Declination required ..8 29 37 ‘6 
Required the sun's declination for 12th Aprit, 1828, at 





Time from noon 19" 55™ P. log............. 810 16°50™ apparent time, the ship being in longitude 86° east. 
: oe Longitude east.............. . 
— 55"2 P.log...........000. 1988 . - 
m 8 — 
Equation of time at noon.......... 4 69 Longitude in time east........ 5 44m 
Variation for 19" 55™ ............ — 152 Apparent time at the ship...... 16 50 





Equation of time required .... 3 51:7 





Apparent time at Greenwich ..11 6 


Sw 
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Change of declination + 10 8 prop.log. 3747 
Dec. at noon, north .. 8 29 26 . 


Declination required 8 39 34 


What is the sun's right ascension on the 12th of April, 
1828, at 16"50™ apparent time at Greenwich. 


Astronorav. Daily difference of declination?’ 54” prop.log... 398 nation were equable, the quantity thus found applied Nautical 
——— DU OP i aniate ss prop. log...3349 to that of the pcore noon or midnight would be Astronomy. 
—— the right ascension or declination required. But as 


this is not the case, it becomes necessary to employ 
the “* Table of second differences,” given at the end of 
the Nautical Almanac, in the following manner : 
Take out of the Nautical Almanac the two right 
ascensions or declinations preceding and following 
the given Greenwich time, and take the successive 
differences between the first and second, the second 
and third, and the third and fourth. The quantities 


hms 
sick . 7 thus obtained are called first differences. From the 
©’s right asc. for 12th April, 1 20 27°5 first differences find also the second differences, of 
13th 124 81 which take the mean. 





Difference... 4 40°6 p. log. 7097 
hm 


16 50 p. log. 1540 


In this operation, if the first differences increase 
and then decrease, or the contrary, half the differ- 
ence of the two second differences must be taken for 
the mean. 

Having thus found the mean of the second differ- 


: ; sare ences, enter the table with it and the given time, and 
Increase of right ascension..+ 3 17 p. log. 8637 take out the corresponding equation. If the mean of 
1 20 27°5 the second differences exceed the limits of the table, 


Right ascension required... 1 23 44:5 


To FIND THE NOON 8 RIGHT ASCENSION AND DECLINA 
TION FOR ANY GIVEN TIME, UNDER ANY GIVEN MERIDIAN, 


Convert the longitude of the ship into time, and 
find the apparent time at Greenwich corresponding 
to that of the ship. 

As the moon’s right ascension and declination are 
given in the Nautical Almanac for noon and midnight, 
find vy proportion the variation in right ascension or 
declination, for the excess of the given Greenwich 
time beyond the preceding noon or midnight. 

If the moon's motion in right ascensiun and decli- 


the equation may be taken out by two such entries as 
together make up the mean of the second differences. 

If the first of the first differences be greater than 
the third of the first differences, add this equation to 
the proportional part before found; otherwise, sub- 
tract it. The result will be, the true variation of the 
moon's right ascension or declination for the excess 
of the given time beyond the preceding noon or 
midnight; and this being applied by addition or 
subtraction to the right ascension or declination for 
such noon or midnight, as it may be increasing or 
decreasing, the sum, or difference, will be the moon's 
correct right ascension or declination for the given 
time. 


EXAMPLES. 


Required the moon's right ascension, Jan. 19th, 1823, at 5" apparent time. 
Ist diff. 2d diff. 














, oT orm Mean 
p's AX Jan. 18th, at midnight ...... 11 31 24 | 6 13 48 ae to 
Ditto 19th, at noon.......... 17 45 12 6 26 48 12 55 } 13 51 
Ditto 19th, at midnight ...... 24.1155 | © 41 39 | 14 47 
Ditto 20th, at noon.......... 30 53 25 
o " 
As 125 : 6° 26’ 43” °: 5® to the approximate motion in MR 6.7 wk eee ee cece eee 241 79 
Equation from the table corresponding to....5" and 12” 0’ = 87°5 
5h and 1 50 = 13°4 
Equation of @d difference .......... LOUD! ci ctiieies wears tenor 1 40°9 
Correct motion in AL .... 2 39 27 
FR for preceding noon.... 17 45 12 
)’s AX required ........ 20 24 39 
Required the moon's declination, Jan. 16th, 1823, at 18" apparent time. 
18" apparent time will be 6" apparent time beyond midnight. ; 
lst diff. 2d diff. 
> ‘s Declination, Jan. 16th, at noon, 8S. 4° 11 22”) .6 pw yen 
Ditto 16th, at midnight,S. 119 6 | 3 oy 36 | 2 23” i oe 
Ditto 17th, at noon, N. 1 35 33 2 BB 20 0 41 
Ditto 17th, at midnight, N. 4 30 53 
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Ac 19% : 2° 54’ 39” 5: 6" to the approximate change of declination................6. k 37 19°5 
Equation corresponding to 6" and 1 ose chie Sid ace Sata Se ta goa SANS siaeseie wae tesetanets — 113 
Correct change of declination................ 127 82 

Declination for preceding midnight, south...... 119 60 

True declination, north ...... 0 8 22 

| Required the moon's declination, March 19th, 1823, at 19" apparent time. 
195 nt time will be 7* apparent time after midnight. 
apo = lst diff. Od diff. 


p's Declination, March 19th, at noon N 


26° 42’ 26” 


0° 24’ 14” Mean 


Ditto 19th, at midnight, 26 18 12 O° 14’ 8” ; 

Ditto 20th, at noon, 25 28 18 : a - 1 14 9 } $0’ 0° 

Ditto 20th, at midnight, 24 14 3 Soi ae 
As 12" : 10°67’ °° 7" to the approximate change of declination...................... O 5 33 


Equation corresponding to 7" and 12’ = 875 


75 and 12’ = 87 '5 
J and 6 = 43°8 


218 ‘8=— $3 39 


Correct change of declination ............ O 1 54 
Declination for preceding midnight.,...... 26 18 12 


Declination required .... 26 16 8 


The preceding examples will probably be found sufficient ; but the reader is recommended to peruse with 
at-ention the directions given in the Nautical Almanac, for the use of the table of second differences. 


To CONVERT APPARENT TIME INTO MEAN TIME, AND 
THE CONTRARY. 


If the apparent time given be that at the ship, con- 
vert this into the apparent time at Greenwich. Find 
the corresponding equation of time, and apply it with 
its proper sign as directed in the Nautical Almanac to 
the apparent time at the ship. The result will be 
the mean solar time. If, on the contrary, the time 
given be mean time, and it is desired to convert it 
into apparent time, the equation of time, for the time 
at Greenwich, must be applied to the mean time at 
the ship with a contrary sign. 


EXAMPLE. 


Being in long. 105° 13’ west, and the apparent time 
the 15th Jan. at the ship 20° 5™ 7* required the mean 
time. 

h ms 2 
7 © 52 Long. west in time. 
20 5 7 Apparent time at the ship. 


S 5 59 Apparent time at Greenwich, 16th Jan 


20 5 7 Apparent time at the ship. 
+ 9 592 Equation of time for noon, 16th Jan. 
+ O 26 Variation for 3" 6™. 


20 15 8&8 Mean time required. 

Had it been required to convert 20" 15™ 8*8 mean 
time into apparent time, the equation for noon of the 
16th at Greenwich, with its proportional variation, 
would have been subtracted instead of being added ; 
and the result would nave been 20" 5™ 7* of apparent 
time. 


OF THE CORRECTIONS TO BE APPLIED TO THE ALTITUDE 
OBSERVED AT 8EA, IN ORDER TO OBTAIN THE TRUE 
ALTITUDE. 

The dip or depression of the horizon. 

In observing an altitude with the sextant, or reflect- 
ing circle, the image of the object is made to coincide 
with the visible horizon ; but as the eye is elevated 
above the surface of the sea, the visible horizon will 
be below the true horizontal plane. 

Let AC (fig. 1. plate 1, Nautical Astronomy,) or 
CB be the radius of the earth; AE the height of the 
eye above the level of the sea, EH the horizon. Then 
E being the place of the observer, EH is the hori- 
zontal plane ; and the angle HEB will be the dip or 
depression of the horizon, which may be thus found. 

The angle HEB is equal to the angle BCE ; and in 
the right angled triangle CBE, the difference of the 

uares of CE (= the rad. of the earth + the height 
of the eye above the level of the sea,) and CB is equal 
to the square of BE ; the square root of which there- 
fore gives BE. Then in the same triangle, CE ; 
rad. °° BE to the sine of BCE (=HEB) the depression 
of the horizon. 

The depression thus obtained is the true depression, 
but this must be lessened by the amount of terrestrial 
refraction, which is very uncertain. About 4 or +, of 
the whole quantity is usually allowed. 

A table, No.1, is added of the dip or apparent 
depression of the horizon for different elevations of 
the eye, allowing +, for terrestrial refraction, the 
inanner of using it is sufficiently obvious. The dip 
must be always subtracted from the observed altitude. 

The height of the eye above the sea should be 
carefully measured at the time the altitude is taken ; 
for a neglect of this precaution might easily occasion 


Nautical 
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\o~—=/ is made on the windward or leeward side of the 
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object above the sensible horizon, the last step is to Nautical 
determine its altitude when referred to the rational 4*tronomy. 


vessel. + 
Refraction. 

The rays of light proceeding from a celestial body 
having to pass through the atmosphere, are bent in 
the direction of the vertical from their rectilinear 
course, and the object in consequence appears to have 
@ greater altitude than it really has. ‘This effect, 
called refraction, is greatest in the horizon, and be- 
comes nothing in the zenith. 

When the temperature of the atmosphere is 
increased, the refraction decreases; and when the 
density of the air becomes greater, (indicated by an 
increase in the height of the mercury of the baro- 
meter,) the refraction suffers an increase. The cor- 
rections for temperature and density have hitherto 
been little attended to in nautical astronomy ; but on 
some occasions they become too considerable to be 
neglected. In the Nautical Almanac is given a table 
of refractions with corrections for the barometer and 
thermometer, and such ample directions for their 
application, as to render the additional trouble of 
employing them very trifling. 

When the corrections for the depression of the 
horizon and for refraction have been applied to the 
observed altitude, the result will be the altitude of 
the object above the sensible horizon. 


Semidiameter. 


If the altitude obtained’ by the preceding correc- 
tions be that of the limb of the sun or moon, we have 
to add or subtract the semidiameter, te obtain the 
true altitude of the centre. This is readily done for 
the sun by using the semidiameter taken from the 
Nautical Almanac, and found by proportion, if neces- 
sary, for the given time; but for the moon some 
further consideration is necessary. 

When the moon is in the horizon, her distance 
from the observer is greater than when in the zenith 
by the semidiameter of the earth. Consequently her 
apparent semidiameter will be least in the horizon, 
and greatest in the zenith. This increase is called 
the augmentation of the moon's semidiameter, and 
may be thus fouhd. 

The distance of the moon being about 60 semi- 
diameters of the earth, the moon's horizontal semi- 
diameter will be increased one sixtieth part in the 
zenith, and the sine of this quantity (or, as the arc 
is small, the quantity itself) will vary directly as 
the sine of the altitude; therefore, to the logarithm 
of one sixtieth part of the moon's semidiameter in the 
horizon, add the logarithmic sine of the altitude. 
The sum will be the logarithm of the augmentation 
to be added to the horizontal semidiameter before 
found. : 

The semidiameter of the moon is given in the 
Nautical Almanac for noon and midnight at Green- 
wich, from which it may be readily found by propor- 
tion for any other time or meridian. 

A small table, No.2, is added, from which the 
augmentation may be taken out with the given hori- 
zontal semidiameter and altitude. The proportional 
parts may ve readily found by inspection. 

Of parallaz. 


Having thus ootained the true altitude of the 
vol il, : 


horizon, or its situation as seen from the centre of 
the earth, to which point all observations are reduced. 

The horizontal parallax is the angle under which 
the semidiameter of the earth, or its radius at the 
place of observation, would be seen from the celestial 
body when in the horizon. 

The parallax in altitude is the angle subtended by 
this same radius, at any elevation of the object, and 
is the quantity to be added to the altitude before 
found, to reduce it to what it would be at the centre 
of the earth. The effect of parallax is greatest in the 
horizon, and is nothing in the zenith. 

Let CE (plate 1, fig.2,) be the semidiameter of 
the earth, ) E A the sensible horizon, HC the rational 
horizon. Then the angle E)C is the horizontal 
parallax, and the angle CmE (=GE~m,) is the 
parallax for the altitude mE) ; or the angle by 
which the object }) -would appear lower when viewed 
from the sensible horizon, than it would if seen from 
the centre of the earth C. 

In the triangle }) EC, we have )C : sin of ) EC 
(or its equal the sine of J) EZ) ::EC : sin. E)C. 
And in the triangle m EC, we have mC (= jC) ; 
sin. mEC (=sin. mEZ) ?: EC : sin. EmC. (The 
sine of the horizontal parallax varies therefore in- 
versely as the sine of the zenith distance, or directly 
as the cosine of the altitude. 

The moon’s horizontal parallax is given in the 
Nautical Almanac for every noon and midnight at 
Greenwich, and may be found by simple proportion 
for any other time. But the parallax there found is 
the equatorial horizontal parallax; and as the earth 
is a spheroid, having the equatorial to the polar 
diameter about as 306 to 305, the polar horizontal 
parallax will be less than the equatorial in the same 
proportion, and consequently the horizontal parallax 
for any given latitude, will vary between these limits. 

A table, No. 3, is added, containing the correction 
on this account to be taken out with the equatorial 
horizontal parallax, given in the Nautical Almanac and 
the latitude ; which correction being subtracted from 
the equatorial parallax before found, the remainder 
will be the horizontal parallax for the place and time 
of observation, which is to be employed in the follow- 
ing manner for finding the parallax in altitude.* 


Having the horizontal parallax, to find the parallax in 
altitude. 


To the log. sine of the horizontal parallax add the 
log. cosine of the altitude. The sum rejecting ten 
from the index, will be the log. sine of the parallax 
in altitude, to be added to the altitude above the sen- 
sible horizon before found. Or, 

To the prop. log. of the horizontal parallax add the 
logarithmic secant of the altitude; the sum will be 
the proportional logarithm of the parallax in alti- 
tude: or, 

From the proportional log. of the horizontal paral- 
lax, with 10 for its index, subtract the cosine of the 
altitude. The remainder will be the proportional log. 
of the parallax in altitude. 





* The same table contains also the correction of the propor. 
tional log. of the equatorial parallax, which will be found the 
most convenient if proportional logarithms are employed. 

4k 
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Either of the two latter methods is preferable to 
the former, where there is a common table of propor- 
tional logarithms ; as the secant or cosine of the 
altitude may be taken to the nearest minute only ; 
but for the sine of the parallax a table of sines, &c. to 
seconds is required. 


EXAMPLES. 


The observed altitude of Sirius being 20°, the baro- 
meter 29.5 inches, thermometer 70°, and height of the 
eye 22 feet, required the true altitude. 


A 


~ 


Observed altitude................ 20 


é 
Oo O 
Depression of the horizon tablel ..— 4 30 
19 55 30 
Refraction............ 00. cee eeee — 2 39°4 
Correction for barometer.......... _ 2°65 
Ditto for thermometer ...... — 6°44 
True altitude....19 52 41°50 


In the above example, if the corrections for the 
barometer and thermometer had been omitted, the 
result would have been erroneous 9 seconds. 


The observed altitude of the sun's lower limb on the 3d 
of Feb. 1823, being 14°, the height of the eye 22 feet, 
barometer 29 inches, and thermometer 67° required the 
true altitude of the sun's centre. 





Observed altitude of L. L......... 14 0 0 

Depression of the horizon........ —4 30 

13 55 30 
Refraction .............cce00-. — $3 5115 
Correction for barometer ........ ~- 7:70 
Ditto for thermometer...... — 7°97 
Parallax (table 4,) .............. “+ 8°50 
Sun’s semidiameter on 3d Feb..... + 16 14°80 
True altitude of sun’s centre.. 14 7 46°48 


In this example, the error, from neglecting the cor- 
rections for the barometer and thermometer, would 
have been 14°64. 


Being in latitude 45° north, and longitude 140° west 
on the Sd Feb. 1823, at 18" apparent time, the altitude 
of the moon's lower limb was observed to be 15°. The 
height of the eye being 22 feet, the barometer 28°7 inches, 
and thermometer 40°, required the true altitude of the 
moon's centre. 


bh m 
Longitude of the ship in time, west .. 9 20 Feb. 3d. 
Apparent time at the ship, add...... 18 0 





Apparent time at Greenwich.... 3 20 Feb. 4th. 


)’s hor. eq. par. Feb. 4, ° % ” 


at 3°20™ from Naut. dlm. 54 14°38 
Reduction for lat.45° from 
os) (rr — 60 
True horizontal parallax 654 $33 P.L. 105918 
15 7 cosine 9'9847 





Parallax in altitude .... 0 52 155 P.L. 05371 
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Observed altitude p's L. L........... 15 0 0 
Depression of horizon ............-. — 4 30 
14 55 30 
Refraction ............ —° "3 35°4 
Barometer ............ — O 933 
Thermometer .......... + O 4°39 


Horizontal semidiameter for 4th Feb. at 
35 20™ from the Nautical Almanac.... + 14 47°50 
Augment. of semidiameter from (table2) + 0 8:00 





True altitude of )’s centre above the 


sensible horizon .............e0e0% 15 6 45°16 
Parallax in altitude.................. + 52 15°50 
True altitude of }’s centre .......... 15 59 066 


Having given the true altitude of the centre of the sun 
or of the moon, to find the apparent altitude. 


In clearing the distance of the sun and moon from 
the effects of parallax and refraction, it is necessary to 
have the apparent altitudes of their centres. For this 
purpose, the usual method has been to apply the 
semidiameter to the apparent altitude of the limb, 
but as the semidiameter is affected by refraction as 
well as the limb, this method is erroneous, and if the 
altitude should be small, the error might sensibly 
affect the accuracy of the result. This has been 
noticed in a very useful article, ‘ On the methods of 
correcting lunar observations,” published in the Journal 
of Science of the Royal Institution, under the title of 
Astronomical and Nautical Collections; and which, 
though without the name of the author, there is rea- 
son to believe is the work of Dr. Thomas Young. 


To find the apparent altitude of the centre of the sun 
or moon from the true altitude. 


Subtract the parallax in altitude, and add the 
refraction answering to the remainder. Apply the 
corrections for the barometer and thermometer before 
found, in obtaining the true altitude with the signs 
changed. The result will be the apparent altitude of 
the centre. 


Taking the last example. 


4 
The true altitude of the )'s centre was 15 59 066 


Subtract th parallax in altitude ...... — 52 15°50 
15 6 45:16 

Refraction for 15° 6’ 45” ...... + 3 32°70 
Barometer ........ + O 933 

Thermometer ...... -~ 0 439 

Apparent altitude .. 15 10 22°8 


But the apparent altitude of the centre may be more 
readily obtained, from having the observed altitude of 
the limb, by means of table 5, taken from the article 
in the journal of science before alluded to. 

The correction given in this table is the effect of 
refraction at different altitudes in lessening the true 
vertical semidiameter either of the sun or moon. 
which for this purpose may be considered as the‘ 
same 
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\on\ = Let the observed altitude of the D’sL.L.  - 
be asin the former example ........ 16 0 O 
Depression of the horizon.............. — 480 
14 55 30 
Horizontal semidiameter.............. + 14 475 
Correction from table 5 .......... — 0 40 
Augmentation of semidiameter .... + 0O 8:0 
Apparent altitude of )'s centre.. 15 10 21°5 


which is nearly the same as before. 
From this the true altitude may be readily deduced, 
and with sufficient accuracy for every nautical purpose. 


q 4 
Apparent altitude of )’s centre .. 15 10 21°50 


Refraction ............eececee- — $ 32:00 
Barometer .......0.-cccceccees — O 9°33 
Thermometer ..............006- + O 4:39 
ld 6 44°56 

Parallax in altitude ........ + 52 15°50 
True altitude of ) s centre... 15 59 0-06 


As this method requires only one entry in the table 
of refractions, it is preferable to that before given, 
which was principally intended to shew the order in 
which the corrections should be applied. 

Let the observed altitude of the sun's lower limb 
on the 3d of February, 1828, be 14° 0’ (’; height of 
the eye 22 feet, barometer 29 inches, and thermometer 
67, required the apparent and true altitude of the 
sun's centre. 


Observed altitude ............-. 140 0 
Depression of horizon .......... — 4830 
Semidiameter ............cc-cee + 16 148 
Correction from preceding table. . . . — 4 
Apparent altitude of sun’s centre .. 14 11 40°8 
Refraction ...... — $8 46°54 
Barometer ...... — 770 
Thermometer .... — 797 
14 7 38°59 
Parallax ........ + 850 
True altitude of sun’s centre.. 14 7 47°09 


OF LaTITUDE. 

The latitude of a place has been defined to be equal 
to the altitude of the pole above the horizon; and 
this is equal to the distance of the equator from the 
zenith. 


Z 
P 
Let P be the pole, HO € 
the horizon, EQ the equa- 
tor, and Z the zenith ; O 
the angles ZCO and PCE 
are equal, both being \ 


right angles. 
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Take away the common angle ZCP, and the re- Nautical 
maining angle ZCE is equal to the angle PCO. But 4#tronomy. 


the angle ZCE is the distance of the equator from the 
zenith, which is therefore equal to the latitude. 


Having the meridian altitude of a celestial body and 
its declination, to find the latitude. 


Definition —The zenith distance is said to be north 
or south, according as the zenith is north or south of 
the object when on the meridian. 

Rule.—Find the zenith distance.’ Ifthe zenith dis- 
tance and the declination are of the same name, their 
sum will be equal to the latitude; but if of different 
names, their difference will be the latitude of the 
same name with the greater. 

In fig. 3, plate 1, let sZ be the zenith distance 
which is north, and E's the declination, also north ; 
their sum EZ is equal to the north latitude. 

In fig. 4, sZ, the zenith distance, is south; and 
Es, the declination, north; the difference EZ is equal] 
to the latitude. 

In fig. 5, Es, the declination is south, and s Z, the 
zenith distance north ; the difference EZ is the lati- 
tude, which is also north. 


EXAMPLES 
The observed meridian altitude of Aldeberan, Jan. 1st, 
1823, was 56° 30’, the zenith being north of the star, 
and the height of the eye 15 feet, required the latitude. 


Observed altitude.................. 56 30 ‘( 
Depression of the horizon .......... — 8 42 
Apparent altitude... .... 56 26 18 
Refraction ............ — oO 38 
True meridian altitude .. 56 25 40 
True zenith distance, north ........ 33 34 20 
Declination* north ........ 16 8 44 
Latitude north ........ 49 43 4 


Let the observed meridian altitude of Sirius be 80° 4’, 
the zenith being south of the star, and the height of the 


eye 20 feet, required the latitude. 

Observed meridian altitude...... 80 4 0 
Depression of the horizon ...... — 417 

Apparent altitude.... 79 59 48 

Refraction ........ — 010 
True meridian altitude ........ 79 59 33 
True zenith distance, south.... 10 0 27 
Declination south.... 16 28 9 
Latitude south.... 26 28 36 





* At the end of the Nautical Almanac a table is given of the 
right ascensions and north polar distances of the principal fixed 
stais, with their annual variation in right ascension and polar dis- 
tance, by means of which either may be computed for any given 
time, and the declination readily obtained. In finding tbe latitude 
at sea, it is not necessary to notice the barometer and thermome- 
ter, as the corrections for density and temperature would be an 


unnecessary 
4x2 
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The observed meridian altitude of the sun's lower limb, 
on the 5th of Dec. 1823, was 25° 29’, the zenith being to 
the north of the sun, the ship's itude 73° east, and 
the height of the eye 22 feet; required the latitude. 


Observed altitude of O's L. L. ...... 25 29 0 
Depression of the horizon .......... — 430 
Apparent altitude of ©’s L. L. ...... 25 24 30 

Refraction ........ — 2 2 

Parallax .......... + 0 8 

©’s semidiameter .. + 15 54 
True altitude of ©’s centre ........ 25 38 30 
Zenith distance, north ............ 64 21 30 
©'s declination, south ............ 22 18 14 
Latitude, north ............ 42 3 16 


The ship's longitude being 73°, or 4" 52™ east, the 
corresponding time at Greenwich will be 195 8™ of the 
4th of Dec. for which time the sun's declination was 
computed as before explained. 


The meridian altitude of the planet Jupiter was 
observed on the 5th of Feb. 1823, to be 50° 25’, the 
zenith being to the north of the planet ; the ship's longi- 
tude 24° west, and the height of the eye 1S feet, required 
the latitude. 





bh m 

Time of the observation at the ship nearly* .. 6 24 
Longitude west 24° in time................ 1 36 
Greenwich time nearly........ 8 0O 

° 4 


Jupiter's dec. at Greenwich, lst Feb. north.... 18 44 
Jupiter's dec, 7th Feb. north.... 18 49 





Variation of declination in 6 days.... O 5 


Hence, by proportion, the declination of Jupiter, the 
5th of Feb. at 8° is north 18° 47” 37”. 
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Observed altitude of Jupiter .... 50°25’ 0” Nautica 
Depression of the horizon ...... — 4 4 Astronomy. 
Apparent altitude .. 50 20 50 
Refraction ........ - 048 
True meridian altitude ........ 50 20 8 
Zenith distance, north ........ 39 39 52 
Declination, ‘ north ........ 18 47 37 
“ Latitude, north ........ 58-27 29 


To find the latitude from the meridian altitude of the moon. 


Find in the Nautical Almanac the time of the moon's 
passing the meridian of Greenwich on the given day. 
‘Take also the difference between it and the time of 
the transit on the following day ; then say, as 24 
hours, augmented by this difference, is to the differ- 
ence of the daily transit, so is the ship's longitude in 
time, to a fourth proportional ; which, added to the 
time of the moon’s transit at Greenwich on the given 
day, if the longitude be west, or subtracted from it if 
east, the sum or difference will be nearly the apparent 
time of the moon's passage over the meridian of the 
ship. ‘To this apply the longitude in time as before 
directed, in order to obtain the corresponding time at 
Greenwich. 

Compute the moon’s declination, semidiameter, and 
horizontal parallax, from the Nautical Almanac for 
the Greenwich time thus obtained ; applying, if great 
accuracy be required, the equation of second differ- 
ences to the proportional variation of the declination 
for the excess of the given time beyond noon or mid- 
night, as the omission of this corrrection may occa- 
sion an error in the latitude of about 24 minutes. 
Employ the horizontal’ parallax and semidiameter in 
the manner before directed, to find the parallax in 
altitude, and the augmentation of the moon's semi- 
diameter, in order to obtain the true altitude of the 
moon's centre, and thence the zenith distance ; with 
which, and the declination, proceed as before to find 
the latitude. — 


EXaMp.e. 


Feb. 19th, 1823, the ship being in longitude 40° west, the observed meridian altitude of the moon's lower limb was 
55° 6’, the zenith north of the moon, and the height of the eye 16 feet ; required the latitude. 


h m 8 
The moon passed the meridian of Greenwich, 19th of February, 1823 .......... 6 56 O 
Ditto : 20th of February, —.......... 7 59 O 
Difference of the )'s passage .......... 1 3 0 
h m 6 
As: 25%. 3") 72 3" 2 Oh 40" | cviecieesecudaics 0 6 42 
To which add............ 6 56 0. 
Apparent time of ) s passing the meridian of the ship......... eMaaets isivetens F 2-42 
Ship 6 longitude west.c.c.ci st vata inediuecetdeeds comin svesesthewhesk cdian 2 40 0 
Corresponding time at Greenwich .... 9° 42 42 
lst diff. @d diff. Mean. 
) ‘s declination, February 18th, at midnight, N 25° 55’ 46” 4231 

Ditto 19th, at noon, N 26 38 17 16 22 26’ 9 Lis BA” 

Ditto 19th, at midnight, N 26 54 39 | 34 45 5 39 

Ditto 20th, at noon, N 2 43 56 


* This will be nearly the same as the time of the planet’s passing the meridian of Greenwich, and may be taken from the Neus, Aim, 
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As 125 ; 16’ 22”: 3 95 43™ to the approximate change of declination........ 13” 15” 
Equation curresponding to 9° 43™ and 12’ = 55” 








9 43 and 115” =6 
6l=a + 1 #1 
Correct change of declination ............ O 14 16 
Declination for preceding noon .......... 26 38 17 
D's declination at the time of observation, north ............ 26 52 33 
Moon's horizontal ax, 19th of February, at 9° 43™ from Nautical Almanac, 59’ 32” 'P. L. 10°4805 
ry 
DS ACCS oe his ees Gis den bah aw oe tak wie aes Cae sie Wee 55° 18’ cosine 9°7558 
)‘s parallax in altitude ............ 33’ 54” P. log. 7252 
Observed altitude )'s lower limb 55 6 0 June 30th, 1823 ; the observed altitude of the sun's 
Depression of the horizon ...... — $50 lower limb, when on the meridian below the pole, was v 
55 @ 10 5°, the ship being in 12° west longitude, and the height 
Refraction > oat of the eye 20 feet ; required the latitude. 


) 's Horiz. sem. from Naut. Alm. + 16 12 
Aug. of semidiameter, (table 2.) + 0 14 


55 17 55 

) 's parallax in altitude...... + 383 54 
True meridian alt. of }))’scentre 55 51 49 
Zenith distance, north ........ 34 81] 
Declination north ........ 26 52 35 
Latitude, north ........ 61 O 46 


To find the latitude by an altitude, observed upon the 
meridian below the pole. 

Let r, (fig. 6, plate 1,) be the star upon the meri- 
dian, Hr its altitude; then the latitude HN is equal 
toHr+rN. But Nr is the polar distance of the 
star; therefore, to the polar distance, add the meri- 
dian altitude, the sum will be the latitude. 


EXAMPLES. 
March 1st, 1823, the observed altitude of the pole star, 
when on the meridian below the pole, was 30° 7’, the 
height of the eye being 18 feet, required the latitude. 


“7 


Observed meridian altitude ...... 30 7 0 
Depression of the horizon ........ — 3 50 
30 310 

Refraction .... — 1 40 

Star’s true altitude .............. 30 1 30 


Polar distance, March lst, 1828.. + 138 2 





Latitude, north ...... 31 39 32 


June 1st, 1823 ; the observed altitude of Capella, 
when on the meridian below the pole, was 10° Q’, the 
height of the eye being 17 feet ; required the latitude. 


Observed meridian altitude........ 10 2 ~ 
Depression of the horizon ........ — 357 
958 8 

Refraction.......... — 52) 

Star's true altitude .............. 9 52 42 


Polar distance, June lst, 1828 .. + 44 11 33 
Latitude, north .. 54 4 15 


Apparent time at the ship.... 12" 0 
Longitude 12° west intime .. O 48 





Time at Greenwich.... 12 48 


' o 4 
Observed meridian altitude L. L... 7 5 
— 4 


0 

Depression of the horizon ........ 17 
7 0 48 

Refraction ...... — 7 2% 

Parallax ........ + O 9 

: 6 53 26 
©’s semidiameter .......... + 15 45 


True altitude of ©’s centre... 7 9 11 
Sun’s declination Ist of July, 1823, at 
125 48™, Greenwich time, 23° 8’ 17” 
north, therefore the polar distance is, 
66° 5 48 ose dein wen bases + 66 51 43 





Latitude, north .... 74 054 


N.B. The altitude, when upon the meridian and 
below the pole, is the least altitude of the object. 


To find the latitude by means of two observations of the 
sun's altitude, the time elapsed between them, and the 
declination at each altitude. 


The general utility of this problem has induced 
several eminent mathematicians to attempt easy 
methods for its solution. But as these have been but 
approximations, the inconvenience arising from pos- 
sible errors and a variety of cases, have been more 
than equal to any advantage gained by the apparent 
shortness of the computation. 

M. Delambre has examined the various methods 
which have appeared for the solution of this problem ; 
and has, in consequence, been led to reject all the 
indirect processes, and to prefer the rigorous solution 
by spherical trigonometry, as being superior both in 
brevity, and in the accuracy of the result. 

_ Mr. Ivory, whose merits asa mathematician are too 
well known to need any comment, has given in the 
Phil. Mag. for August, 1621, a method, which he 
conceives to be more simple and easier in practice 


Nautical 
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S. In the triangle AZB, we have the three sides ZA, Nantical 
ZB, and AB, to find the angle BAZ. For this pur- Astronomy. 
pose, add together the two zenith distances ZA, ZB, “~~ 
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Astrohomy. than that of M.Delambre. But, as this requires as 
\——-\—== many references tu tables, and a correction on account 
of the change in the declination of the sun, we have 


been induced to prefer the flirect process. 

In the Astronomical and Nautical collections before 
mentioned, under the bead of “‘ Parallax’’ is contained 
the detail of Delambre's method, of which we shall 
avail ourselves; adding such remarks as may appear 
necessary to remove any practical difficulty. 


and the distance AB; and from the half sum subtract 
in succession the two sides containing the required 
angle ZA and AB: add together the sines of the two 
remainders, and the arithmetical compliments of the 
sines pf the sides containing the required angle ZA 
and AB; half the sum of these four logarithms will 


In fig. 7. plate 1, let A and B be the two places of be the sine of half the angle sought BAZ. 


the sun at the times of observation; P the pole, Z 
the zenith. Then ZB and ZA will be the zenith 
distances ; PA and PB the polar distances, and APB 
the interval between the observations converted into 
degrees, &c. In the triangle APB we have the two 
sides PA and PB, and the included angle, to find the 
third side AB. In the same triangle APB, the three 
sides are now given to find either of the angles at A 
or B, suppose the angle BAP, and in the triangle 
AZB, we have the three sides to find the angle 
BAZ. ; 

The difference between the angles PAB and ZAB, 
(or sometimes their sum between the tropics) will be 
the angle PAZ, subtended by PZ, the compliment of 
latitude. 

Lastly, in the triangle PAZ, the two sides AP and 
AZ, and the included angle PAZ, are given to find 
the third side PZ, the compliment of latitude. 


Rules for double altitudes. 


From the observed altitudes, find the true altitudes 
of the sun’s centre. Correct the lesser altitude for 
the change of the ship's place during the interval, in 
the following manner :— 

Find the angle between the ship's course and the 
sun by compass, at the time of the observation of the 
lesser altitude. With this angle es a course, and the 
distance sailed in the interval, enter a traverse table, 
and find the difference of latitude answering to 
the distante, which will be the correction of the 
altitude. 

If the lesser altitude be observed in the forenoon, 
this correction is to be added to it, if the angle be- 
tween the ship’s course and the sun is less than 8 
points ; but if the angle is greater than 8 points, the 
correction is to be subtracted from the lesser altitude. 
If the lesser altitude be observed in the afternoon, 
the correction is to be subtracted from it, should the 
angle between the ship's course and the sun be less 
than 8 points; but if more, the correction is to be 
added to the lesser altitude. 

The change of the ship's longitude in time between 
the observations must be applied to the elapsed time, 
by adding it to the interval when sailing eastward, 
or by subtracting it when sailing westward. 

Having thus corrected the lesser altitude and the 
interval, find the declinations for the times of obser- 
vation, and thence the polar distances ; then, 

1. Add together the logarithmic sine of half the 
sum of the polar distances 4 (PA+PB), and the 
sine of half the interval converted into space, that 
is, 4¢; and the sum will be the sine of half the 
distance AB. & 

2. In the triangle APB, as the sine of AB is to the 
sine of the opposite angle APB (= 4), so is the sine 
of one of the polar distances, for instance, PB, to the 
sine of the opposite angle PAB. 


4. The difference of BAZ and PAB, or sometimes 
the sum between the tropics, will be the angle PAZ, 
subtended by the compliment of latitude PZ, from 
the sun’s place A. To find the latitude, take out the 
logarithmic cosines and sines of the sides containing 
the colatitude, that is, of AP and AZ; and under the 
sines set down the cosine of the included angle PAZ. 
Add them separately together, and find the corres- 
ponding natural numbers, the sum of which will 
be the natural sine of the latitude; and its loga- 
rithm, of course, the logarithmic sine. But if the 
angle PAB lies without BAZ, and their sum exceeds 
a right angle, the cosine becomes negative, and the 
difference of the natural numbers must be taken for 
the natural sine of the latitude; and if there is any 
doubt in the computer's mind, it will be easy to try 
both suppositions. 

Note—If the declination is very small, it may 
sometimes be more convenient to find the angle PAB, 
from the three sides of the triangle, as in the 3d pre~- 
cept, instead of by the 2d. 


EXAMPLES. 


Let the two zenith distances corrected be ZA =:73° 54’ 
13” ZB = 47° 45’ 51”, the declinations 8° 18’ and 8° 
15’ north, and the interval of time three hours; or PA 
= 81° 42’, PB = 81° 45’, and APB = 45°. 


Note.—It will be found convenient, and tend much 
to prevent mistakes, to draw a rough figure, and 
mark the sides given, thus— 





° 4? 


PA = 5&1 42 0O 
PB = Sl 45 0O 


163 27 O 
1. § (PA + PB) = 81 43 30. ..sine....9°9954547 
dt = 22 30 O ..sine... .9°5828397 
4 AB = 22 15 11'3 .. sine... .9°5782944 


2 





AB = 44 30 22°6 
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eg AB = 44 80 92°6 sine co.ar. 01542998 3. ZB = 1959 0 Astronomy. 
APB = 45 O O ..sine....9°8494850 ZA = 54 39 O sine co.ar... 0°08851 
PB = 81 45 O ..sine....9°9954822 AB = 34 50 O sine co.ar... 024322 
PAB = 86 38 58 ..sine....9°9992570 sum 109 28 0O 
2. ZB = 47 45 51 : —— 
ZA = 73 54 13 sine co.ar. 00173686 sum? as he ae eae 
= i .ar. O — = QO 3s QO sine ...... i: 
sa iaieiacdaes een ae Baeee i sum — AB = 19 54 O sine...... 9°53196 
sum ..166 10 27 2)17°02638 
sum 838 5 13'5 ; See 
sum am = 911 O5 sine .... 9°2030232 4 BAZ = 152 5 sine...... 851319 
sum — AB = 38 34 50°5 sine.... 97949174 2 
; BAZ = 3 44 10 
ss aah PAB = 91 38 50 
4 BAZ = 22 36 oe sine.... 9°5847995 PAZ = 87 54 40 
= 4. PA cosine 3°98288 PA sine........ 9°'99798 
re me By a = ZA cosine 9°'76235 ZAsine........ 9°91149 
PAZ = 41 2 5 055620 Log. 8°74523 PAZ cosine...... 8'56169 
4. PAcosine 9:1594354 PA sine.... 9°9954271 ; ; 
ZA cosine 9°4428780 ZA sine addin 9'9826314 029591 Log a er er ee er a S 471 16 
PAZ cosine.. 98748934 = 96009 Log. 8:4154575 = log. sine 1° 297 29” the 
040023 Log. 8:6023134 Log... 98529519 latitude required. 
12774 Note. With that zenith distance which was taken 
wROVOT ” : furthest from the meridian, suppose PA, the co-lati- 
5 77 ‘ > oe PP 2 
fee ces Beets? ~ log. sine 48° 50’, the tude ZP, and the polar distance PA, the angle ZPA 


Let the two zenith distances corrected be ZA = 54° 
39’ ZB= 19°59’. The declinations 5° 31’ 6”, and 
5° 287 54” south, and the interval of time 2" 20™; or PA 
= 95° 31’ 6”, PB = 95° 28’ 54”, and APB = 35°. 





PA = 95° 31’ 6” 
PB = 95 28 54 
191 0 O 
i. (PA+PB) = 95 30 Osine...... 9°99799 
t = 17 80 O sBine...... 9°47814 
4AB= 17 25 O sine ...... 9°476138 
2 eee 
= 3450 O 
2. = 34 50 O sine co.ar... 024322 
APB = 35 O O sine...... 9°75859 
PB = 95 28 54 sine ...... 9:99801 
88 21 10 sine ...... 9°99982 
PAB = 91 38 50 (the supplement.) 


may be computed by precept 3d; and this, converted 
into time, is the apparent time from noon, when the 
observation was taken; to which the equation of 
time being applied, the error of the watch will be 
known. 


To find the latitude from the altitudes of two fixed stars 
observed at the same time, having given their polar dis- 
tances, and their difference of right ascension. 


This method of determining the latitude has many 
advantages over that last described ; for, no inaccu- 
racy can arise from an erroneous estimate of the 
change of the ship's place between the observations 
as they are completed at the same time; and the 
risk of losing the second observation of the sun from 
unfavourable weather is avoided. The difficulty of 
seeing the horizon of the sea, at night, is the inconve- 
nience to which this method is liable ; but this may 
be obviated by using either of the instruments, which 
will be described, for taking altitudes at sea when the 
horizon is not visible. 

The solution of this problem depends on the same 
principles as that of the last. The polar distances of 
the two stars, and their difference of right ascension 
are given, being the two sides of a spherical triangle 
and the included angle, to find, in the first place, the 
third side AB. But as the difference of the polar 
distances of the two stars may be considerable, it 
becomes necessary to compute the side AB, more 
rigorously than in the case of the sun, in which the 
difference of declination being small, the lst precept 
given, although an approximation was sufficiently 
accurate. 
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AB = 65° 47’ 54 sine” co. ar. 0'0899536 . Nautical 
APB = 23 26 ll sine ...... 9°599589] Astronomy. 
PB =106 28 40 sine 9:9817868 ——V—" 
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In making the observations, take the altitude of one 2. 


star, and note the time by a watch ; then the altitude 
of the other star, noting the time, and then again the 
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altitude of the second star with the corresponding 
time. From the change of altitude of the second 
star, and the interval, its altitude for the instant when 
the first star was observed, may be known by simple 
proportion. 

In order to compute the distance of the two stars, 
proceed as follows. 


Rote. 


Take out the logarithmic cosines and sines of the 
two polar distances PA and PB, and under the sines 
set down the cosine of the difference in right ascen- 
sion of the two stars converted into degrees, &c. or 
the angle APB. Add them separately together, and 
find the corresponding natural numbers, the sum of 
which, or their difference, if either polar distance 
exceeds 90°, will be the natural cosine of the distance 
of the two stars AB; and its logarithm, of course, 
the logarithmic cosine. 

The remainder of the operation for finding the lati- 
tude, is precisely, the same as in the last problem, 
commencing with the second precept. 

To insure greater accuracy, stars, when near the 
zenith, should not be used. 


, EXaMPLe. 


Let the corrected zenith distance of Capella be 29° 14’ 
24” = ZA, and that of Sirius be 72° 5’ 48” = ZB. 
The polar distance of Capella PA = 44° 11’ 39”, that 
of Sirius PB = 106° 28’ 40’, and the difference of vir 
right ascensions 1% 33™ 45* or APB = 23° 26’ 11”, «<- 
quired the latitude. 


1. PA cosine .. 9°8555080 PA sine. . 9°8482902 
PB cosine .. 9°4527728 PB sme.. 9°9817868 


‘203367 Log .. 9°3082808 APB cosine 9:9626071 
Log. . 9°7876841 


Diff, -409949 Log .. 9°6127298 = log. cosine 65° 47” 
54” = AB. 





eter ct ti sine 9°6213295 
PAB = 155 16 56 (the supplement.) 
2 ZB = 72 5 48 
ZA = 29 14 24 sine co.ar. 0311163] 
AB = 65 47 54 sine co.ar. 0°0899536 
sum 167 8 06 


sum 83 34 08 





sum — ZA = 54 19 39sine...... 9°9097 504 
sum — AB = 17 46 09 sine...... 9°4845601 
2) 19°7454272 
J BAZ = 48 14 29...... sine 9'8727136 

Q 

BAZ = 96 28 58 

PAB = 155 16 56 

PAZ = 58 47 58 
4. PA cosine 9°8555080 PA sine .... 9°8482902 
ZA cosine 9'9408059 ZA sine.... 9°6888869 
"625619 Log. 9°7963099 PAZ cos .... 9°7143594 
17630 bie coos ewer etnies Log. .. 9°2464865 





‘802014 Log. 9°9041820 = Log. sine 53° 19’ 22”, 
the latitude required. 

In the Nautical Almanac for 1825, Dr. Brinkley has 
given a new method of solving the preceding pro- 
blem, from which we have taken the liberty of 
extracting the distances of those stars most conve- 
niently situated for the purpose, and have added their 
difference of right ascension in space. These data will 
much facilitate the operation of finding the latitude 
as the distance AB, and the difference of right ascen- 
sion APB need not be computed. 
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A ateonsaery Tasiz L—For north latitude. eae 
= “~— 
Capella ......}| 44 11 89) — 48 | 68 & 64 | 45 4 | 08 of sf |-ex6 
Sirius ........ 106 28 39 | + 44 
Procyon 2.5 | e419 33 | + a6 | 5! © 89] © 0| 86 36 93 |—189 
Spica Virgins} 100 18 41 | 4 190 | 87 82 88] +0 2] 96 97 41 |— 1 
peepee bi 69 5s 10 | 190 | 96 48 18 | +0 2 | 99 28 a9 |— 68 
Antares... } line 133 | + 86 | 58 1%] -0 7 | s@ 44 10 | +139 
aLyre 2S] 519238 | 2 go| 741 14| +0 4/33 6 21 |—244 
arenes Ne_} ite I 53 | $ "Ss [48 8418 | 40 2 | 48 9 57 [4 7 
| Romathaui.. 2} Hig 83 48 | ~ agi | 82 80 50 | +0 2.) 97 19 31 |— 48 
Fomalhaut. J {120 83 48 | — 191 | 92 25 20 | +0 5 | 64 15 10 |+196 
sa haa See ae ee oo ose +0 24 | 65 50 31 |~105 
Tanz IIl.—For south latitude. 
Pair of warn | aintane fr | Chee” [Pinan (48) Change in| Pcennion | in 16 
Archernar ...-} 32 35 24 | + 196 | ,9 de Nail Ale, ee | aoe 
Fomalhaut.... 59 26 12 | + 191 oS 
Sidus sos. | 78 81 a1 | 2 44 | 9940.35 | +0 5 | 29 49 42 |~ 40 
Procyon ......}| 96 40 97 | — 05 | 6 828 | —0 10 | 17 29 83 |+870 
B Argus ......3 | #10 48 | — age | 97 43 48 | -0 7 | 38 27 15 |—27 
Spica Virginie J | 79 46 19 | — 100 | 92 88 54| +0 1] 14 45 45 |— 18 
Centaur ....}| 29 68 20 | — es | 5! 4018 | +0 2] 18 4 30 |+190 
oe on Ee ae — 183 | 45 54.15] +0 1 | 45 39 57 |+ 79 
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Having the time the sun's diameter takes to pass a 
horizontal line, to find the latitude of the place of obser- 
vation. 

This problem, which may perhaps sometimes be 
found useful, is taken from “ Selections from the addi- 
tions that have been occasionally annexed to the 
Nautical .4imanac.” 


Rvu.e 


From the proportional logarithm of the observed 
time, the index being increased by 10, subtract the pro- 
portional logarithm of the time the sun's diameter takes 
to pass the meridian, found by doubling the time of 
the semidiameter set down in the Nautical Almanac, 
the remainder is the logarithmic sine of the angle of 
position. 

To the logarithmic cosine of this angle add the 
logarithmic cosine of the sun’s declination ; the sum, 
rejecting 10 from the index, is the logarithmic sine of 
the latitude exactly, if the observation was made of 
the sun's rising through the horizon, otherwise only 
nearly to be corrected as follows : 

Add together the logarithmic sine of the altitude, 
the logarithmic sine of the declination, and the 
logarithmic secant of the latitude; the sum, rejectiag 
20 from the index, is the logarithmic sine of the first 
correction to be added, if the latitude and declination 
are both of the same name, otherwise subtracted. 

Add together the logarithmic tangent of the latitude, 
and the logarithmic versed sine of the altitude, the 
sum rejecting 10 from the index is the logarithmic 
sine of the second correction to be always subtracted. 


ExampPie l. 


Suppose December 21st, 1774, the time of the sun's 
diameter rising through the horizon of the sea was observed 
to be 7™ 20°; to find the latitude of the ship. 


Observed time 7™ 20* prop. log........... 11°3899 
Time of ©'s diam. passing mer. 2™ 22*2 p.1. 1:8904 





Angle of position, 18° 51’4 sine .......... 9°5095 
Cosine angle of position ........ 9°:97608 
Cosine declination, 23° 28’ ...... 9°96251 
Latitude, 60° 15’ sine .......... 9°93859 

EXAMPLE 2, 


Suppose the same day the sun was observed to take 5™ 
18° in rising through a space equal to lis diameter, the 
mean altitude being 5°. To find the latitude. 

Observed time, 5™ 18* prop. log........... 11-5310 
Time of ©'s diameter, passing mer. prop. log. 18804 





Angle of position, 26°34’ sine ............ 9°6506 
Cosine angle of position. ........ 9°95154 
Cosine declination............ 9°96251 
Approx. lat. 55° 7’ 50” sine... .9°91405 

Sine alt......... 8'9408....V.S.alt.... 7°5804 
Sine dec. ...... 9°6001.... tang. lat. ..10°1569 





Sec. lat. ...... 10-2428 2d cor. 1950”. . 7:7373 





ist cor.3° 28’50” sine 87832 
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° 7 * Nautical 
Approx. lat. ........ 55 7 50 Astrononv. 
ABU COP. i5.c4ne ute w ie 3 28 50 <a 
51 39 O 
2d.COPs. 6onie.tc is bas — 18 50 
Latitude............51 20 10 


To find the latitude by the altitude of the pole star when 
not on the meridian. 


This method of finding the latitude is so convenient 
that it deserves particular attention. It is not con- 
fined to any precise hour, as is the case with meri- 
dian altitudes, but may be employed during the 
whole night whenever the pole star is visible ; 
for even though the horizon should not be seen, 
the instrument, which will be described, for taking 
altitudes under such circumstances may be used ; 
and by employing the mean of several observa- 
tions, will be found, on most occasions, sufficiently 
accurate. 

The importance of repeatedly ascertaining the lati- 
tude on approaching the English channel at night is 
well known to every seaman ; and, we believe, the 
usual practice in such a case, particularly in rough 
weather, is to lay-to till the next morning. We have 
however known an officer of the British navy, with 
that confidence and decision which superior science 
confers, run his frigate boldly up the channel at the 
rate of eleven knots an hour, in a dark squally night, 
which allowed only occasional glimpses of the pole 
star between fiying clouds, and find himself off Ply- 
mouth the next morning at day break. 

The following method, which is due to M. Littrow, 
ig equally valuable for its simplicity and accuracy. 
The data required are the observed altitude of the 
pole star, and the corresponding apparent time at the 
ship, from which the latitude may be found in the 
following manner : 

With the apparent time of observation and the 
longitude, find the corresponding time at Greenwich ; 
for which take the right ascension of the sun from the 
Nautical Almanac, and add it to the apparent time at 
the ship. The sum rejecting 24 hours, if necessary, 
will be the sidereal time, or the right ascension of 
the meridian. 

From the right ascension of the meridian subtract 
the right ascension of the pole star; the remainder 
will be the distance of the pole star from the meridian 
in sidereal time. 

Enter the amnexed table, and seek this time in one 
of the columns, entitled ‘‘ Distance from the meri- 
dian,’’ and take out the corresponding first correction, 
subtracting the annual variation if necessary ; take out 
also the logarithm of A. 

Apply the first correction with the sign at the 
top of the column, in which the distance from the 
meridian was found, to the true altitude of the pole 
star. 

To the logarithm of A add the logarithmic tangent 
of the altitude ; the sum will be the logarithm of a 
further correction in seconds ; which being always 
added to the number before found, the result will be 
the latitude. 
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Astronomy. Note.—The sun's right ascension, for the corres- Almanac with sufficient accuracy for the pregent pur- Nautical 
“= ponding time at Greenwich may be taken from the pose by estimation.* Astronomy, 


Example. 


The 23d of June, 1824, in longitude 30° west, the following altitudes were taken of the pole star, the height cf the 
eye being 20 feet ; required the latitude, 


Obeerved altitude. 





h m s © , Mf 

Meantime .... 8 34 24] .......... stile ef 50 38 20 

S59! Oo) acide eeeeuieus 50 40 20 

8 40 44/..... cae meee ws 50 22 10 

Mean.,........ 8 38 3 Mean .... 50 33 37 

Longitude in time, add............ 2 0 O| Dep. of Horizon... — 4 1” 

Mean time at Greenwich .......... 10 38 3 50 29 20 

Equation time..............006. » ~ 1651 Refraction .. — 0O 48 
Apparent time at Greenwich ........ 10 36 12 | True altitude .... 50 28 32 tangent.. 10°0989 
©’s right ascension,.......... eeeee 610 O} Ist correction.... + 53 14 log. A .. 1°7685 

Right ascension of the meridian .... 16 46 12 51 21 46 
Right ascension of pole star ........ 058 1 + 1 14=74" Log. 1:8674 


%'s distance from the meridian .... 15 48 11 | Latitude required 51 23 0 


25th of June, 1824, in longitude 16° west, the altitude of the pole star was observed to be 47° 5’ at 12" 14™ of 
mean time, the height of the eye being 20 feet ; required the latitude. 





Observed altitude. 

h m 8s ° ¢ Ld 

Mean time .... 12 14 O]............606. 47 5 O 

Longitude in time, add ........ eoee 1 4 O}| Dep.ofthe horizon — 4 17 

Mean time at Greenwich ...... we. 1818 Of] 47 0 43 

Equation of time.............. ccee — 217 Refraction... — 0 54 
Apparent time at Greenwich ....... . 13 15 43 | True altitude .... 46 59 49 tangent... 10°0455 
©'s right ascension ..... beSapavsters -- 619 O| Ist correction.... — 15 43 log. A .. 1°9098 

Right ascension of the meridian .... 19 34 48 46 44 6 
Right ascension of the pole star .... 058 1 + 1 30=90’ log. 1:9553 

+ 8s distance from the meridian..... - 18 36 42 | Latitude required 46 45 36 





* The formula from which the above method is taken, is so admirably adapted to determine the latitude on shorewith very . 
great precision and convenience, that we shall here subjoin it. 
Let a = the co-latitude sought, 
s.. the zenith distance. 
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Astronomy. ,,: . : ‘ 
Table for finding the latitude by the altitude of the pole 
star. 


Distance from the [st Annual Lor. of 
Meridian. Correc- | varia- We . 
tion. tion. : 
h mh mih mith mi/O9 7 Ld 
O O12 O}12 O24 O}] 1 87 48 | 19°45 
10; 50} 10| 5o0//1 37 42] 19°41 | 9°2009 
20| 40) 20] 40/1 87 26] 19°37 | 9°8021' | ° 
30; S3o; 380} SO l 36 58 | 19°28 | 01529 
40| 20} 40} Ol] 1 86 19 | 19°15 | 04009 
50; lol} 50] 10)}1 35 30] 18°97 | 05921 
1 O11 O19 O1R3 O}] 1 34 28] 1860 | O7475 
10) 50) lo; 5o0;)1 33 17, 1854 | os777 
20| 40) 2oO}; 40)/1 31 54)]1830 | oO 9897 
so; 30) 30) 30}/1 30 21/1799 | 1:0871 
40} 20| 40| Qol|1 28 38/1762 | 1:1733 
50; 10) 50; lol] 1 26 45 | 17°26 | 1:2503 
2 OO O14 O}22 Oj} 1 24 42) 16°83 | 1°3195 
10; 50) 10] 50}}1 22 29) 16°41 1°3819 
20| 40} 20} 40/|1 20 7|15°92 | 1:4387 
30; 380| 30} SOl|1 17 36) 15°42 | 1°:4908 
40| 2ol 40; 2@ojy|1 14 55:14:90; 1°5377 
50| 10} 50| loll1 12 7/1436 | 21-5409 
$8 O|9 O15 O21 O}}| 1 YF 9) 13°74 | 1°6905 
10) 50! lO} SoHiL 6 51{113°'15 |] 1°6569 
20) 40}; 20; 40j;/1 2 5@)12°51 | 1°6899 
30; 30) S3O}| SOol}O 59 3211184] 1:7205 
40| 2o; 40| 20j;/0 56 6/1117 | 1:7483 
50; 10: 50} 10)/0 52 33] 10°45 | 1:7735 
4 0} 8 O116 OO OO 48 54); 973 | 1°7965 
10) 50; 10; 5o};'0 45 10) 898) 181738 
20; 40| 2@o| 40|/0 41 19 | 8-22); 1°8361 
30} 30} 30] 30/|0 37 26| 7:45 | 1:8527 
40| 2O| 40) 2@0)|0 33 27!| 666) 1°S8675 
50} 10) 50} 1o1loO 29 25| 5°85] 1:8808 
5 O| 7 0117 O19 O}}O 25 19} 6:04] 1°8915 
10; 50| 10!) 50;/0 21 10] 4°21 | 1°:9007 
20; 40| 20; 40|//0 16 59/ 3°38 |] 1:9081 
3o! 30; 30) SOj;/O 12 46] 9°54) 1°9139 
40| 20; 40; 20;;0 8 88 170 | 19181 
50; 10) 50!) 10;/0 4 16] O85] 1:9207 
6 a6é6018 O18 O10 0 O 1 9215 


one 


This Table is calculated for 1824: for any follow- 
ing year the annual variation must be subtracted 
from the first correction, and the quantity A dimi- 
nished +%, parts for each minute of diminution in 
the polar distance of the Pole Star. The variation of 
A is, however, so small that for many years it may be 
neglected at sea. 


OF LONGITUDB. 


The longitude of a place has been defined to be an 
‘arc of the equator comprised between the meridian 
of that place and the first meridian.” This arc may 
be expressed either in degrees or in time. To find the 
difference of longitude therefore between any two 
places, is to find their difference of time. When the 
aun is on the meridian of any place in west longitude, 
he has evidently passed the first meridian, and it will 
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there be afternoon; and on the contrary, when it is Nautical 


apparent noon in east longitude, the sun will not have 
arrived at the first meridian, where, consequently, it 
must be before noon. 

The essence of this problem then, so extremely 
important in nautical astronomy, consists in finding 
what o'clock it is at two places at the same instant. 

However simple this may at first sight appear, it 
is attended with so many practical difficulties, that 
large rewards have been, and still are offered for its 
more perfect. attainment. 

The time at the ship may be readily and accurately 
obtained by altitudes of the sun, or of stars, taken when 
at a distance from the meridian. The difficulty there- 
fore consists in finding the time for the same instant 
at Greenwich, . 

‘The obvious mode of effecting this, it should seem, 
would be to. take a chronometer from Greenwich, 
which being previously set.to the time at that place, 
would always indicate it when required by simple 
inspection. Nothing then would be necessary but to 
determine the time at the ship, and note the corres- 
ponding time shewn by the chronometer ; the differ- 
ence of which being converted into degrees, would 
give at once the longitude of the ship. 

But though chronometers have attained a very great 
degree of perfection, they are still subject to so many 
possible variations, besides being liable to accidents, 
that though they are of the utmost importance at sea, 
it would not be safe to place an implicit reliance upon 
them, without the occasional check of some method 
less under the influence of casual derangements. 

Suppose some instantaneous phenomenon were 
known to take place at a particular moment of Green- 
wich time. If this phenomenon could be observed 
from the ship and the time noted, the corresponding 
time at Greenwich being known, the longitude of the 
ship would be obtained. Thus, if it be known that 
the beginning of an eclipse of the moon is to take 
place at 6" of Greenwich time, and it is observed at 
the ship to commence at 11 o'clock, the difference 5 
hours, or 75 degrees, will be the longitude of the ship 
east of Greenwich. 

The eclipses of Jupiter's satellites, also being calcu- 
lated for the meridian of Greenwich, may be employed 
for the same purpose. For the Greenwich time at 
which the eclipse will take place being known, and 
the time at which it was observed at the ship, the 
longitude may be deduced in the same manner as by 
an eclipse of the moon. 

Both these methods of determining the longitude 
are however of little value. An eclipse of the moon 
happens but seldom, and then it is very difficult, on 
account of the penumbra which surrounds the shadow 
of the earth, to determine the precise time of its com- 
mencement ; and though Mr. Lecount, a midshipman 
in the British navy, has succeeded in observing the 
eclipses of Jupiter's satellites at sea, and has thus 
proved the possibility of that which was before doubt- 
ful; yet, as these eclipses are invisible, a part of the 
year, during the vicinity of Jupiter to the sun, they 
are little adapted to supply the every day exigencies 
of the navigator. 

As the distance of the moon from the fixed stars 
which are situated near her path, varies about half 
a degree in one hour, her change of place is sufficiently 
rapid to become perceptible in a very small portion 
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Astmoomy.of time. In the Nautical Almanac are given the dis- 
\=y—=’ tances of the moon from the sun, and from certain 


fixed stars for every third hour of Greenwich time, 
whence the time answering to any intermediate dis- 
tance may be found by common proportion. Here 
ther the Nautical Almanac acts the part of an observer 
at Greenwich ; and if the distance of the moon from the 
sun, or from any one of these fixed stars, be observed 
at the ship, and the time noted, the time at Green- 
wich corresponding to the same distance may be had 
from the Nuuticat Almanac; and the difference of time 
between the ship and Greenwich will thus be known. 
This is called the method of determining the longitude 
by lunar distances ; and it is the most important of 
any that has yet been devised. 

Simple as the lunar method &ppears from what has 
been said, it has not been found so free from difficul- 
ties in practice. Tables of the moon's motion were 
necessary, by means of which her distance from the 
fixed stars might be calculated with the necessary 
degree of precision. Instruments of corresponding 
accuracy of construction, and which might be used 
with facility at sea, were requisite ; and when the 
observations were obtained, the observed distance 
was not the true distance, or that which it would be 
:7 taken at the centre of the earth; and it became neces- 

to have recourse to calculation to free the 
observed distance from the effects of parallax and 
refraction. These difficulties however have been 
happily surmounted. The tables of the moon's 
motion are now so perfect, that the greatest error of 
computation is less than the unavoidable errors of 
observation. The skill of our artists in the construction 
and division of instruments is well known, and formule 
have been invented for shortening the labour of com- 
putation. Every effort of science and of art has been 
directed to facilitate the practice of this important 
problem, and with such success, as to leave scarcely 
any thing further to be desired. 

The following problems preparatory to finding the 
longitude, by means of chronometers, should be 
thoroughly understood. 


To reduce any portion of sidereal to mean time, and 
the contrary. 

It has been observed that in order to convert 24 
hours of sidereal time into mean solar time, 3™ 35°91, 
must be subtracted; and as the sidereal day ex- 
ceeds the solar day by 3™ 56*55 of sidereal time this 
quantity must be added to 24 hours of mean solar time 
to convert it into sidereal time, and so in proportion 
for any other period. . 

Table 6, is for converting sidereal into mean solar 
time, and Table 7 for the reverse. 


ExaMPLeEs. 
Reduce 10° 56™ 17° of sidereal time into mean time. 
m 8 


From Table 6............ for 10°....1 38°30 
50™....0 819 

6o™....0 098 

17*....0 O05 





Difference of sidereal and mean time....1 47°52 
Sidereal time .. 10° 56™ 17° 


Mean time required ............ 10 54 29°48 


Bring 10" 54™ 29°48 of meun solar time into sidereal 
time. 
™% 8 
From Table 7............ for 10°....1 3856 


50™....0 821 
4™....0 066 





29°48....0 O07 
Difference of mean and sidereal time....1 47°50 
Mean time ...... 105 54 29°48 


Sidereal time required ..10 56 17°00 


The preceding problems relate to portions of side- 
real and mean time. 


To determine the mean time from the time shewn by a 
sidereal clock, or watch, and the contrary. 


A sidereal clock shews 0° 0™ 0 when the first point 
of Aries is on the meridian; and as the earth revolves 
on its axis in 24 hours of sidereal time, the time 
shewn by the sidereal clock at any particular instant, 
indicates the right ascension in time of the meridian, 
and consequently the right ascension of the sun, or of 
any celestial body which may then be upon the me- 
ridian. 

The time shewn by the sidereal clock, when the 
sun was upon the meridian at the preceding apparent 
noon, was the sun's right ascension at that moment. 
Now if this right ascension, or sidereal time, be sub- 
tracted from the given sidereal time, or right ascen- 
sion of the meridian, increased if necessary by 24 
hours,) the remainder will be the portion of sidereal 
time elapsed since the last apparent noon. And this 
being converted into mean time will give the portion 
of mean time since apparent noon, to which applying 


the equation of time for the preceding noon, the result | 


will be the mean time required. 

If on the contrary .it were required to find the time 
shewn by a sidereal clock, or the right ascension of 
the meridian for any given instant of mean time, the 
reverse of the preceding operation must be pursued. 
To the given mean time apply the equation of time 
for the preceding noon, but with an opposite sign ; 
the result will be a portion of mean time which has 
elapsed since the sun was upon the meridian. This 
being converted into sidereal time,. and the right 
ascension of the sun for the preceding nvon added to 
it, will give the corresponding sidereal tiine, or the 
right ascension of the meridian. 


EXaMPLEs. 


Required the mean time, the 21st April, 1823, when 
the sidereal clock shewed 10" 5™ 10°, 


hm 8s 
Sidereal time, or right ascension of the 
WU SPUGII 6.5.6 ssiva ce bing Ae eae webs 10 5 10 
Subtract ©’'s right ascension for 21st 
April at NOON 6. .cehes dea te ewds ks 1 53 449 





Nautica} 
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Astronomy. hms motion should be avoided, and particularly any circu- Nautica) | 
~——— Sidereal time elapsed since apparent lar horizontal movement, as this would accelerate or Astronomy. 
NOON: 3h 6ct.e Gh Cae gh Fae eee 8 11 25°1 retard the vibrations of the balance. Attention should ——~—~ 
Acceleration of sidereal on mean svlar be paid to wind up the chronometer carefully, and at 
time for S" 11™ 25° from table6.... O 1 20°5 the same hour every day, in order that the same por- 
——————_ tion of the main spring may be constantly employed, 
Mean time elapsed since apparent noon 8 10 4:6 and thus the prevalence of any partial irregularity be 
Equation of time for apparent noon ..—O 1 15°6 avoided. 
————_§It is necessary before a voyage to know the rate of 
Mean time from mean noon, commonly the chronometer; that is, how much it gains or loses 
called the hour of the day ........ 8 8490 ina day. From this, and its asceftained difference 


At what hour of mean time will Regulus be upon the 
meridian the 1st March, 1823. 


hm °s 

Right ascension of Regulus, or sidereal 

CNG 6 cc2s gare k hes wealwecauy ea ael ee 9 58 56:4 
Subtract ©’'s right ascension for lst 

March at noon ............-.008. 22 46 41:9 
Sidereal time elapsed since apparent 

NOOR 65) ee eh ene a ees 11 12 14°50 
Acceleration of sidereal on mean solar 

time for 115 12™ 14:50° from Table6 — 1 50°14 


Mean time elapsed since apparent noon 1! 10 24:36 


Equation of time for apparent noon .. + 12 43°40 
Regulus on the meridian mean time .. 11 23 7:76 


What is the right ascension of the meridian, or the 
sidereal time at 11° 3™ 7°76* of mean time on the ist 
March, 1828. 


h m 8 
Mean time from mean noon.......... 11 23 776 
Equation of time for preceding apparent 
DOOM. 6040S eee oases fees — 12 43°40 


Mean time elapsed since apparent noon 11 10 24°36 
Excess of sidereal time on 11° 10™ 248 


of mean time .............0-0.05- + 1 5012 
Sidereal time elapsed since apparent 

NOON. 4625.4 s0005 gaahee heen tee .- 11 12 14-48 
Add the ©’s right ascension for Ist 

March at noon ..............0005 22 46 41°90 
Right ascension of the meridian or si- 

dereal time... 05sec vee sedsnesee 9 58 56:38 


To find the longitude by means of a Chronometer. 


The chronometer, is an instrument so delicate in 
its construction, and is consequently so liable to be 
easily deranged, that great care should be taken to 
guard against every circumstance unfavourable to its 
accurate performance. Perhaps the best position for 
a chronometer would be to place it upon a shelf or 
tray, suspended freely from the deck of the ship. 
From this it should never be removed; but in ob- 
serving, a watch with seconds should be used, which 
should be compared with the chronometer both before 
and after the observations. Care should be taken not 
to place a compass needle, or magnet, near the chro- 
nometer as it might impart magnetism to the balance 
and completely spoil the instrument. If it should be 
found necessary to move the chronometer, all sudden 


from the time at Greenwich, at a certain date the 
Greenwich time may be obtained in any longitude, 
by multiplying the rate by the number of days that 
have elapsed since the error of the chronometer for 
Greenwich was ascertained, and applying this together 
with the error to the time shewn by the chronometer. 
Great care then is necessary in finding the rate of a 
chronometer, and this is best done in a fixed obeer- 
vatory, but as chronometers have not yet attained 
perfection, the rate may vary and we shall subse- 
quently give some instructions as to the mode of ex- 
amining it. 


Having the observed altitude of the sun, the declination 
and the latitude of the place of observation, to find the 
hour angle or apparent time from noon, and thence if 
required the mean time. 


Rute. 


Correct the observed altitude for the depression of 
the horizon, refraction, parallax, and semi-diameter 
to obtain the true altitude of the sun's centre, from 
which find the zenith distance. With the apparent 
time at the ship nearly, and the estimated longitude, 
find the corresponding Greenwich time, and to this 
compute the sun's declination in order to obtain the 
polar distance. The polar distance, the co-latitude 
and the zenith distance will form the three sides of a 
spherical triangle, in which it is required to find the 
angle at the pole. 

Add together the zenith distance, the polar dis- 
tance, and the co-latitude, and take half the sum. 
From the half sum subtract the zenith distance (the 
side opposite to the required angle), then add to- 
gether the complement arithmetical of the sines of 
the polar distance and the co-latitude (the sides con- 
taining the required angle), the sine of the half sum 
and the sign of the difference of the half sum, 
and the zenith distance: half the sum of these four 
logarithms will be the logarithmic cosine of half the 
hour angle sought, and this being doubled and con- 
verted into time wil] be the hour angle which, as the 
sun was taken, is the apparent time from noon. 

If the altitude was taken before noon the horary 
angle must be subtracted from 24 hours, and the 
equation of time being applied for the corresponding 
Greenwich time, (if the mean time be required) the 
result will be the ~-on~ time at the place of obser- 
vation. 


EXAMPLE. 


On the 2d June, 1823, the true altitude of the sun's 
centre was 30° 2’, when the chronometer showed 54 1™ 0s 
the latitude being 40° 5’ north, and the sun's declination 
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Asreaomy 92° 9’ 17" north. The chronometer on the 20th May 
\emya=/ preceding was 45° slow for Greenwich time and its rate, 


losing 2*1 daily. Required the apparent time at the 
ship and the longitude. 


hm °s 
Time by chronometer ............ 5 1 0 
Slow the 20th April .............. O 45 
Loss from the 20th April to the 2d 
PUNE? 440csSsrres as cncanys waee + 0 22 
Mean time at Greenwich .......... &§ 2 102 
Corresponding equation of time .... + 2 31°4 
Apparent time at Greenwich ...... 5 4 416 
Oo F 
Zenith distance ..... 5958 O 
Polar distance...... 67 50 48 co. ar. sine 0:0333098 
Co-latitude........ 4955 0O co. ar. sine 01162768 
Sum ....177 43 48 ; 
4 Sum .... 88 51 51 sine...... 9°9999146 
4 sum—zen. dist... 28 53 51 sine...... 96841666 
2) 19°8836678 


$4 20 17°6 cosine.. 9°91683389 
2 





Hour angle .. 68 40 35°2 
4 








44 34 42°3 app. time from noon 
hm s 
Apparent time from noon .......... 4 34 423 
Apparent time at Greenwich........ 5 4 416 
Longitude west in time ............ 0 29 59°38 
Multiply by .. 10 
4 59 53:0 


4 the product.. 2 29 56°5 


Longitude west in degrees, &c. .... 7° 29 495 


Having given the observed altitude of a fixed star, its 
aeclination and the latitude, to find the apparent time and 
the longitude of the ship. 


Rute. 


Find the hour angle or the distance of the star 
from the meridian as in the last example. If the 
star is to the west of the meridian, add to this the 
star's right ascension, but if to the east of the meri- 
dian subtract it, and the result will be the right 
ascension of the meridian. With the mean time at 
Greenwich, given by the chronometer, find the appa- 
rent time at Greenwich, and the sun's right ascension 
for that time. Subtract the sun's right ascension 
from the right ascension of the meridian, and the re- 
mainder will be the apparent time at the ship, the 
difference between which, and the apparent time at 
Greenwich deduced from the chronometer, will be 
the required longitude in time. - 
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EXaMPLE. 


28th May, 1823, in latitude 0° 50’ north, the mean 
of several observed altitudes of the star Antares, when 
eastward of the meridian, was 30° 42’, the height of the 
eye being 16 feet, and the mean of the corresponding 
times by the chronometer 9° 35™ 43°, which chronometer 
was too fust 20th April at Greenwich 1™ 5° at noon, and 
gaining daily 5°4. Required tke apparent time and the 
longitude of the ship. 


hm is 
Time by the chronometer............ 9 35 43 
Fast 20th April at Greenwich ........ —- 15 
Gain since the 20th April ............ — 3 75 
Mean time at Greenwich ............ 9 31 105 
Equation of time 28th May at 9°31"... + 3 92 
Apparent time at Greenwich ........ 9 34 197 
oO 4 
Mean of observed altitudes .......... 30 42 0 
Depression of the horizon............ — 350 
30 38 10 
Refraction: ..s0ciecsscacw choline eae — 1 39 
Star's true altitude.................. 30 36 31 
Oo ¢ #W 
Zenith distance .,.. 59 23 29 


Polar distance......116 1 37 co. ar. sine 004643895 





Co-latitude........ 89 10 O co. ar. sine 0:0000459 
Sum...... 264 35 6 

Sum ....18217 38 sine...... 9°8690669 

4 Sum—zen. dist... 7254 4 sine...... 9°9803605 

2)19°8959188 


27 29 32 cosine... .9°9479594 
2 


h mi =°s 


Star's dist. from mer. 54 59 4=3 39 56:4 of sid. time 
Star's right ascension........ 16 18 31:2 


ight ascension of the meridian 12 38 34'8 
© 8 right ascension 28th May 
at 9" 34™ 20° of apparent time 4 19 17°0 


Apparent time at the ship .... 8 19 178 
Apparent time at Greenwich... 9 34 197 
Longitude west in time ...... 115 19 


In the ‘‘ Tables requisite to be used with the nau- 
tical Ephemeris” a shorter method is given for calcu- 
lating the hour angle, which will be found very con- 
venient when the observer has tables of natural sines 
and of the ‘“‘ Logarithmic rising ;'"* it is as follows : 

If the sun's declination and the co-latitude of the 





* The legarithmic rising is the logarithmic «creed sine of the 
hour angle, but with an indcx of 4, in consequence of the natural 
siner being considered as whole numbers instead of decimals as is 
vs‘tal, in which case the index wonld have been 9. The logarithnne 
versed sine may therefore be used instead of logarithmic risiug. 


Nautical 
astronomy. 


Nr 
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deduced from a less interval than a week, otherwise Nautical 
it might be too much affected by the unavoidable lice 
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Astronomy. ship be one north and the other south, take their 
difference, but if they be both north or both south, 


take their sum for the sun’s meridianal altitude. If 
that sum be greater than 90° take it from 180°. 

From the natural sine of the meridianal altitude, 
subtract the natural sine of the true altitude at 
the time of ubservation, find the logarithm of the 
remainder, and add it to the logarithmic secant of 
the latitude and the logarithmic secant of the de- 
clination, their sum will be the “‘ logarithmic ris- 
ing, and the time corresponding to it will be the 
hour angle in time from the meridian: or if the object 
be the sun, the apparent time from the nearest noon, 
consequently if the observation be made in the morn- 
ing, the time thus found must be taken from 24 hours, 
and the remainder will be the apparent time from 
the noon of the preceding day. 


errors of observation. 

If the vessel should be in harbour for some time, 
observations of the altitude of the sun may be made 
by means of an artificial horizon, and the error of the 
chronometer, and consequently its rate, thence deter- 
mined with much greater accuracy than it could be 
by employing the horizon of the sea. In using the 
artificial horizon (which is a surface ‘of quicksilver 
protected from the wind by a covering of plane glass) 
the images of the sun’s limb are brought into contact, 
and it will conduce much to accuracy to observe the 
upper and lower limb alternately, and to take the 
mean. The result (to which the sextant error if any, 
must be applied) will he double the apparent altitude 
of the centre. From the half of this, the difference 


_ between the parallax and refraction being subtracted, 


Taking the first Example. 
oO + 


Lat. north 40 5 O secant ............ 011628 


Co-latitude 49 55 O 
Declin. nor 22 9 17 secant ............ 


Merid. altit. 72 4 17 nat. sine 95144 © 
True altit. 3O 2 O nat. sine 50050 





Difference 45094 log. 4°65412 





Apparent time.. 4" 34™ 42*-2 Log. rising. . .4°80370 
To find the rate of a chronometer. 


The best method of determining the rate of a chro- 
nometer, is by comparing it with a good astronomi- 
cal clock at a fixed observatory. The rate has hitherto 
been usually given by the maker, but a depot has 
lately been established at the Royal observatory at 
Greenwich, on the recommendation of the Board of 
Longitude, for the chronometers belonging to the Navy, 
where their rates are determined by the Astronomer 
Royal. This depot is also open to all chronometer 
makers, on application at the Admiralty, and superior 
artists are thus furnished with an opportunity of 
bringing the merits of their work before the public; 
und of obtaining from the Board of Longitude a re- 
ward for any improvement, in principle, attended by 
practical advantage. 

But, however well the rate of a chronometer may 
be ascertained in the first instance, it is liable to vary 
from many causes, and particularly unless great care 
be taken, from the motion in transporting it from the 
observatory to the ship. Its rate should there.ore be 
examined whenever an opportunity occurs. The 
most simple method of doing this, when the ship is 
likely to be stationary for some time, is to determine 
the error of the chronometer by means of numerous 
observations of the sun's altitude and the correspond- 
ing times, taken when the sun is not less than about 
$3 hois3 from the meridian. Having found the error 
of the chronometer from mean time, this error may 
be compared with that determined at an inteival of 
not less than a week, and the daily rate may thence 
be found by simple proportion. The observations 
may be continued daily, but the rate should not be 


the remainder will be the true altitude of the sun's 
centre. 

The best method when on shore of determining 
the rate of a chronometer, is by a portable transit 
instrument. For this purpose it is by no means ne- 
cessary that the instrument should be accurately in 
the meridian, but then the observations must be 
confined to the stars. The axis, however, should be 
carefully levelled, and the middle wire (which must 
be truly vertical) adjusted to a certain mark previous 
to each observation. It is not absolute, but compara- 
tive time that is required. Now if the time of the pas- 
sage of a certain star * should be observed every 
night by the chronometer, and the chronometer keep 
mean time, should lose 3™ 5591 between any two 
successive transits of the same star. 
less than this, the chronometer is gaining the differ- 
ence daily: if on the contrary, the loss is more than 
3’ 55:91”, the difference is the rate which the chro- 
nometer loses daily. The observations should be con- 
tinued for at least a week, and the mean taken for 
the rate. It must be remarked that this rate is for 
a sidereal day, but may be readily found for a solar 
day, if thought necessary, by simple proportion. 


Having the apparent time from noon, or hour angle, at 
the ship, and the estimated longitude, to find the true 
and the apparent altitude of the sun’s centre. 


This and the following problems may be found 
useful for computing the altitude of the sun, the 
moon, or a star, when circumstances have not per- 
mitted them to be obtained by observation at the 
time of taking lunar distances. 


Rute. 


Find the apparent time at Greenwich, for which 
compute the sun's declination, with the declination 
and co-latitude find the meridian altitude as directed 
in the last article. Then add together the logarith- 
mic rising of the hour angle, or time from noon, the 
logarithmic cosine of the latitude of the ship and the 





* The reader is supposed to be acquainted with the mode of 
observing the transit of a star. The telescope is usually furnished 
with 3 or 5 wires, and the time of the star passing each being 
noted, the meap of the whole will give the time of its passing the 
middle wire. It is a good practical check to examine whether 
the mean of any two wires, equally distant on each side of the 
centre, gives the same result as the middle wire. 


If the loss is. 


fo 
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Astronomy. logarithmic coeine of the sun's declination. The sum, ho m 5 Nautical 
‘——\-—»’ abating 20 from the index, is the logarithm of a Sun's right ascension for 10" 26™ 4°...... 19 SO $7 Astronomy 
number, which subtracted from the natural sine of Apparent time at the ship .......... mae eS vO 
the meridian altitude, leaves the natural sine of the poesia 
true altitude at the time required. From the true Right ascension of the meridian ........ 2 35 37 

altitude the apparent altitude may be deduced in 
the manner before explained. ) 's right ascension for 10" 26™ 4°...... 7 55 32 
EXaMPLe. Horary angle or ) 's distance from the me- 

Required the true altitude of the sun's centre the @d MIAN oo... sees ceee cece wee eees 6 19 55 
June, 1828, in latitude 40° 5’ north, and longitude by Hour angle.... 5° 19™ 55°..Log. rising 5'91698 
estimation 7° 29’ 49” west, at 4" 34™ 42° apparent time. Latitude........ 49° 24’ O”..cosine.... 9°83861 

hms D's Declin. north 25 52 20 ..cosine.... 9°95413 

Apparent time at the ship .......... 4 34 42 —————— 

Longitude in time west ........ + 0 29 59 512532 log. 5°70972 

) s Meridian altitude... ..66 28 20 N.S... 916867 

Apparent time at Greenwich ........ 5 4 41 , ; 

oo ) s true altitude....23 51 O nat. sine.... 4043385 
ae Parallax in altitude..— 49 16 
Apparent time.. 4 34 42.. Log. rising... 4803870 tee ts 
Latitude north 40 5 0.. cosine ...... 9°88372 93 1 44 
Declin. north .. 22 9 17.. cosine ...... 996670 Refraction ........ + 214 
Co-latitude.... 49 55 O.... 45094 log. 4°65412 d ‘3 apparent altit...28 8 58 


Mer. altitude .. 72 4 17 N.S. 95144 





True alt... 80 2 ONat. Sine... 50050 
Refraction + 1 40 
Parallax .. — 0 §& 


App. alt... 30 3 32 


Having the apparent time at the ship, and the longitude 
by estimation, to find the time and apparent altitude of the 
moon or of a star. 


Rute. 


Find the apparent time at Greenwich, and for this 
compute the sun's right ascension, and the right 
ascension and declination of the moon, or of the 
star. 

To the apparent time at the ship counted from thé 
preceding noon, add the sun’s right ascension, the 
sum will be the right ascension of the meridian. 

The difference between this and the right ascension 
of the moon, or of a star, is the horary angle, or dis- 
tance of time from the moon or the star's passing the 
meridian. 

With this hour angle, the declination, and the la- 
titude of the ship, compute the true altitude as in the 
last problem. From this the apparent altitude may 
be deduced as before directed. 


EXAMPLE. 


Required the true and apparent altitude of the moon's 
centre, at 7" 5™ apparent time January 11th, 1819, in 
latitude 46° 24’ north and longitude 50° 16’ west. 


bm s 
Apparent time at the ship .............. 7” 5 O 
Longitude west in time ................ 321 4 
Apparent time at Greenwich ............ 10 26 4 


vou. Wi. 


What was the true and the apparent altitude of Antares 
the 28th May, 1823, in latitude 0° 50’ north, and longi- 
tude 18° 40’ 30” west at 8" 19™ 18 apparent time ? 








hms 
Apparent time at the ship .............. 8 19 18 
Longitude west in time................ 115 2 
Apparent time at Greenwich ............ 9 34 2 

©'s right ascension, 23d May, 19823, at 
OF A OO i orice oe ta da oie Bates 419 17 
Apparent time at the ship.............. 8 19 18 
Right ascension of the meridian ........ 1Z 38 35 
Right ascension of Antares.............. 16 18 31 

Hour angle or star's distance from the 
MCNIGIAN foros. AG e4.o9.08 warmed Sauce 3 39 56 
Hour angle.... 3 39 56 .. log. rising .. 462959 
Lat. north .... 0 50 0 .. cosine...... 9°99999 
Dec. south ....26 1 37 .. cosine...... 9°95355 
$8294 log. 4:58313 

Mer. alt....... 63 8 23 N.S. 89211 





Star's true alt...30 36 81 N.S. 50917 
Refraction ....+ 1 39 


Star's app. alt. 30 38 10 


The following method of computing the altitude will, 
probably, be found convenient, as requiring only the common 
logarithmic tables. 

Take out the logarithmic cosines and sines of the 
complement of latitude and of the polar distance, and 
under the sines set. down the logarithmic cosine of the 
hour angle. Add them separately together and find 
the corresponding natural numbers, the sum of which, 

4M 
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In the triangle Z ) ©, we have given the three Nautical 
sides, viz. the two apparent zenith distances, and Astron: my 
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Astronomy. or their difference, should the polar distance exceed 
90°, will be the natural sine of the altitude, and its 


logarithm of course the logarithmic sine. 


EXAMPLES. 
Let the ship's latitude be 40° 5’ north, the sun's decli- 
nation 22° 9’ 17” north, and the apparent time, or hour 
angle 4" 34™ 42* = 68° 40’ 35”. Required the true 








altitude. 
| a 
Co-lat... 49 55 O cosine 9°808S2 sine ..9 88372 
Polar dist. 67 50 43 cosine 9°57647 sine. .9°96671 
Hour angle 68 40 35 ............ cosine 9°56066 
524283 log. 9°38529 
925768 . 2... ..-.0- log. 9°41109 
Sum........ ,50051 log. 9.69941 log. sine 30 2 


the altitude required. 


The ship's latitude being 0° 50’ north, the declination 
of Antares 26° 1’ 37” south, and the hour angle, or 
distance of the star from the meridian, 3" 39™ 56° 
vt 59° 4” ; required the true altitude. 


Co-latit. . 89 10 O cosine 8°16268 sine 9°99995 
Polar dist. 116 1 37 cosine 9°64226 sine 9°95356 
Hourang. 54 59 4.............. cosine 9°75876 


,00638 log. 7:80494 
yb1555 


log. 971227 





Difference ,50917 log 970686 log. sine of 
30° 36’ 30” the altitude. 


To FIND THE LONGITUDE BY LUNAR OBSERVATIONS. 


The method of finding the longitude at sea by lunar 
distances is the most perfect of any at present known. 
The rate of a chronometer may change, or it may 
suffer derangement from accidental causes, but the 
time marked by the varying distance of the moon 
from the sun, or from the fixed stars, is liable to no 
irregularities but such as are subject to laws well 
ascertained, and the effect of which can be computed, 
and nothing is wanting to the accuracy of the result 
but good instruments for taking the distances, and 
careful observers. : 

The operation depends upon the solution of two 
spherical triangles, in one of which three sides are 
given to find an angle, and in the other, two sides 
and the included angle to find the third side. 

In plate 1, fig. 8, let Z be the zenith, Z ), the 
apparent zenith distance of the moon, Z ©, that of 
the sun and j) ©, the apparent distance of their 
centres. 

Now as the parallax of the moon is always greater 
than the refraction, the true altitude of the moon, or 
that seen from the centre of the earth, will be greater 
than her apparent altitude, and the parallax of the 
sun being less than the refraction, his true altitude 
will be less than the apparent altitude. Let m be the 
true place of the moon, and s that of the sun. Then 
Z m will be the moon's true zenith distance, Z s 
the true zenith distance of the sun, and m s, the true 
distance of their centres. 


the apparent distance of the centres to find the 

) ZO; or the angle at the zenith. And then in 
the triangle m Z s, are given the two sides Z m and 
Zs, (the true zenith distances) and the included 
angle m Z s, from which the side ms, the true 
distance of the centres may be computed. 

Three observers are usually employed in finding the 
longitude by the lunar method, one to take the distance 
of the limbs of the sun and moon, or of the limb of the 
moon from a star, and two others to take their alti- 
tudes at the same instant. A fourth observer should be 
added to mark the time by a chronometer, and to note 
it down together with the corresponding observed dis- 
tance and altitudes. Several observations should be 
thus made in succession as quickly as can be done 
consistent with accuracy, and the means being taken 
we shall have the observed distance of the limbs of 
the sun and moon, their apparent altitudes and the 
corresponding time by the chronometer. 

If the sun, ora star, be at a sufficient distance 
(about three hours) from the meridian, the apparent 
time at the ship may be computed from the altitude 
corresponding to the distance. But if it is too near the 
meridian, a watch is indispensable. The error of the 
watch should be inferred from altitudes taken specially 
for that purpose, as near as may be to the time when 
the distances are observed, and the observed time by 
the chronometer, after haviny applied the error, must 
be reduced to the meridian, under which the lunar 
distances are taken, by adding to it the difference of 
longitude in time since the observation of the alti- 
tudes, if the ship has made east longitude, or sub- 
tracting it if she has been sailing westward. 

But as there may not be always a sufficient number 
of observers, the following method given in Norie’s 
Navigation will be found very convenient where there 
are only two. 

Let the observations be taken in the following 
order, noting the times by a watch: 1. the altitude 
of the sun or star; 2. the altitude of the moon; 8. 
any number of distances; 4. the altitude of the moon; 
5. the altitude of the sun or a star. Now add together 
the distances, and the times when they were taken, 
each of which, being divided by the number observed, 
will give the mean time and distance: then to reduce 
the altitudes to the mean time, say, as the difference 
of times between the observations is to the difference 
of their altitudes, so is the difference between the 
time that the first altitude was taken and the mean 
time, to a fourth number; which added to, or sub- 
tracted from the first altitude, according as it is in- 
creasing or decreasing, will give the altitude reduced 
to the mean time. 


Of the oblique semi-diameter. 


As the vertical semi-diameters of the sun and mvon 
are diminished by refraction, 1t becomes necessary to 
find their semi-diameters in the direction of the ob- 
served distance in order to obtain the apparent dis- 
tance of their centres. Dr. Thomas Young in his 
comparative view of the principal methods of correct- 
ing lunar observations before mentioned, has given 
two very convenient tables for this purpose which we 
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d = 76° and the ©’s altitude 19°. Then 14+82+1 Nautical 


Astronomy. have taken the liberty to copy, and we shall add an 
: =97; with which, entering table 2, under the alti- A**™omy. 


account of them nearly in the author's own words. 

‘‘ The observed distance requires to be cerrected, 
when the altitudes are small for the effect of refrac- 
tion on the oblique semi-diameters, which may amount 
to several seconds, especially in low latitudes, where 


the ecliptic approaches most frequently to a vertical: 


position, The magnitude of this correction. depends 
on the angle of the triangle concerned at the luminary 
in question, which is required to be known when we 
employ the tables of this correction which have been 
published. It will, however, be more convenient to 
have an easy method of deducing the correction more 
immediately from the elements observed; and for 
this purpose the minutes and seconds may be ne- 
glected, the nearest degrees only being employed for 
entering the tables. The first table affords by adding 
together the numbers taken from it with different ar- 
guments, a logarithm of the sine of half the angle at 
the luminary, multiplied by the cosine of the alti- 
tude, and the second table being entered with this 
argument (A), and with the altitude of the luminary 
gives the correction which is to be subtracted from 
the semi-diameter to obtain the oblique semi-diameter. 
‘* The arguments of the first table are ¢, the distance, 
or its supplement, 4, the half sum of the distance 
and both altitudes and h—+s, the same half sum di- 
minished by the altitude of the opposite luminary.” 


Uss oF THE TABLES. 
ExamMpte I, 


Let h, = 382°, h—s = 21°, d = 44°, and the alti- 
tude 11°. Entering table 1 in the column “ For h,”’ 
opposite 32° we find 93, and opposite 21°, in the 
column h—+s on the left hand, we have 55; again with 
44° in the column h, we find 16. The sum of these 
three numbers is 164, with which entering table 2, 
in the column “‘ sum of A,”’ and under 11° we find O, 
shewing that the correction required is less than one 
second. 


Examp te II. 


Let the ))’s altitude = 41°, the sun's altitude = 19°, 
and their distance 104°, required the correction for the 
oblique semidiameters. 

First, h, ==82°, h—s = 68°, d =76°, (the supple- 
ment to 104°), and the )’‘s altitude 41°. Then 
14+95+1= 110, with which, entering table 2, 
under 41°, we find 0, implying that no correction is 
necessary to the )'s semi-diameter. 

Next for that of the sun, h = 82°, h—s = 41°, 
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tude 19°, we find 1” the quantity to be subtracted 
from the ©’s semi-diameter. 


Exampcre III. 


Let the })'s altitude be 8°, that of the © 36°, and 
the distance 31°, Then for the correction of the )’s 
semi-diameter we have, h= 37°, h—s = 1°, d==31°, 
and the )’s altitude 8°, which from table 1 we obtain 
90+924+29=1043 or 43 rejecting the 1000, and 
from table 2, with 43, and the )’s altitude 8°, we 
get 10”, the correction to be subtracted from the 
p's semi-diameter. 

For the sun we have h = 37°, h—s = 29°, d=31°, 
and the ©’s altitude 36°, with which we get from 
table 1, 90+69+429=188, and from table 2, 1” for 
the diminution of the ©'s semi-diameter. 


Having the observed distance of the limb of the moon 
Jrom that of the sun, or from a fixed star, together with 
their apparent altitudes, the apparent time at the ship, 
the latitude and the estimated longitude to find the true 
distance of their centres. 


Ru te. 


With the apparent time at the ship and the esti- 
mated longitude, find the apparent time at Green- 
wich, for which take from the Nautical Almanac the 
horizontal semidiameters of the sun and moon, and 
the ) ‘s horizontal parallax. 

Find the apparent and the true altitudes of the 
centres in the manner which has been before fully 
explained. 

To the observed distance apply the semi-diameters of 
the sun and moon, that of the moon being previously 
corrected for augmentation and both reduced to the 
oblique semi-diameters. The result will be the 
apparent distance of the centres. 

Add together the apparent distance and the appa- 
rent zenith distances, and subtract each of the two 
latter from the half sum, noting the remainders. 

Add together the sines of these two remainders, 
the arithmetical complements of the sines of the 
apparent zenith distances, and the sines of the true 
zenith distances. 

From half the sum of these six logarithms subtract 
the sine of half the difference of the true zenith dis- 
tances, and the remainder is the tangent of an arc. 

Subtract the sine of this arc from the said half 
sum, and the remainder is the sine of half the true 
distance 


xu? 





Astronomy. 


—\v——” Let the latitude be 35°; the observed distance of a star from the moon's nearest limb, 30° 57’ 12”; the observed 
altitude of the lower limb, 8° 18’ 50” ; and that of the star, 35° 43’ 50” ; the height of the eye being 16 feet, the 
barometer 28'7 inches, and Fahrenheit’s thermometer 78° ; the moon's horizontal semi-diameter at the time being 16’ 
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EXAMPLE. 








22”. and the horizontal parallax, 60’ 0”. Required the true distance. 
¢ @ 
Observed altitude of D’s L. L. ...... 8 13 50 Star’s observed altitude .......... 35 43 50 
Depression of the horizon (table 1.) .. — 3 50 | Depression of horizon ............ — 3 50 
8 10 O | Star's apparent altitude .......... 35 40 0O 
)’s horizontal semi-diameter ........ + 16 22 Refraction ............0c cc eeeees 1 19 
Augmentation (table 2.) ............ + 0 2 Barometer ...............0005 oe. + O 35 
Diminution of vertical semi-diameter.. — O 11 Thermometer..............0e000- + O 45 
Apparent altitude, )'s centre........ 8 26 13 | Star's true altitude .............. 35 38 49 
MetractiOn: 64.6 céaceahind wenwaesentee — 617 
Barometer,.........ccc cece eee ecees + 035 ) ’s equal eo .. 60° oO” 
Thermometer ..........c0c-seeees + 056 Reduction for latitude 
Parallax in altitude ................ + 59 18 (table ) ...... — 4 
D's true altitude .................. 9 20 45 | Horizontal parallax .. 59 56 P. log. .. 10-4776 
) ’s altitude 8° 20’ cosine ........... » 9°9954 
rallax i s w” 4822 
)’s semi-diameter ................ 0 16 4 ea a” alti pac 59” 15” p log. .... 
Correction for obliquity, (tables 1 &2.) — 0 10 
Oblique semi-diameter.............. O 16 14 
Observed distance ................- 30 57 12 
Apparent distance of ¥ from )'‘s centre 31 13 26 
Apparent distance .............. 31 13 3&6 
)’s apparent zenith distance .... 81 33 47 | co. ar. sine .... 00047256 
%'s apparent zenith distance .... 54 20 OO} co.ar.sine .... 00902179 
sum.... | 167 7 18 
4 sum .. 83 33 36 
[st remainder ................6: 1 59 49 sine .... 8°5421554 
@d remainder ..............00:: 29 13 36 sine .... 9°'6886564 
)’s true zenith distance ........ S0 39 15 sine .... 9°9941966 
%'s true zenith distance ........ 54 21 ll sine .... 9°9098894 
sum .... 38°2298413S 
4 sum 19°1149206 
4 diff. true zenith distances ...... 13 9 @ sine .... 9°3570017 
Tangent of arc ............-.-. 29° SAT B74) os 2 hawe wens 9°7579189 
SAIN WLC 65 6 644 Re ow SS Ras 29 47 57 gine ... 9°6963226 
true distance ................ 15 11 58 sine 9°4185980 
rue distance ...............05. 30 23 56 


ihe preceding method is that given by Dr. Kelly, 
in his excellent Practical Introduction to Spherics. It 
has been preferred to that of Borda, from sines being 
employed instead of cosines ; as the former in conse- 
quence of their increasing instead of decreasing, are 
perhaps more readily taken from a table than the 
latter. It is the direct method of solution, and the 
result is perfectly accurate, if the data are correct. 

It may here be proper to urge the necessity of an 
habitual attention to those commonly supposed minor 
corrections, which have hitherto been neglected, 
especially those depending on the barometer and 
thermometer; the omission of which would, in the 


present instance, have occasioned an error of upwards 
of one minute in the moon's distance, corresponding 
to more than 30 minutes of longitude. 

As the direct method requires the logarithmic sines, 
&c. to be taken out to every second, various approxi- 
mate methods of solution have been devised. Most 
of these, however, have depended upon tables calcu- 
lated for the purpose, and many are very inconvenient 
in practice. The two following are free from these 
objections, and possess the peculiar, and very desirable, 
advantage of the result being but little influenced by 
errors in the observed altitudes The author of the 
first is not known to the writer of this article; but 


Nautical 
Astronomy, 
Nem ame 
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2. Add the arithmetical complements of the sines Nautical 
(or the co-secants) of the moon’s zenith distance, and Astronomy 
the apparent distance of the centres, to the sines of <—“v——" 


NAUTICAL ASTRONOMY. 


Astronomy. the second method may be found in the Journal of the ; 
——~— Royal Institution, among the valuable astronomical 
and nautical collections, which are believed to be due 


to Dr. Thomas Young. 

In the first method, the author observes that it is 
preferable to attend less to abbreviate the methods of 
computation, than to investigate a solution, in which 
considerable errors in the data may produce hut a 
small error in the required distance. When either of 
the luminaries has a small elevation, its altitude will 
be affected by the uncertainty of refraction, and the 
inaccuracy necessarily attending altitudes observed at 
sea. The sum of these errors, when they tend the 
same way, may be supposed to amount to at least one 
minute in altitude ; which, in many cases, according 
to the common rules for computing the true distance 
will produce an error of about 30 minutes in the 
longitude. Perhaps the only method of determining 
the distance, so as not to be affected by the errors of 
altitude, is that, by first finding the angles at the sun 
and moon, and by the help of them, the corrections of 
distance for parallax and refraction. 


Rute. 


1. Add together the moon's apparent zenith dis- 
tance, the sun’s a nt zenith distance, and the 
apparent distance of their centres. From the half 
sum subtract the moon's zenith distance, and call it 
the first remainder. From the half sum subtract the 
star's zenith distance, and call it the second remainder. 
Add the arithmetical complements of the sines (or the 
co-secants) of the sun’s zenith distance, and the 
apparent distance of the centres, to the sines of the 
half sum, and of the first remainder: half the sum of 
these four logarithms is the cosine of half the angle 
at the sun 


the half sum, and of the second remainder. Half the 
sum of these four logarithms is the cosine of half the 
angle at the moon. 

3. To the cosine of the angle at the moon add the 
logarithm of the difference between the moon's re- 
fraction, and her parallax in altitude in seconds. The 
result will be, the logarithm in seconds of the first 
correction, which is to be subtracted from the observed 
distance, if the angle at the moon is acute, but added 
if it is obtuse. 

4. To the cosine of the angle at the sun, add the 
logarithm of the difference between the sun's refrac- 
tion and parallax in seconds. The sum is the loga- 
rithm in seconds of the second correction. To be 
added when the angle at the sun is acute, but sub- 
tracted when obtuse. 

5. To the sine of the angle at the moon, add the 
beforementioned logarithm of the difference between 
the moon’s parallax and refraction, and multiply the 
sum by 2. From this subtract the logarithm of twice 
the distance of the centres in seconds increased by the 
radius. The result will be the logarithm in seconds 
of a third small correction, which is also to be added. 

Note——The thirdcorrection is generally very minute, 
except when the distance is small, and the angle at 
the moon nearly a right angle. 

It is sufficient to use the zenith distances, and the 
apparent distances to the nearest minute only, as a small 
error in the angles at the sun and moon will very little 
affect the corrections of distances. If a star is 
observed, the only change necessary is to employ the 
refraction of the star, instead of the difference between 
the refraction and parallax of the sun. 


EXAMPLES. 


Taking, as in the last example, 
apparent distance, 31° 13’ 26” ; 
star's refraction, 1°11” ; to find the true distance. 





the moon's zenith clistance, 81° 34’; the star's zenith distance, 54° 20’; and the 
the difference hetween the ))’s parallax in altitude and refraction, 54’ 32” ; and the 





For )’s angle. _ For -%'s angle. 
1000472 sin. co. ar..... )'’s zen. dist .... 81 34 
%'s zen. dist .... 54 20 sine co. ar....... 10°09022 
10°285238 sine co. ar..... Distance ...... 31 14 sine co.ar. ...... 1028523 
Sum oases hess 167 8 
9°99726 sine.......... #sum........ 83 34 sine ............ 9 99726 
Ist rem. ...... DO Sie: a iecewe eos 8°54282 
9°638875 SIN€.........- Qd FEM. wevces 29 14 18°91553 
19'97596 cosine .. 9:45776 
9°98798 cosine 
§ angle. .13° 25’ 4 angle. .73° 20’ 
2 2 
26 50 )s Z sine 965456 146 40 4's Z 
CO8i.3:624% 9°95052 cos. .... 9°92194 
$@72” log... 3'51481.... 351481 71” log. .... 185126 
—2920 log.. . 3°46533 1316987 —59%3 log 1.77320 
2 
, 26°33874 Apparent distance ...... 31° 187 26” 
Dist. x 2 = 224880 log.... 15°35195 First correction........ — 48 40 
_ Second correction...... — 0 59:8 
+9"7 log.... 098679 Third correction ...... + 0 97 
True distance...... 30 23 56°4 


This result is the same as that obtained by the direct method. 


Astronomy. 


‘mew’ rent distance of the centres, 43° 36 ; the difference between the moon's parallax in altitude and refraction, 58’ 10”, —— 
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Let the moon's apparent zenith distance be 80° 22’; the star's apparent zenith distance, 78° 43’; and the appa- 


(= 2910”) ; and the star's refraction, 4’ 40’, (= 280") ; required the true distance. 














For )'s angle. oe oh ay For %'s angle. 
10°:00617 sine co. ar..... )'s apparent zenith distance... 80 22 
-+¥’s apparent zenith distance.. 78 43 sine co.ar....... 1000848 
10°16139 sine co. ar. ........ eee eee Distance ...... 43 36 sine co. ar. - 10°16139 
UN: ose: ale raiintee 202 41 
9°99145 sine.............. pcage bene Asum.......... 101 20 sine........ os. 999145 
lst rem......... 20 58 sine........... . 955367 
9°58497 BING siya d alae eoeeteecve 2d rem coeeeevee 22 37 aa ea er 
——_— 19°71499 
19°74398 _— 
ee ee COSINE .....000ce 9°85740 
9°87199 cosine 
% angle.. 41° 52 4 angle. .43° 55’ 
2 2 
83 44’ )'s Z sine.... 999740 87 50 %'8 Z 
cos... .. 9°03805 cos.... 857757 
2910" log. .. 3:46869.......... 3:46389 280 log. .. 244716 
—318” log. .. 250194 13°46129 +105 log. .. 1:02473 
‘ o °* 4” 
26°92258 Apparent distance .............. 43 36 0 
Dist. x 2 = 313920” log......... 15°49679 _— First correction................ — 518 
Second correction .............. + 10 5 
+ 2676 ........ 1:-42579 Third correction .............- + 26 6 
True distance.......... 43 31 19:1 


Ihe second method which is taken from the Journal of the 
Royal Institution, is as follows : 


Rots. 


1. Add together the apparent altitude of the star, 
the apparent altitude of the moon, and the apparent 
distance ; and from half the sum subtract the apparent 
altitude of the star, and call the result the remainder. 

2. To the proportional logarithm of the moon's 
horizontal parallax, add the logarithmic secant of the 
moon's altitude; the sum will be the proportional 
logarithm of the parallax in altitude. 

3. Add together the logarithmic secant of the half 
sum, the sine of the apparent distance, the co-secant 
of the remainder, the constant logarithm 9°6990, and 
the proportional logarithm of the horizontal parallax. 
The sum will be the proportional logarithm of the 
diminution of parallax ; the difference between which, 
and the parallax in altitude, is the parallactic correc- 
tion, which is to be subtracted from the observed 
distance, if the parallax in altitude is the greater; but 
if otherwise, to be added. 


4. To the logarithmic sine of the moon’s altitude, 
add the proportional logarithm of the parallactic cor- 
rection, and subtract the sum from the proportional 
logarithm of the horizontal parallax. The difference 
will be the tangent of an angle, which is the refrac- 
tional distance for the moon. Consider, as zenith 
distances, both this angle, and the difference between 
it and the apparent distance ; and find the correspond- 
ing refractions in a table of refraction. These will be 
the first and second refractional corrections ; the first 
of which is to be applied to the apparent distance, 
with a contrary sign to that of the parallactic correc- 
tion, and the second to be added when the refrac- 
tional distance for the moon is less than the observed 
distance ; otherwise the second refractional correction 
must be subtracted. 

5. Add together, the proportional logarithm of the 
diminution of parallax, that of the sum of the paral- 
lactic correction and the parallax in altitude, the 
logarithmic tangent of the apparent distance, and the 
constant logarithm 15870. The sum will be the pro- 
portional logarithm of the correction for obliquity 
which is always additive. 
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EXAMPLE. Nautical 


Astronomy. 
Astronomy 


Vv" Taking, as in the last example, the apparent distance, 43° 36’; the apparent ultitude of the moon, 9° 38’ ; that of 
the star, 11° 17’ ; the moon's horizontal parallax, 54’ 42” ; and its proportional logarithm, ‘5178: to find the 








true distance. 
1 Q 


EE eee a 





“ 


-%'s apparent altitudel 1 lj 


3 4 5 


Parallax in altitude. | Parallactic correction.} Refractional correction. | Cor. for obliquity. 


LE TS ATED) eG SP RS LEE) ASS SS ES SS 5 SESSA fl) RSS ECPI TE STE ONIN SS gt SS AG 





)’s apparent altitude 9 38 jsecant ....00612................ SIN€ .ncenxces 92896 | oho des woeaes 
Apparent distance ..43 36 [...........6.0.- sine ...... PSS8G ii ads bakes yeans Tangent 9°9788 
SUM secs Gee 64 31 
foe sy ede SO-15° loves wenekedeus ss SOCANG: 55- O07 29) ch wien Weasel eee ae 
emainder ..20 58 = f..........0-20.. co-secant: 04462) 24.6.6 64.60 wanna wayne eed weak ous 
Horizontal perallax 64 42 /P. low: 43.4 O617S/P. log: sins OS178 cates ocineweonesialsenaesediw sent 
Parallax in altitude. . |53’55”P.log.0°5785 
Dimin. of parallax/48’ 1”P.log.0'5739]............. .....[P.log. ..05739 
Parallax in altitude|53 55 
Diff. = parallactic correction —/ 554 .......... POR sakes 1°4844 
Parallactic correction + Parallax in altitude/59 49 1.0... fee ee cece eee ee P. log. ..0-4784 
Sum 0°7080 
Hor.par. P.log. 05173 
Refractional distance for }) ....32° 48’|Tang........ 9°8093 


Apparent distance ..... 


segs atateis 43 36 \ 


26” P.log. 2°6181 





Difference ..10 48 


For zenith distance 32° 49” tab. refraction = 37°5 


Pek node tiaeigt alias 10 46 ............ = 11-0 } Refractional corrections. 
° é 4 
Apparent distance ...... 483 36 00 
tic correction .. — 5 54 


lst refractional correction + O 37°5 
Qd refractional correction + O 11:0 
Correction for obliquity... + 0 260 


True distance.... 43 31 20°5 





Having the true central distance between the moon and 
the sun, or a fired star, and the apparent time at the 


ship ; to find the longitude. 
Ruts. 


Among the true distances of the moon's centre from 
the sun, or fixed stars, in the Nautical Almanac, find 
those two distances, which are next less and greater 
than the true given distance, which true distance place 
under it. Take the difference between the true dis- 
tance and the first of the two distances taken from 
the Almanac, and also the difference between the two 
distances. From the proportional logarithm of the 
first difference subtract the proportional logarithm of 
the second difference ; the remainder will be the 
proportional logarithm of a portion of time ; which, 
added to the time corresponding to the first of the two 
differences taken from the Nautical Almanac, will give 
the apparent time of observation at Greenwich. 





Take the difference between this time and the 
apparent time of observation at the ship, which, being 
converted into d , will give the longitude of the 
ship ; east, if the time at the ship be greater than 
that at Greenwich, otherwise west. 


ExaMPLeEs. 


Let the true distance of the moon's centre from a Aquile, 
on the 1st of March, 1823, be 82° 25’ 41” ; the cor- 
responding apparent time at the ship being 125 4™ 16°: 
required the longitude. 


‘ o 4 Wt Diff. 
True distance...... §2 23 41 


Distance at night, 
from Naut. Sint Be aS? 


Dist. at 15" from Do. 82 14 6} 1 0 39 P ‘sg. 47% 


OO 4¢ 
0 58 4 P. log. 4839 





636 
h m 8 
\—-.——’ Time from midnight .... 2 55 18....P. log...O115 
12 0 O 


App. time at Greenwich 14 55 18 
App. time at the ship....12 4 16 


Longitude west intime.. 2 51 2 = 30° 13’ 15” 


The true distance of the moon's centre from Aldebaran 
‘the 20th of March, 1823, was 35° 50’ 24”; the cor- 
responding apparent time at the ship being 7° 5™ 21°. 
What was the ship's longitude ? 

i, at sag Diff. 
True par eas 50 24 
Dist. at 6 m ) 

Naut. Alnanac § 35 44 33 


Dist. at9" from Do. $7 26 ey 1 41 42 P. log. 02480 


Oo 4 «4 
bo 5 51 P. log. 1.4881 


h mss 


O 10 21....P. log. 1/2401 
6 0 0. 





Time from midnight.... 


6 10 21 
5 21 


App. time at Greenwich 
App. time at the ship .. 7 


055 O= 13° 45’ 0” 
VARIATION OF THE COMPASS. 


To find the variation of the compass by observed magnetic 
amplitude of the sun, or of a star. 


The solution of this problem depends upon finding 
the hypothenuse of a right angled spherical triangle, 
in which one side (the declination of the sun or star) 
and an angle (the co-latitude) are given. 


Rute. 
(From Kerrigan’s Young Navigator's Guide.) 

From the logarithmic sine of the declination, the 
index being increased by 10, subtract the logarithmic 
cosine of the latitude, the remainder is the logarith- 
mic sine of the true amplitude, to be reckoned north 
or south according to the name of the star's declina- 
tion ; then, if the true and observed amplitudes be 
both north, or both south, their difference is the 
variation ; but if one is north and the other south, 
their sum is the variation. And to know if it be east 
or west, let the observer look directly towards the 
compass representing the true amplitude; then, if the 
observed amplitude is to the left of the true, the varia- 
tion is easterly ; but if to the right, it is westerly. 

Note—The magnetic bearing of the object must 
be taken when its apparent altitude is equal to the 
depression of the horizon. 


Longitude east in time.. 


EXaMPLes. 


The latitude being i8° 40’ north, the star Sirius was 
observed to set 24° 10° to the suuthward of the west point 


of the compass. Required the variation. 
Declination of Sirius.. 16° 27’ S gine ..19°45206 
Latitude............ 18 40 


True amplitude ....W 17° 23’S sine .. 9°47553 


Magnetic amplitude W24 10.8 





Variation 6 47 which is east, because 
the observea amplitude is to the left hand of the true. 


e@e#8 ee @ @ 


cosine 9°97653 


NAUTICAL ASTRONOMY. 


In latitude 48° 20’ north, the star Rigel was observed Nautical 
to set 9°50' to the northward of the west point of the Astronomy. 


compass; required the variation. 
Declination of Rigel.... 8° 25’S 
Latitude 


sine ..19°16545 
cosine 9°82269 
Star's true amplitude W 12° 438’S sine .. 9°34276 
Magnetic amplitude..W 9 50 N 





Variation ...... 22 33 which is west, be- 
cause the observed amplitude is to the right hand of 
the true amplitude. 


To find the variation of the compass, having the true 
allitude of the sun or of a fixed star, and its tic 
azimuth, the latitude of the ship and the declination being 


known. 


To compute the true azimuth, we have given the 
three sides of a spherical triangle; viz. the co-lati- 
tude, the zenith distance, and the polar distance, to 
find the angle at the zenith between the zenith dis- 
tance and the co-latitude. 


Rute. 


Add together the polar distance, the zenith distance, 
and the co-latitude, and take half the sum; the dif- 
erence between which and the polar distance call the 
remainder. 

To the arithmetrical complements of the sines (or 
the co-secants) of the zenith distance and co-latitude, 
add the sines of the half sum and of the remainder. 
Half the sum of these four logarithms will be the 
cosine of half the true azimuth to be reckoned from 
the north in north latitude, but from the south in 
south latitude. 

Then if the true and observed azimuths are on the 
same site of the meridian, their difference is the 
variation ; but if on different sides, the sum is the 
variation. Now, if the observed azimuth is to the 
left of the true, the variation will be easterly; but if 
the right, the variation will be westerly. 


ExampPLe. 

In latitude 48° 50/ north, the true altitude of the sun's 
centre was 22° 2’; the declination being 10° 12’ south, and 
its magnetic bearing north 161° 32’ east. Required the 
variation. 





Polar distance ...... 100 12 
©’s zenith distance.. 67 58 co. ar. sine.. 0°08294 
Co-latitude ........ 41 10 co.ar. sine... 018161 
sum ...... 209 20 
4 sum...... 104 40 sine ...... 9°98561 
Remainder... 4 928 sine ...... 889142 
19°09158 


69° 26’ cosine.. 9°54579 
2 





)'s true azimuth ....N 138 52E 
Magnetic or observed 


azimuth .......... N161 S2E 
Variation ...... 22 40 which is west, 


because the observed azimuth is to the right of the 
true. 





NAUTICAL ASTRONOMY. 


Or THE INSTRUMENTS EMPLOYED IN NAUTICAL 
ASTRONOMY. 


THE SEXTANT. 


od 


images pass over each other. If they do not appear Nautical 
perfectly to coincide in passing, turn the screw, which A*7vnomy 
is under the horizon-glass, till this is effected. The “~V~ 


Astronomy 
—— — 


The sextant is an instrument so well known, that 
a detailed account of it would be superfluous; as an 
examination of the instrument itself for a few minutes 
will probably convey a better idea of its construction, 
than the most elaborate description. 

The object is reflected from the index-glass to the 
horizon-glass, and from thence to the eye. The 
horizon-glass is half silvered, and a telescope being 
properly directed towards it, and parallel to the sex- 
tant, the observer is enabled to see the horizon of the 
sea through the unsilvered part of the glass, at the 
same time that he views the reflected image of the 
object in that part which is silvered. By moving the 
index, and consequently the index-glass, the reflected 
image appears to change its place, and may be made 
apparently to coincide with the horizon of the sea. 
Dark glasses are placed so that they may be inter- 
posed between the index-glass and the horizon-glass, 
in observations of the sun; and there is a screw at 
the back of the sextant acting upon the telescope, by 
which it may be drought nearer to, or removed fur- 
ther from the instrument, for the purpose of rendering 
the reflected image more or less bright. 

The glasses of a sextant should be perfectly plane, 
and the surfaces of each parallel. In order to examine 
this, place the dark glasses before the horizon-glass 
so as to prevent seeing through it, and interpose as 
many dark glasses as may be found necessary to 
weaken sufficiently the reflected image of the sun. 
Place the index at zero. Direct the telescope to the 
sun, and make the image as distinct as possible, by 
moving the eye piece, when the image should appear 


' neat and well defined: shift the index to 120°, keep- 


ing the sun in the telescope during the motion of the 
index. If now the image of the sun appears sharp, 
round, and well defined, the surfaces of each glass are 
parallel ; but if the edge appears indistinct in any 
part, and a projection like a faint second image is 
seen, the glasses are bad, and the instrument should 
be rejected. 


Adjustments of the sextant. 


The adjustments of a sextant are to set the index 
and horizon glasses perpendicular to the plane of the 
instrument, and their planes parallel to each other 
when the index division is at O, upon the arch. Also 
to set the axis of the telescope parallel to the plane of 
the instrument. 


To set the index-glass perpendicular to the plane of the 
sextant. 


Move the index forward to about the middle of the 
arch ; then holding the instrument with the limb from 
the observer, look obliquely into the index-glass, so 
as to see the arch by reflection; and remark if the 
reflected and the true arch appear in the same plane. 


If they do, the index-glassis perpendicular to the plane , 


of the instrument; but if otherwise, it is to be rectified 
by means of the screws at the back of the glass. 


Ko set the horizon-glass perpendicular to the plane of the 
sextant. 
Screw on the dark glass to the eye-piece of the 
telescope, and directing it to the sun, make the two 
VOL, III. 


same adjustment may be made by means of a star. 


To find the index error. 


When the index is at O, the images seen by reflec- 
tion and by direct vision should coincide. In the best 
sextants there is no adjustment for this purpose, but 
the error is to be found and to be applied to the 
observed angle. The best method of determining the 
index error is to measure the diameter of the sun by 
moving the index forward and backward on the arch. 
Half the difference of these diameters will be the 
index-error, which must be subtracted from the 
observations when the diameter taken forward is the 
greater, otherwise it must be added. This correction 
should be frequently examined. 


To set the axis of the telescope parallel to the plane of the 
sextant. 


If the axis of the telescope is not parallel to the 
plane of the sextant, it may occasion a considerable 
error when the angle is large. In order to make this 
adjustment, place the wires which are in the telescope 
parallel to the plane of the instrument. Then select 
two well defined objects, of which the best are the 
moon and a star, the angle between which must not 
be less than 90 degrees. Bring their images exactly 
into contact at the wire which is nearest to the sex- 
tant; then, by altering a little the .position of the 
instrument, bring them upon the wire furthest from 
the sextant. If the images still continue in contact, 
no adjustment is required; but if they appear to 
separate at the wire which is furthest from the instru- 
ment, it is a proof that the object end of the telescope 
is too near to the sextant, and it must be altered by 
means of the screws in the ring which holds the 
telescope. 

By repeating this operation a few times, the contact 
will remain perfect upon both wires, and consequently 
the axis of the telescope will be parallel to the plane 
of the sextant. 


Use oF THE SEXTANT. 
‘From Norie’s Navigation.) 


To observe the angucar distance between the moon and 
the sun. 


‘‘ Screw on the telescope, and place the wires 
parallel to the plane of the instrument; then turn 
down one or more of the dark glasses according to 
the brightness of the sun; place the index at O on 
the limb, and if the sun’s image be very bright, turn 
up the dark glasses before the index-glass, and with 
the screw raise the telescope to the transparent part 
of the horizon-glass. Having done this, hold the 
sextant so that the plane may be in the right line 
joining the two objects. Ifthe sun be to the right 
hand of the moon, the sextant is to be held with its 
face upwards; but if it be to the left hand, the face 
is to be held downwards. With the instrnment in 
this position, look directly at the moon through the 
telescope, and move the index forward till the sun's 
image comes nearly in contact with the moon's near- 
est limb. Then fix the index, by the screw uuder the 

4N 
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Astronomy sextant, and make the contact perfect by means of vernier, any error which arises from eccentncity Nautica 
“== the adjusting screw; at the same time move the sex- remains undiscovered, whilst in the circle this error is Astronomy. 
tant slowly, making the axis of the telescope the corrected by taking a mean of the readings of the —vV~ 


centre of motion, by which the objects will pass each 
other, and the contact be more accurately made. The 
index will then point out the observed distance of the 
nearest limbs of the sun and moon. 

It will perhaps be more easy for those who are not 
accustomed to make observations, to find the distance 
nearly ; and setting the index forward to it, to look 
directly towards the moon, holding the instrument as 
before ; the sun will then appear nearly in contact 
with it, and is to be made perfect by the method 
above mentioned. In the Nautical Almanac the dis- 
tances of the sun and moon are set down for the be- 
ginning of every third hour of time at Greenwich, on 
such days as the moon is not less than 35 degrees, 
uor more than 125 degrees from the sun, and may be 
found for any intermediate time by proportion. From 
these distances, their distance at the time of observa- 
tion may be computed roughly thus :—Find the time 
at Greenwich nearly; then find by the Nautical 
Almanac the distance nearly at that time, from which 
subtract 30 minutes, the sum of the semidiameters 
nearly, and the remainder will give the distance of 
their nearest limbs at the time of observation. 

It will save some trouble, and serve the purpose of 
finding the reflected image of the sun or moon in the 
horizon-glass, if you only set the index to the central 
distance as set down in the Nautical Almanac for the 
nearest three hours without correcting it, to the 
intermediate time by a rough computation. 


To observe the distance between the moon and a star. 


Turn down the lightest skreen before the horizon- 
glass, and direct the telescope to the star, holding the 
sextant in its proper position; so that if seen edge- 
wise, it may appear to pass through the moon and 
star, with its face upwards or downwards, according 
as the star is to the eastward or westward of the 
moon; then move the index forward till the reflected 
image of the moon is seen in the telescope. By 
moving the instrument slowly up and down, the 
moon will appear to rise and fall by the star; the 
enlightened limb is then to be brought in contact 
with the star by means of the adjusting-screw ; and 
the number of degrees and minutes pointed out 
by the vernier will give the observed distance between 
the objects. 

If the distance between the moon and one of the stars 
set down in the Nautical Almanac for finding the longi- 
tude is to be observed, their distance may be roughly 
calculated as before directed, to which set the index : 
then look through the telescope, and direct thesight to 
the star, which is generally a bright one, and lies in a 
line nearly perpendicular to the horns of the moon 
either to the eastward or westward, as denoted in the 
Almanac ; and holding the sextant in the plane of the 
two objects, give it a slow motion round the axis of 
the telescope ; and if the moon's image comes into 
the field of the telescope, it is a proof the right star 
has been taken, as no other in that direction will 
correspond to it in distance. 

The comparative lightness of the sextant has 
caused it frequently to be preferred to the reflecting 
circle, but whenever t accuracy is desired, the 
latter is far superior ; for the sextant having but one 


several verniers. 


Descaiprion OF TROUGHTON'S REFLECTING CIRCLE. 


This instrument, the production of one of the most 
celebrated of the English artists, combines consider- 
able strength with lightness. It is composed of a 
circular rim screwed to a cross bar frame, to the 
middle of which is fixed a hollow centre A, (plate 2, 
fig. 1.) upwards of two inches long, and projecting 
from the back of the frame. This hollow centre 
receives an axis, to one extremity of which is firmly 
fixed the index, having three branches at equal dis- 
tances from each other, and to the other extremity of 
the axis is attached the index-glass. Each of the 
three branches terminates in a vernier, and one of them 
carries the usual apparatus for quick and slow motion, 
which of course governs also the other two. 

On the back of the circle on that side where the 
index-glass is placed, is a kind of secondary frame BB, 
attached to the hollow centre, near the index-glass, 
and also hy the pillars to the main frame. 

Upon this secondary frame are firmly fixed the 
horizon-glass and the telescope; on the same frame 
are also placed two sets of coloured glasses, one 
between the index and horizon glasses, and the other 
beyond the horizon-glass. The distance between the 
twu frames affords a relief for the dark glasses to be 
turned down round a joint, so as to place them out of 
the way when they are not wanted. The telescope 
screws into a collar, the square stem of which having 
its four angles worked into a screw, passes through a 
barrel, which connects the main and secondary frames. 
By means of a finger screw upon the stem, the dis- 
tance of the telescope from the frame of the instru- 
ment, may be varied at pleasure ; and the two objects 
observed, may be made of equal brightness, even 
without removing the eye from the telescope. The 
collar into which the telescope screws has the usual 
adjustment for placing the line of collimation parallel 
to the plane of the circle. A handle, D, appears on 
the divided side of the instrument, and is attached to 
a brass tube, which bends over the edge of the circle, 
and is fixed to the instrument on the same side as the 

lasses. E, is another handle screwed fast to the 
rame on the back of the instrument. By means of 
these handles the circle may be conveniently held in 
any position. 

The telescope being fixed near one edge of the 
circle, and the horizon-glass near the opposite edge, 
the rays of light from the object may upon the 
index-glass on either side of the horizon-glass; by 
which means the great advantage is obtained, of 
observing on both sides of zero. 

It has been before remarked, that in the sextant, 
from its having only one vernier, any error arising 
from eccentricity is uncorrected ; but in the circle, by 
taking a mean of the readings of the three verniers, not 
only is this error removed, but any errors of division 
are reduced to about one-sixth part. Also, when the 
angle measured is 120 degrees, in a backward and 
forward observation, the three readings will just 
occupy the 720 degrees of this circle. 

In Troughton’s circles, as they are generally made, 
the degrees are subdivided into three parts, of 20 
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\tronomy. minutes each, and each vernier subdivides again to 20 
—-—” ‘seconds. 


The following printed instructions for its use are 
generally given with the instrument. 


Directions for observing with Troughton's reflecting circle. 

‘* Prepare the instrument for observation by screw- 
ing the telescope into its place, adjusting the drawer 
to focus, and the wires parallel to the plane exactly 
as you do with a sextant : also set the index forwards 
to the rough distance of the sun and moon, or moon 
and star; and holding the circle by the short handle, 
direct the telescope to the fainter object, and make 
the contact in the usual way. Now read off the 
degree, minute, and second, by that branch of the 
index to which the a screw is attached ; also 
the minute and second shewn by the other two 
branches; these give the distance taken on three 
different sextants ; but as yet it is only to be consi- 
dered as half an observation. What remains to be 
done is to complete the whole circle, by measuring 
that angle on the other three sextants. Therefore 
set the index backwards nearly to the same distance, 
and reverse the plane of the instrument, by holding 
it by the opposite handle, and make the contact aa 
above, and read off as before what is shewn on the 
three several branches of the index. The mean of all 
six is the true apperent distance, corresponding to the 
mean of the two times at which the observations 
were made. 

«< When the objects are seen very distinctly, so that 
no doubt whatever remains about the contact in both 
sights being perfect, the aove may safely be relied 
on as a complete set ; but if, from the haziness of the 
air, too much motion, or any other cause, the obser- 
vations have been rendered doubtful, it will be ad- 
viseable to make more: and if at such times so many 
readings should be deemed troublesome, six obser- 
vations, and six readings may be conducted in the 
following manner. Take three successive sights 
forwards exactly as is done with a sextant; only take 
care to read them off on different branches of the 
index: also make three observations backwards, 
using the same caution; a mean of these will be the 
distance required. When the number of sights taken 
forwards and backwards are unequal, a mean between 
the means of those taken backwards and those taken 
forwards, will be the true angle. 

‘It need hardly be mentioned that the shades, or 
dark glasses apply like those of a sextant for making 
the objects nearly of the same brightness ; but it must 
be insisted on, that the telescope should on every 
occasion be raised or lowered by its proper screw for 
making them perfectly so. 

«The foregoing instructions for taking distances 
apply equally for taking altitudes by the sea or arti- 
ficial horizon, they being no more than distances 
taken in a vertical plane. Meridian altitudes cannot 
however be taken backwards and forwards in the 
same day because there is not time: all therefore that 
can be done is, to observe the altitude one way, and 
use the index error ; but even here you have a mean 
of that altitude, and this error taken on three different 
sextants. Both at sea and land, where the observer 
1s stationary, the meridian altitude should be observed 
forwards one day, and backwards the next, and so on 
alternutely from day to day; the mean of latitudes, 


deduced severally from such observations, will >e the 
true latitude ; but in these there should be no appli- 
cation of index error; for that being constant, the 
result would in some measure be vitiated thereby. 

“«« When both the reflected and direct images require 
to be darkened, as is the case when the sun's diameter 
is measured, and when his altitude is taken with an 
artificial horizon, the attached dark glasses ought not 
to he used; instead of them, those which apply to 
the eye end of the telescope will answer much better, 
the former having their errors magnified by the power 
of the telescope, will, in proportion to this power, 
and those errors, be less distinct than the latter. 

‘‘In taking distances when the position does not vary 
from the vertical above thirty or forty degrees, the 
handles which are attached to the circle are generally 
most conveniently used; but in those which incline 
more to the horizontal, that handle which screws into 
a cock on one side, and into the crooked handle on 
the other, will be found more applicable. 

“When the crooked handle happens to be in the way 
of reading one of the branches of the index, it must 
be removed for the time, by taking out the finger 
screw which fastens it to the body of the circle. 

‘< If it should happen that two of the readings apres 
with each other very well, and the third differs from 
them, the discordant one must not on any account be 
omitted, but a fair mean must always be taken. 

‘“‘ It should be stated, that when the angle is about 
thirty degrees, neither a distance of the sun and moon, 
nor an altitude of the sun with the sea horizon, can 
be taken backwards ; because the dark glasses at that 
angle prevent the reflected rays of light from falling 
on the index-glass; whence it becomes necessary, 
when the angle to be taken is quite unknown, to 
observe forwards first where the whole range is with- 
out interruption ; whereas, in that backwards, you 
will lose sight of the reflected image about that angle. 
But in such distances where the sun is out of the 
question, and when his altitude is taken with an arti- 
ficial horizon, (the shade being applied to the end of 
the telescope) that angle may be measured neurly as 
well as any other ; for the rays incident on the index- 
glass will pass through the transparent half of the 
horizon-glass, without much diminution of their 
brightness. 

‘“‘The advantages of this instrument, when compared 
with the sextant, are chiefly these :—The observations 
for finding the index error are rendered useless; all 
knowledge of that being put out of the question, by 
observing both forwards and backwards. By the 
same means, the errors of the dark glasses are also 
corrected ; for if they increase the angle one way, 
they must diminish it the other way by the same 
quantity. This also perfectly corrects the errors of 
the horizon-glass, and those of the index-glass very 
nearly. But what is of still more consequence, the 
error of the centre is perfectly corrected, by reading 
the three branches of the index; while this property 
combined with that of observing both ways, probably 
reduces the errors of dividing to one-sixth part of 
their simple value. Moreover, angles may be mea- 
sured as far as 150 degrees, consequently the sun’s 
double altitude may be observed when his distance 
from the zenith is not Jess than fifteen degrees; at 
which altitude, the head of the observer begins to 
intercept the rays of light incident on tke artificial 
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he will correct any error that may arise from a want one 
of parallelism in the glasses, or in the adjustment of “*TOD0™Y. 
the verniers to the zero; and by adding the angles “~~ 
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Astronomy horizon ; and, of course, if a greater angle could be 
. \—a\ ey Measured, it would be of no use in this respect. 


“This instrument, in common with the sextant, 
requires three adjustments. First, the index-glass 
perpendicular to the plane of the circle. This being 
done by the maker, and not liable to alter, has no 
direct means applied to the purpose : it is known to 
be right when, by looking into the index-glass, you 
see that part of the limb which is next you reflected 
in contact with the opposite side of the limb, as one 
continued arc of a circle: on the contrary, when the 
arc appears broken, where the reflected and direct 
parts of the limb meet, it is a proof that it wants to 
be rectified. The second is, to make the horizon- 
glass perpendicular. This is performed by a capstan 
screw, at the lower end of the frame of that glass; 
and is known to be right, when, by a sweep with the 
index, the reflected image of any object will pass 
exactly over or cover the image of that object seen 
directly. The third adjustment is for making the 
line of collimation parallel to the plane of the circle. 
This is performed by two small screws, which also 
fasten the collar into which the telescope screws, to 
the upright stem on which it is mounted: this is 
known to be right, when the sun and moon, having a 
distance of 130 degrees, or more, their limbs are 
brought in contact, just at the outside of that wire 
which is next to the circle; and then examining if it 
be the same, just at the outside of the other wire : its 
being so is the proof of adjustment.” 


A DESCRIPTION OF DoLLonpD 8 IMPROVED REFLECTING 
CIRCLE, 


This instrument is represented at plate 2, fig.2. It 
consists of two concentric circles; the one moving 
within the other, both in the same plane, and nearly 
in contact. The inner circle has three flat radii, two 
of which carry at their extremities the telescope and 
the horizon-giass. The outer circle is divided into 
degrees, &c. as near as possible to its exterior edge, 
and numbered in the usual manner. The interior 
circle has also every tenth degree numbered upon it 
on both sides of zero to 180, but without any other 
divisions. A vernier, A, is fixed to the interior circle 
opposite to its zero, for the purpose of reading off the 
degrees, &c. on the exterior circle. Near the telescope 
an apperatus for quick and slow motion is attached to 
the interior circle. An arm carrying the index-glass, 
and a vernier, B, moves freely round upon its own 
centre, and is furnished with an apparatus for slow 
motion, and a clamp, by means of which it may be 
attached to the exterior circle. The divisions upon 
the exterior circle may be read off by means of this 
vernier, but the 8 corresponding to those divi- 
sions are concealed, whilst those of the interior circle 
are visible. 

The following observations upon this instrument, and 
precepts for its use, are given in the maker's own words. 

* The reflecting circle being constructed upon the 
same principles as the sextant, requires the same pro- 
cess for making the observations. The circle having 
the advantage of enabling the observer to take the 
angle on what is usually termed the off arc; that is, 
he may first take the angle precisely in the same 
manner as with the sextant; and then, by reversing 
the face of the instrument, take the angle on the off 
arc, or the other side of the zero. By this method 


so taken to each other, and dividing them by two, 
the correct angle will be obtained. 

‘“‘ There are two verniers on each index, which read 
from the centre division according to the arc upon 
which the angle is taken, and the one may be read 
backward as a check upon the other 

‘‘There is another and a greater advantage to be 
derived from the circular construction of the instru- 
ment, which is the power of repeating the observation, 
and thereby correcting the errors arising from the 
eccentricity of the centering or dividing. 

‘* In the instrument here described there is a very 
considerable improvement for facilitating the opera- 
tion of repeating the observations ; it principally con- 
sists of the two sets of figures, one upon the inner 
circle, and the other upon the outer or divided circle ; 
the first set are for reading off the angle, which is 
taken with the index B; and the second for reading 
off the number of the degrees, &c. which are to be 
divided by the number of repetitions. 

“The method of observing with the instrument is 
as follows : 

“* Tf it is to be used as a sextant, the vernier A, which 
is attached to the inner circle, must be set to a pri- 
mary division, and it will be the most correct to set 
it to 720,* for which purpose there is as a rough 
guide a line upon the outer chamfered edge of the 
vernier A, which corresponds with the zero of that 
vernier. Having adjusted this vernier correctly to 
720, the angle must be taken by moving the index B 
forward, in the same manner as with the sextant, and 
the angle contained between the two objects will be 
seen upon the circle by the vernier belonging to that 
index, and the figures on the inner circle will be the 
guide for reading off. The index error should in this 
case be found as with the sextant, by taking a small 
angle on each side the zero. If there should be time 
for a second observation, the same angle may be 
taken with the face of the instrument reversed, by 
moving the index B the contrary way to the former, 
or upon the off arc: in this case the index error need 
not be attended to, as the half of the two angles will 
be the correct angle. 

‘‘ The circle may also be used for taking a series of 
observations, by setting the vernier A to 720, and 
proceeding in the first instance by moving the index 
B forward, and then the inner circle, telescope, &c. 
and so on, each time reading off the angle, or noting 
the number of observations ; and dividing the amount 
of the degrees, &c. passed through by the number of 
the observations ; and if the number of the angles 
taken are equal to or nearly sv, to the whole circle, it 
is evident that the errors of division and centering 
will have been taken into the account. 

‘* When the instrument is used as a repeating instru- 
ment, the vernier A should be very correctly adjusted 
to 720; and the index B moved forward until the two 
objects, the angle of which is to be taken, are brought 
into contact; read off, and note the amount, then 
leaving the index B fast, and unclamping the telescope, 
&c. move the whole of those parts which are attached 





* In the plate the index A is by a mistake set to 360; this does 
not affect the reasoning, as it may_be equally considered the sere. 
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Astronomy. tc the inner circ.e torwara, until the figures on the 


inner circle shew the amount of the first angle, on the 
contrary side of their zero, bring the objects into con- 


tact, and it will here be evident that the space passed . 


over, will be equal to twice the angle. Note down 
two, and without disturbing the last adjustment move 
the index B forward twice the angle, and bring the 
objects again into contact ; then move the telescope, 
&c. forward as before, and note down two in addition 
to the former. In this mode of observing, if the face 
of the instrument is continued always one way, it will 
be requisite to present the telescope, first to the left 
hand object, and secondly, to the right ; but if the 
face is reversed alternately, the telescope should be 
presented to the same object. Proceed with the 
observations, and each time the telescope, &c. is 
moved forward, note two; and when the vernier A 
has either approached or exceeded the whole circle, 
or 720, read off by that vernier, and divide the amount 
by the number of the angles taken, and the quotient 
will be the correct angle ; it will here be clearly 
evident, that all errors of division, centering, and 
observation, will have been taken into the account, 
and therefore the angle will have been correctly 
obtained.” 

This instrument, (as well as Troughton’s circle,) is 
furnished with a stand, which will be found very con- 
venient in making observations on shore. 

‘*To place the circle upon the stand, unscrew the 
brass nut which fastens the ball or handle, holding 
the instrument in the left hand with the face down- 
wards, so that it may not slip from the handle; take 
off the handle carefully, and the part upon which the 
handle fitted will fit the hole in the end of the bent 
arm, near to the quick adjusting screw. The collar 
that goes on before the brass nut which held the 
handle in its place, must then be put on the same 
place, and the counterpoise screwed after it, which 
answers the purpose of the nut; it should not be 
screwed tight, only sufficiently so as to prevent shake, 
and allow the circle to turn pleasantly.” 


DESCRIPTION OF AN INSTRUMENT FOR TAKING ALTITUDES 
AT SEA, WHEN THE HORIZON I8 NOT VISIBLE. 


This instrument, which is represented at plate I. 
fig. 9. is a common Hadley’s octant of wood, having 
a level, A, fixed above the horizon-glass, parallel to 
the plane of the instrument, in such a manner that 
the bubble may be seen by reflexion through the tube 
and the fluid of the level. A projecting frame of 
brass, B, is also fixed to the instrument, and a part 
of it forms a white image, or line, in the horizon- 
glass. The image of the white line is always visible, 
and that of the bubble of the level may be seen bisected 
by the white line when the instrument is held verti- 
cally in the requisite position. 

This very ingenious arrangement is due to Mr. 
Robinson, mathematical instrument maker, of Devon- 
shire-street, Portland-place. He generally attaches 
the level to an octant of wood, which is sufficiently 
accnrate for the purpose, as the angle cannot be 
expected to be obtained by this method nearer than 
to about two minutes of the truth. But it is evident 
that the same contrivance may be applied to a sextant. 

As this instrument may be employed in the same 
manner as a sextant, the adjustments are simile , 
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that 18 to say, the index and the horizon glasses must Nautical 
be placed perpendicular to the plane of the instrument. Astronomy 
Nee? 


To find the index error. 


There is no telescope used with this instrument, 
but merely a plain tube. Screw this tube into its 
place, and setting the index near O, direct the tube 
towards the horizon of the sea, and move the instru- 
ment vertically, till the bubble of the level appears 
bisected by the white line. Move the index now a 
little backwards or forwards, till the horizon of the 
sea seen by reflexion appears to coincide with the 
white line, taking care that it at the same time bisects 
the bubble of the level. The index ought now to 
shew, (counting backwards from O) the depression of 
the horizon, known from the height of the eye and 
table 1. If the reading is less than the depression, 
the difference between them must be added, but if 
otherwise subtracted from the observed altitude. But 
should the reading be forward, or in the order of the 
degrees from O, the sum of the reading and the 
depression is the index error to be subtracted from the 
observed altitude. The mean of a number of obser- 
vations should be used. 


Manner of using the instrument. 


Place the index at O, and keeping the plane of the 
instrument in a vertical position, look at the sun or 
star, and cause the white line to bisect it. . Then 
move the index gradually, keeping the reflected 
image in view, and always bisected by the line till 
the bubble of the level is seen, when the index must 
be clamped, and gradually moved by the tangent 
screw till the bubble and the reflected image of the 
object are bisected at the same instant by the white 
line, when the degrees, &c. are to be read off. In 
this manner several observations should be made, and 
the mean taken; and we may here caution the 
observer against being discouraged by the differences 
he will perceive in his readings, and which may 
sometimes amount to 10 or 12 minutes; notwith- 
standing which, by taking the mean of four or six 
observations, the result will seldom differ more than 
two or three minutes from the truth. To this mean 
the index error and other corrections, with the excep- 
tion of that for the depression of the horizon are to 
be applied. In observing the sun, it is preferable to 
take the centre instead of the limb. When altitudes 
of stars are taken, the level and white line must be 
illumined by a lanthorn held by an assistant ; the light 
employed should be no more than sufficient to render 
the level and line visible. 

An instrument for the same purpose was contrived 
some time since by Captain Kater for the arctic expe- 
dition, and was found to answer very well, though 
the use of it was attended with some difficulties. This 
instrument is made by Mr. Dollond. It consists of a 
circle six inches diameter divided into degrees, and is 
furnished with a vernier reading off to minutes. At 
right angles to the index, and near the vernier, a level 
is fixed ; and upon the centre of the instrument is 
placed a small plane mirror, which is moveable about 
an axis, the mirror continuing perpendicular to the 
plane of the circle. To the back of the circle a teles- 
cope is fixed, furnished with cross wires, and a skreen 
is so placed as to shield the eyes from the sun. To 
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Astronomy. use this instrument, direct the telescope to the sun or 
star; (if to the former, previously putting on a dark 


glass,) and keep the intersection of the cross wires on 
the centre of the object. Move the index till the 
level is nearly horizontal, and turn the mirror till the 
image of the bubble is seen in it by the left eye, 
whilst the sun or star is viewed with the right. 
Clamp the index, and move it by its tangent screw 
till the bubble of the level which is very active, is 
seen in the mirror to fluctuate backwards and for- 
wards, whilst the cross wires are kept as steadily as 
possible upon the centre of the sun or star. The 
degrees, &c. shewn by the index are then to be regis- 
tered, and the mean of several observations is to be 
taken. The index error mdy be found by taking the 
depression of the horizon of the sea, and inferring the 
error in the same manner as for the instrument last 
described. With this instrument, the altitude of the 
sun has been taken at sea, when it was so much 
obscured by fog as not to be visible by reflexion; and 
the latitude deduced from the observations made with it 
acldom differed more than two minutes from the truth. 

In concluding this article, we may remark that 


variety of methods which tend only to embarras the 
student, those have been selected which are the most 
accurate, and at the same time practically convenient. 
No other tables are necessary but the few which fol- 
low, and a common table of logarithms to minutes. 
In the direct method, however, of computing lunar 
distances, the logarithms are required to single 
seconds; but unless the altitudes can be obtained 
very correctly, the approximate method given is 
perhaps to be preferred. 

Among the works which may be consulted on 
nautical astronomy, may be mentioned Ducom’s Cours 
da’ Observations Nautiques, and Kerrigan's Young Navi- 
gator’s Guide, both of which contain tables of loga- 
rithmic sines, &c. conveniently arranged, so that they 
may be readily obtained to single seconds. Kelly's 
Introduction to Spherics, Tables requisite to be used with 
the Nautical Ephemeris, and Professor Lax’s Tables, 
by the aid of which last all the problems of nautical 
astronomy may be solved in a very neat and expeditious 
manner. 
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1:3802] 1°0792/9031|7782/ 6812/6021 /535 1 477 1]/4260/3802/3388/3010)2663/2341/2041 
3°1584| 1-3730| 1:0756/9007|7764/6798/6009 5341/4762 425213795 /3382(3004|2657|2336/2036 
2-45731 1:3660| 1:0720}898317745| 6784/5997 1533 1 |4753]4244/3788/3375/2998/2652:233 1/2031 
2°6812] 1-3590] 1:0685| 8959) 7728] 6769}5985/5320|4744) 423613781 |3369)2992/2646| 232512027 
2:5563] 1°3522] }-0649|8936|77 1016755}5973/5310/4735|4228/3773/3362]2 966 | 264 1 | 2320|2022 
24594) 1:3455| 1°0615|8912|7692) 6741596 1|5300/4726/ 4220/3766 /3355/2980|2635!2315!2017 
2°3802) 1°3388| 1:05+0|9889|7674| 6726/5949 |5290 |47 17/421 2/3759|3349/2974/2629|2310/2012 
2:31.33] 1:3323] 1-054618865|7657| 671215937 |5279 |4708)4204)3752)/3342/2968 | 2624/2305 
2-2553) 1°3259| 1°0512|8842|7639| 6698/5925 15269 |4699)/4196/37 45/3336 |2962|/2618)| 2300/2003 
22041] 1°3195| 1:0478|6819|7622|6684|59 1:3/5:259 |469 11416813738 )/3329 |2956/2613/2295!1998 
21584] 1°3133] 1:0444|8796/7604/6670/5902, 5249/4682 4180/3730 |3323|2950| 2607 |2269)1993 
2:1170) 1°3071) 1-041 1'8773]7567/6656]5890 5239 467341723723 33 16|2945|2602|2284|1989 
2°0792| 1°3010} 1:0378/8751|7570|6642)5878 5229 |4664/4164/37 16|3310|2939/ 2596/2279 1984 























20444) 1°2950) 1- ns 7552/6628 5867 5219]4655/4156/3709)/3304|2933|259 1 |2274/1979 
2:01.22] 1-2891| 1:0313|8706/7535/661 4/5855 '5209 14646] 4149/3702|3297|2927|2585| 2269/1974 - 
1:9823] 1:2833| 1:0280|868317518'660 1/5843 5199/4638)414 1/3695 /3291 |2921/2580/2264 | 1969 

1-9542] 1-2776| 1-0248)8661/7501 6587/5832 5189/4629) 413313688/3284/291 5/2575 |2259:1965 

1-9279] 1-2719] 1-0216/8639|7464|6573/5821 5179/4620/41 25/3681 |3278|2909 2569/2255 1960 

1:9031| 1:2603| 1-0185|8617|7467|6559]/5809 51691461 114117|3674/327 112903)|2564/2249/1955 

1-8796] 1-2607] 1-0154!859517451/6546/5797 5159/4603} 4110/3667 /3265 }2897 |2558/224411951 

1°8573] 1°2553] 1- 0122/8573 7434) 6532/5786 51491459414 102/3660/3258|2891 |2553|2239| 1946 

1°4361] 1°2499] 10091 '855217417|6519|5774 5139/4585} 4094/3653 |3252/2886|2547 |2234/1941 

1°8159] 1°2446| 1-006] |8330|740116595|5763 5129)/4577/4086|3646/3246 |2880/2542|2229| 1936 

1:7966| 1-2393] 1:0030|850917384) 6492/5752 5120/4568] 4079/3639|3239/2874 | 2537 |2224 | 1932 

1:7782| 12341) 1 | 7366,6478 5740 5110/4559) 407 1/3632/3233/2868/ 2531 |2219| 1927 














8466|735 116465|5729 a6 4551|4063|3625/3227 |2862/2526|2214| 1922 
6451/5718 5090/4542/4056/361 8/3220 (2856/2520/2209/ 1918 
1°7270| 12188] 991118424|731916438]5707 5081/4534/4048/3611/3214/2850/2515/2203/1913 
17112] 11-2129] 9881/3403}7302'6420)/5695 507 1 |4525/4040/3604/3208/2845/25 10/2198) 1908 
1-6960] 1-2090} 9852 8382 7286, 6413/5684 5061/4517 |4033/3597 (3201 |2839/2504/2193)]1904 
1-6812] 1-2041] 9823’ 361 7270, 6399 5673. 5052|4508/4025/3590/3195/2833/2499/21 88} 1899 
1-6670| 11-1993! 9794;4341]7254)/6345 5662 5042/4499/4017|3583|3189 |2827/ 2493/2183) 1894 
1°6532| 1:1946] 976: 332017238, 6372]5651 5032/4491 |4010|3577 (31 83|282212488/2176| 1890 
1°6399] 1°1900] 9737 |8300]7222/635915640 5023 }4483|4002/3570/317612816|24283/2173) 1885 
1-6269| 11852] 9708|8280}7206) 6346/5629 5013/4474/3995/3563/3170/2810|2477|2169/1880 
1:6143| 1°1806} 9680/8259|7190|6333/5618/5004/4466|3987/3556|3164|2804/2472/2164|1876 
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Tasze IT. 
Augmentation of moon's semi-diameter. 
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Vertical semi-diameter. 
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Tasie V1. 
For reducing sideral to mean time, 

Hours. | Min. Sec. Min Seconda. Sec. Seconds. 
I 0 9°83 l 0°16 l 0°00 
2 0 19°16 2 0°33 2 0:01 
3 0 29°49 3 0°49 3 0-01 
4 0 39:32 4 0°66 4 0°01 
5 0 49°15 5 0°82 5 0-01 
6 0 58:8 6 0°98 6 0-02 
7 l 8:81 7 1°15 7 0°02 
8 1 18-64 8 list 8 0°02 
9 1 28-47 9 1-47 9 0-02 

10 1 38-30 10 1:64 10 0°03 
ll 1 4813 ll 1°80 11 0:03 
12 1 57-96 12 1:97 12 0:03 
13 2 7:78 13 2°13 13 0°04 
14 2 17-61 14 2°29 14 0°04 
15 2 27-44 15 2°46 15 0°04 
16 2 37:27 16 2°62 16 0°04 
17 2 47-10 lv 2:78 17 0:05 
18 2 56°93 18 2°95 18 0°05 
19 3 6:76 19 3°11 19 0:05 
20 3 16°59 20 3°28 20 0-05 
21 3 26-42 30 4°91 3? 0:08 
22 3 36:25 40 6°55 40 0°11 
23 3 46:08 50 8°19 50 0°14 
24 3 55°91 60 983 |! 60 0°16 
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Diminxtion of equatorial parallas 
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Tass VII. For reducing mean to sideral time. Correction for the oblique semi-diameter. Taste l. For argument A. P san 
—_———$$——— Astronomy. 
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Correction for the oblique semi-diameter. TABLE II. Diminution of the semi-diametcr. Argument A (hk) + A (h—s) + A di). 
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chain of reasoning whose first links we hold within Physical 
our he consummation of a process actually Astronomy, 
begun—the termination of a career into which we are =~” 


Astrooomy §=T'uE object of the philosopher in the investigation 
——\-—~’ of nature is to arrange and classify facts and pheno- 
mena, with a view to trace the agency of their remote, 


or, at least, their proximate causes, and ascend as high 
as the imperfection of human means of observation, 
and the limited powers of the human intellect will 
allow us in the scale of generalization. 

To beings endowed with more perfect faculties, 
and more comprehensive intelligence than ourselves, 
much of that complication we observe in natural 
phenomena would di ar: many effects, which 
seem to us independent of each other, and linked by 
no natural connection, would be in their eyes col- 
lateral results of one and the same principle: much, 
that to us seems fortuitous would to them appear pre- 
disposed and regularly arranged. The laws of nature 
would at once be reduced in number and enlarged 
in extent; and that higher order of generalization 
which would consist in classifying together laws of 
the same kind, and referring them to others yet more 
universal, would exercise their power and constitute 
their science. That such would be the case with more 
perfect beangs, our own experience, limited as it is, 
amply shews. The man who has learnt to regard the 
fall of a leaf and the precession of the equinoxes as 
results equally certain and unavgqidable of a law 
capable of being stated in three lines, and understood 
by a child of ten years old, has made already a con- 
siderable step in this way—the patient exercise of his 
natural reason has stood him in the stead of a sharper 
intellect ; and secrets which an angel might pene- 
trate perhaps at a glance, become revealed to man 
by the slow, yet sure, effects of persevering thought. 

The progress of modern science has done more 
than the keenest metaphysical reasoning, and has 
given us the most convincing proofs of the agency of 
one general and intelligent cause throughout the 
whole system of nature. When we see on all sides 
phenomena grouping themselves under laws in- 
telligible and simply expressed, which are them- 
selves subordinate to others, yet more simple and 
extensive ; when we see every anomaly which threat- 
ened destruction to a theory, becoming, in the pro- 

ess of onr knowledge, its firmest support; every 
nequality disappearing when viewed from a higher 
level; every exception proving a rule of greater 
generality ; all, in short, conveying more and more 
towards order and simplicity the more severely we 
scrutinize it; it is impossible not to allow that that 
last great step, which unites all the phenomena of 
the universe under one general head, and refers them 
to one all-pervading agency—however inconceivably 
remote, and surpassing probably the utmost limits of 
the human intellect to comprehend, if explained, would 
still be but the continuation and ‘inal completion of a 
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fairly entered. 

It is difficult to avoid such contemplations at the 
outset of an essay on physical astronomy ; they crowd 
upon us; and in rejecting them we should reject the 
noblest use of the sublimest of sciences. For scarcely 
in any are the phenomena presented by nature more 
various and more complicated ; in none is the gene- 
ralization so complete, the final result so simple, or 
the object more imposing 

From what has just been said, it may be gathered 
that the object of physical astronomy is to reduce, 
under general laws, the motions and phenomena of 
the heavenly bodies, and investigate their causes ; to 
trace the history of what has already happened in our 
own system, and to ascertain what changes the causes 
demonstrably in action (unless interfered with by others 
we have no knowledge of, )willsuperinduce in the course 
of ages, and thus to appreciate the stability of the pre- 
sent order of creation. In a more limited and practical 
point of view, the physical astronomer is called on to 
furnish formule deduced from theory for determinin 
the state of the system at any assigned instant; an 
adapted for the purposes of the observer, so as to 
serve as a basis for the construction of tables ; and to 
descend, by the application of his general principles, to 
those more refined inequalities which, owing to their 
minuteness, or the length of their periods, would 
escape or mislead the observer unassisted by theory. 

There is one feature in physical astronomy which 
renders it remarkable among the sciences, and has 
been the chief, if not the only, source of the per- 
fection it has attained. It is this—that the funda- 
mental law embracing all the minutia of the pheno- 
mena so far as we yet know them, presents itself at 
once, on the consideration of broad features and gene- 
ral facts, deduced by observations even of a rude and 
imperfect kind, in such a form as to require no modifi- 
cation, extension, or addition when applied in minute 
detail. In other sciences, when an induction of a 
moderate extent has led us to the knowledge of a law 
which we conceive to be general, the further progress 
of our inquiries frequently obliges us either to limit 
its extent or modify its expression. To those who are 
familiar with the history of chemistry, instances of 
this will present themselves at every turn. In physical 
optics, the general representation of all the series of 
polarised tints and the colours of natural bodies by a 
certain universal scale—the Cartesian law of refrac- 
tion when applied to the extraordinary ray in crystal- 
lized media, and even to the ordinary, if the reports 
of some recent experiments are to be relied on—toge- 
ther with innumerable other laws, simple, natural, 

4°, 
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Astronomy. and resting on extensive inductions, have all been 
\—=—--—=w’ either overset, extended, or materially modified by 


the progress of the science. 

In physical astronomy, however, when taken in that 
limited acceptation, which restricts it to the explana- 
tion of the planetary motions, our first conclusion is 
our last. The law on which all its phenomena 
depend, flows naturally and easily fram the simplest 
among them, as presented by the rudest observation ; 
and, in point of fact, such has really been the order 
of investigation in this science. The rude supposition 
of the uniform revolution of the moon in a circle about 
the earth as a centre, led Newton at once to the true 
law of gravity, as extending from the earth to its 
companion. The uniform circular motions of the 
planets about the sun, in times following the progres- 
sion assigned by observation in Kepler's rule, con- 
firmed the law, and extended its influence to the 
boundaries of our system. Every thing more refined 
than this—the elliptic motions of the planets and 
satellites — their mutual perturbations—the slow 
changes of their orbits and motions, denominated 
secular variations—the deviation of their figures from 
the spherical form—the oscillatory motions of their 
axes, which produce nutation and the precession of 
the equinoxes—the theory of the tides, both of the 
ocean and the atmosphere, have all in succession 
been so many trials for life and death in which this 
law has been, as it were, pitted against nature ; trials, 
whose event no human foresight could predict, and 
where it was impossible even to conjecture what 
modifications it might be found to need. Even at this 
moment, if among the innumerable inequalities of the 
lunar or planetary motions any one, however small, 
should be discovered decidedly not explicable on the 
hypothesis of a force varying as the inverse square of 
the distance, that hypothesis must be modified till it 
accounts for it. It is hardly necessary to add, how- 
ever, that in the present state of science, this is a case 
not to be contemplated. 

Still, these are refinements. The deviations of the 
planetary orbits from circles are small, their devia- 
tions from ellipses excessively minate: the lunar orbit 
alone presents results of perturbation so large as to 
strike us at once with the appearance of irrecuncilable 
anomalies, but it is only by a refinement of calcula- 
tion that we can trace them all to the laws of gravity; 
but the motions of comets put the truth and generality 
of this law to a severe and rude test, by giving it a 
trial under the greatest varieties of distance, position, 
and velocity of motion, and instancing its influence 
on matter of a rarity almost spiritual, and differing so 
utterly from that of which our planet consists, as 
scarcely to authorize the admittance of any property 
in common. 

The above observations have been made in con- 
formity with the general language of natural philoso- 
phers, and the customary acceptation of the term 
physical astronomy, and are, no doubt, strictly appli- 
cable when we confine ourselves to the celestial phe- 
nomena of our own immediate system, and the motions 
of those larger masses of matter of which planets and 
their satellites consist. The cautious philosopher 
however will still regard it as worthy inquiry, whether, 
at enormous distances, like those of the fixed stars, or 
at such comparatively microscopic intervals as those 
we are ordinarily conversant with on the surface of 


our planet, the rigorous law of a force as the inverse Physical 
equare of the distance may not suffer some modifica- Astronumy 


tion. An emanation, like light, traversing in suc- 
cession every part of space, may be conceived to go 
on without acceleration or retardation, without loss or 
change, to the remotest regione ; but an active and 
immediate intercouree carried on between points 
infinitely distant, is not only incapable of demonstra- 
tion, but, could it be proved, must, I suppose, be 
referred to direct spiritual agency. At the same time, 
it is worthy attention how strict and indissoluble a 
bond gravity establishes between remote objects—to 
see this in its real light, we must compare it with the 
most effectual of our ordinary means of transmitting 
power. Ifthe earth and sun were connected bya rod 
of cast iron, in one piece, an impulse or pull, however 
violent and sudden, applied at the svn, would not 
begin to be felt at the earth til. after a lapse of 
eighteen months from the moment of its communi- 
cation, while a change in the sun’s attraction, such as 
might arise from a sudden alteration of its figure or 
density, would demonstrably* affect our planet in an 
instant of time many thousand times less than the 
least interval perceptible to our senses. 

The subsistence of sidereal clusters, in which the 
compression or crowding of the stars is carried to the 
extent we have instances of in many parts of the 
heavens, seems hardly compatible with a gravitating 
force, unopposed by some principle of conservation, 
unless we suppose them in a state rapidly verging to 
a catastrophe. On the other hand, with regard to 
small distances, we have no distinct proof, that within 
a few inches, or even miles, from a material point, the 
law of gravity may not begin to deviate appreciably 
from the Newtonian law. The experiments of Mask- 
elyne and Cavendish, which may perhaps be adduced 
as supporting its rigorous application, are far too 
gross, and differ too widely in their results, to be 
cited in so delicate a matter, besides which, their 
results, as applied to such an inquiry, are affected 
with an unknown element, the mean density of the 
earth. At much closer intervals we are certain of the 
existence of attractive and repulsive forces following 
a widely different law; and by what imperceptible 
gradations these shade into that of gravity, or whe- 
ther they are to be regarded as distinct from it in 
their nature and origin, is a point whose consideration 
seems reserved for a much higher state of science 
than we can boast of having yet attained. 

But it is quite sufficient for the purposes of physical 
astronomy to know, that as far as the motions of the 
great masses of matter connected with our system 
either in the heavens or on our globe are concerned, 
observation and theory present no difference capable 
of being made an objection to the strict expression of 
Newton's law, and we shall therefore wave all further 
discussion of the subject, and proceed to the object of 
the present essay, in which the reader will be pre- 
sumed acquainted with the general facts of astronomy, 
with the principles of mechanical philosophy, and so 
much of analysis, of the differential and integral cal- 
culus, plane and spherical trigonometry, as shall 
render it unnecessary for us to interrupt the general 
chain of our reasoning to demonstrate such theorems, 
&c. as we shall have occasion to call to our aid. 





* Laplace, Systéme du Monde, p. 286, 
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Sm ON THE CIRCULAR AND ELLIPTIC MOTIONS OF THE resistance, as that of which our own planet consists. Astronomy 
, ‘ Moreover, from what we know of the constitution of 
PLANETS AND SATRLLITES. 


Fig. ]. 


By observing the places of the sun, moon, and 
planets in the heavens at different times, and mea- 
suring their angular diameters, we have learnt, that, 
provided certain excessively small inequalities, to be 
hereafter considered, are disregarded, their motions 
are all compatible with the supposition of the planets 
revolving about the sun in elliptic orbits of small 
eccentricity, and having the sun's centre in one focus ; 
each orbit lying wholly in a fixed plane peculiar to 
itself, and slightly inclined to the ecliptic, or plane, 
in which the sun appears to revolve about the earth. 
We learn, moreover, that if the apparent motion of 
the sun be transferred in a contrary direction to the 
earth, and the sun be supposed at rest in space, the 
motion so assigned to the earth will be such as to 
include it in the expression of the same law. The 
supposition then, of the sun at rest, and the earth in 
motion, being agreeable to this general analogy, and 
supported by incontrovertible arzuments drawn from 
the great magnitude of the former in comparison with 
the latter body, is assumed as a demonstrated truth. 
Observation moreover assisted, it is true, by calcula- 
tion, but independent of all theory, (i.e. of all reason- 
ing from causes,) has taught ug the truth of the 
following remarkable laws, in which also the earth is 
incluced among the planets. 


The areas described about the sun's centre by the radius 
vector of any one of the planctary orbits (or the line 
drawn from the sun to the place of the planet,) are pro- 
portional to the times of their description. 


Let S be the sun, and APP’ part of the orbit of any 
planet. Then, A being assumed as a point of depar- 
ture, the area ASP is to the area ASP’ as the time of 
the planet's describing the arc AP of its orbit is to 
the time of its describing AP’. 


The squares of the periodic times of different planets, 
(or of the times of a complete revolution of each about 
the sun,) are as the cubes of their mean distances from 
the sun, or of the greater semiaxes of their respective 
ellipses. 

The periodic time of the earth is 365°2564, and that 
of Mars 686:9796. The greater semiaxis of the 
earth's orbit being 1, that of Mars is 1°52369S; and 
we may easily satisfy ourselves, by executing the 
computation, that (365°2564)* ; (686°9796)? :° 15 : 
(1°5286938)3. 

These three laws, viz. Ist. The elliptic motion of the 
planets about the sun as a focus: @dly. The propor- 
tionality of the areas to the times: and 3dly. The law 
of the periodic times, which have immortalized the 
name of Kepler, and whose discovery, and the manner 
of it, afford at once matter of humiliation and triumph 
to the human intellect, were all deduced immediately 
from observation, as insulated, and, for aught their 
discoverer knew, unaccountable facts. It shall now 
be our business to demonstrate their mutual depend- 
ence, and to shew how the general law of attraction 
may be derived from them most simply. 

The analogy observed between the motions of the 
other planets and of the earth, affords a reasonable 
presumption of tneir being masses of matter subject 


our own atmosphere, and its rapid diminution of 
density as we recede from the earth, we have every 
reason to believe, that the immense space in which 
their revolutions are performed, is either completely 
void, or at least free from any material substance 
capable of sensibly resisting or impeding their motions, 
or preventing any external impulse they may receive 
from acting on them with its full effect. Setting out 
with these assumptions (the strict truth of which will 
be best tried by the conclusions they will lead to,) it 
is obvious that as the planets, instead of moving con- 
tinually forward in straight lines, as masses of inert 
matter would do if projected in space and left to 
themselves, are, in fact, constantly deviating from 
this rectilinear progression—they must be under the 
perpetual influence of some agency external to them- 
selves, which, (by the second law of motion,) can be 
no other than that of a mechanical force acting in a 
direction inclined to that in which they move at any 
instant. 

The enormous distance at which the planets are 
from the sun, and their own minuteness, compared 
with it, permit us at present to them as points ; 
and it will be shewn hereafter that this supposition 
introduced here merely for simplification, is strictly 
legitimate. Let us then consider the motion of a 
material point perpetually deflected from a straight line 
by the action of an external force; and to this end 
let us conceive the curve OPQ described by the planet 
‘to be replaced by a polygon of an infinite number of 
sides OP, PQ, &c. and setting out from QO, let it 


describe the chord OP in the first instant of time d ¢. Fig. 2 


In an equal subsequent instant it would, if left to 
itself, go on describing PR equal to OP, and in the 
same straight line. But since we have regarded the 
curve as replaced by an elementary polygon, we must 
(on the principles of the differential calculus) con- 
ceive the deflecting force toact by interrupted impulses 
at the angles of that polygon. Let the first impulse 
therefore be conceived to take place at P. Then, 
since the material point P, in virtue of the motion 
inherent in it at P, would have described PR in the 
instant dt; but, in virtue of that motion, combined 
with the new motion it receives at P, does actually 
describe PQ in the same time, that new motion (by 
the composition of motions,) must be such as, alone, 
would carry it from P over a space Pv equal and 
parallel to RQ; and as the change of motion takes 
place in the direction in which the moving force acts, 
Pv must be the direction of the deflecting force. Prolong 
Pv indefinitely, and take in it any point S; join OS, 
SQ, SR. Then, since OP = PR, the area OSP= 
SPR = SPQ, because QR is parallel to PS. : 

A force may be conceived to tend to any point in 
the line of its direction. We see, therefore, that any 
point to which the force acting at P tends is charac- 
terised by this remarkable property, that the areas 
described about it in equal evanescent instants on 
either side of P are equal. This property belongs to 
every point in the line PwS, but (as is obvious) to 
no point situated out of that line; and any point 
possessing this property may be regarded (at least for 
that moment) as a point of tendency, or centre of the 
force acting on the body at P. 

4p % 
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Astronomy Now, as we have seen, it is matter of observation 
‘en that each planet describes areas proportional to the 
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pe diameter ’ 


times, and consequently equal areas in equal infinitely 
small times before and after any given instant, about 
a fixed point in the system coincident with the sun's 
centre. This point, therefore, possesses at all times 
and in all positions of the planets, the property above 
demonstrated to belong to a point situated in the 
direction of the deflecting force; or, in other words, 
the forces deflecting the planets in their orbits are 
invariably directed to the centre of the sun. 

The moon, (neglecting periodical inequalities,) 
describes about the centre of the earth, and the satel- 
lites of Jupiter and Saturn about their respective pri- 
maries, areas proportional to the times of their descrip- 
tion. The forces, therefore, which deflect them in 
their orbits, are directed (small causes of ee 
being neglected) to the centres of the earth, of Jupi- 
ter, and of Saturn respectively. 

Having ascertained the directions of the forces 
which deflect the planets from their rectilinear paths, 
and retain them in their orbits, we come now to esti- 
mate their intensity, and investigate the laws of their 
action. In order to this, we shall find it more simple 
to abandon the supposition of the interrupted impul- 
sive action of the deflecting force, and consider the 
body P as deflected from the tangent PR, and describing 
not the chord PQ, but the infinitesimal arc, the force 
being supposed to act during the whole time d/. 
This time, however, being infinitely small, the force 
may be regarded as constant; and since the ~~ 
PSQ between its first and last directions is also 
evanescent, it must be considered as acting con- 
stantly ina direction parallel to PS or QR. If then we 
take F to represent the force at P, and g = 321908 
(or double the space through whicn a heavy body 
falls in the first second at the earth's surface,) and 
suppose unity to represent the force of gravity, we 
shall have by mechanics, 

RQ=i¢g.Fde 

2QR 
ne g.dt 
If, therefore, we know by observation the nature of 
the orbit, and the velocity of the body at any point P, 
we may thence calculate the magnitude of the deflec- 
tion QR produced in any very minute time dé: and 
thus the intensity of the deflecting force will become 
known. Let us, for instance, take the case of the 
moon ; and, supposing her orbit a circle, with the 
earth in the centre, let us inquire the actual magni- 
tude of QR, the deflection from the tangent produced 
in some extremely minute portion of time as 1”, by 
the force retaining it in its orbit. 

Call the mean radius of the moon's orbit R, her 
period (in seconds of mean time) T; then will her 
velocity (being equal to the circumference of her 
orbit, divided by the number of seconds in the time 


and* 


of one revolution,) be represented by aS » where 


w = $°°4159, &c.; and this is the actual length of 
the arc described in 1”. Now, since (neglecting 
higher powers of the are than the square) 





* QR here represents the deflection from the tangent, and is 
only half the length of QR in the last figure, which represents the 
deflection from the preceding chord prolonged. 


and since QR or P» is in this case equal to the versed 
sine of PQ, we must have, 


l 2rR\* 
an=aax (FP) = 
and, finally, (since d¢ = 1”) 


8r*R 
T* , 





4? R 
Fao ‘is 


and this is the general expression for the force perpe- 
tually urging a body to the centre of a circle. To 
reduce it to numbers in the case of the moon, we have 


R = 2387838™ = 89165700 x g (since g = 32™1908) 


and = 39165700 


moreover, 
T = 27°-32167 = 2360592”, 
Calculating from which data, we find 

I 
3522 
So that the force by which the moon is retained in its 
orbit, is about 3522 times feebler than that of gravity 
at the earth's surface. 

When we observe a tendency in all bodies at the 
earth's surface to approach or fall towards its centre, 
and if hindered from approaching, still to press towards 
that point, we express these phenomena, by saying, 
that they are attracted towards the earth. At -all 
moderate elevations above its surface, and in the same 

ographical situation this tendency seems invariable; 

ut at great elevations, the delicate indications of 
modern instruments will detect a decrease in its 
energy ;* and indeed the gradual enfeebling of attrac- 
tion towards any body by an increase of distance, is 
not only a natural supposition of itself, but is borne 
out by the strong analogy of magnetic and electrical 
attractions. At vast elevations then, like that of the 
moon, there is reasonable ground to expect a consi- 
derable diminution of attraction ; and if the force by 
which the moon be retained in her orbit be nothing 
more than this same attraction modified by the remote- 
ness of the two bodies, we see that an increase of the 
distance to about 60 times the earth's radius from its 
centre, is sufficient to weaken it more than 8500 times. 
As the distance then from the earth's centre increases, 
the attraction diminishes in a much more rapid pro- 
gression. What the exact nature of this progression 
is, we must satisfy ourselves by other phenomena; 
but even from the rude calculation already made, (in 
which every correction has been neglected) we may 
perceive, that a law of decrease as the squares of the 
distances (the next in simplicity to the distances 
themselves,) has a primd facie probability. In fact, 
607 > 123; 3600 : ]. 
Having only one attendant satellite, however, we 


F = 0°00028394 = 





* At an elevation of a mile above the surface of the earth, the 
‘ ee eee 1 
intensity of gravity is diminished 1977-051} anda pendulum clock, 


beating seconds at the level of the sea, would Jose 21-898 seconas 
a day at this altitude, a quantity not to be overlooked. Any 
traveller having Icisure, and the proper apparatus, might try the 
gece in the on Mont Cenis, or at the Hospice uf 
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Astroaomy. have no means of obtaining any further verification of of the two bodies, must evidently be owing to some _ Physical 
\o ey such 4 law, in this way; but if we regard the earth equally striking difference in the bodies themselves ; my. 


as well as the other planets, as so many satellites of 
the sun, we have here ample room to satisfy ourselves, 
having a pro ion of no less than eleven distances, 
from that of Mercury to that of Uranus, on which to 
ground the assumption ofa law. And here we have 
the advantage of dispensing altogether with numerical 
calculation, and substituting in its stead the third law 
of Kepler: for if we call R and r the radii of the 
circles described by any two planets round the sun, 
T and ¢ their periodic times, F und f the forces re- 
taining them in their orbits, we have (as a result of 
observation, ) 


T*_ R° 
er? 
which, combined with the equations, 
Pie aos ge 
T? ~ g “ 
which give 
F R @ 
777° 
we shall find 
Fr 
Faw 


Thus, then we encounter the same rate of diminu- 
tion in the attractive tendencies of each of the planets 
towards the sun, which the lunar motions had given 
reason to surmise in the case of the earth and moon ; 
but in the case now under consideration, the verifica- 
tion is much more satisfactory, and the numerical 
coincidences, when the calculations are gone through, 
complete ; the third law of Kepler, on which the 
whole is founded, being almost rigorously exact. 

We may now, with great confidence, presume the 
inverse proportion of the squares of the distances to 
be the law of variation of that force which retains the 
bodies of our system in their orbits ; but previous to 

ing its generality, it will be right to compare 
the force retaining the moon in its path round the 
earth, and that deflecting the earth in its orbit about 
the sun. Calling R,r, the respective radii of the 
earth's and moon's orbits, and T,¢, their periodic 
tines, we have still 


F R./t\* 
777 (x): 
Now we have 
r 6023799 T 36525688 
R 23405 * ¢ 27-32167 
So that, executing the calculation, 
F 
f 2°17399. 


The sun then, although more than 380 times the dis- 
tance of the moon, exerts a force of more than double 
the intensity on the earth compared with the earth's 
attraction on the moon. At equal distances, then, 
the forces exerted by the sun and earth would be in 
the ratio of 


R\! 
2173899 x (=) > 1 or 328196 ° 1. 


This enormous difference in the attractive energies 


and when we consider the immense magnitude of the 
sun (in comparison with our planet) we shall not be 
at a loss to what cause to assign it. Whatever be the 
cause of attraction, we may fairly conclude that, if it 
be the result of a force inherent in matter, two equal 
and similar bodies (i.e. each containing the same 
quantity of attracting matter,) placed close together, 
will each attract a third placed at a distance, with 
ete forces; and both together, with double the force 
of either separately, and pursuing the same idea—that 
328196 such bodies as the earth, if placed close toge- 
ther, and forming one mass in the place of the sun, 
would attract as the sun actually does: in other 
words, that the sun only attracts other bodies with 
more energy than the earth, by reason of its being a 
greater basty, and containing a greater quantity of 
attracting wu. gravitating matter. 
By such teasonings we are led to assume, as a 
neral law, that similar and equal particles of matter, 
owever situated in space, attract, or tend to cach 
other with a force directly proportional to their masses 
or quantities of gravitating substance, and inversely 
proportional to the squares of their distances from 
each other; and having arrived at this law by the 
steps described, we must now proceed to verity its 
rigorous exactness, by applying it in succession to the 
phenomena as presented by nature in our system, 
which will be the object of the following sections. 


Sacrion II. 
On the attractions of spherical bodies 


The earth, sun, and planets, as well as their satel- 
lites, being shewn by observation to be spherical bodies 
of great magnitude, it becomes necessary to examine, 
in limine, whether the law of attraction above stated 
be compatible with this fact—in other words, whether 
from a knowledge that the gross attractions of the 
whole masses follow that law of decrease, we can 
argue that the attraction of each elementary molecule 
follows the same. 


Let BDCE be thé attracting sphere, m the body Mg. 3. 


attracted, which at present we will suppose to be a 
single particle, taking its mass as unity. Suppose 
m BAC the axis of the sphere passing through the 
molecule m, and let M, M’ be two equal and similar 
molecules, similarly, but oppositely situated with 
respect to the axis. Each of these molecules will 

M  butth 
(M m)?’ ne 
directions of their attractions not coinciding, we must 
resolve them into others, whose effects may directly 
assist or counteract each other. Draw MPM’ (which 
will of course be perpendicular to mAC), and if we 


take Mm =f, and MP = p, we shall haves to re- 


present the force of M on m, which, reduced to 
the directions mC and PM, give the partial forces 
M mP M MP oo 

aX oar 88d aX ae that is, (if we call AP, xz, 


f 
und Am, a) 





attract m with a force represented by 


M (a—2) Mp 
jp and Tj" 
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tion PM’ destroys the partial force of M in the oppo- 
site direction PM, while the former conspires with 
the corresponding force of M, and doubles its effect, so 
that we have 
2(a—z)°M 
f3 
for the attraction of this pair of molecules in the direc- 
tion mA; and the sum of all such pairs throughout 
the sphere being found by the ordinary rules of the 
integral calculus will express the whole attraction of 
the sphere. The simplest way will be to regard the 
molecule M as a parallelopiped included, first, between 
two consecutive positions of the plane DE perpendi- 
cular to the axis Am, separated from each other by 
the interval dx; 2dly. Between two cylindrical sur- 
faces, having for their bases the circle MM’, whose 
radius is PM (=p) and the same circle in its conse- 
cutive position, when its radius varies from p to p+dp; 
and Sdly. Between two consecutive positions of the 
plane PMm, assumed during its rotation about Pm 
as an axis. In virtue of this, if we put the angle 
FPM = @ the dimensions of the molecule in a direc- 
tion perpendicular to PM will be pd @, and its dimen- 
sions in other two directions being respectively dz 
and dap, we have 
M=pdp.d@.dz; 

so that the whole attraction (A) will be expressed by 
the triple integral 


ik (a—azx). fe dé. dz 


The variables p, 0, and z, are oe independent ; and it 
is therefore indifferent with which we begin, we will 
commence with 0, because f being = /(a—x)* + e 
is independent on @. Thus we have 


Aa ff ape 2S 64 Const) 


This integral must be extended only from @= 0 to 
9=~-7, or over only half the circumference of the 
circle MM’, otherwise the attraction of each molecule 
M, M’ (having been grouped in pairs,) would be re- 
peated twice over. Then we have 


Ne ee Qr(a—zr) dz. pdp 
e  {@—z) +p} 
If we now perform — integration relative to p re- 


garding z as constant, we get 
1 


A=f2 w(a—zx)dr. {Const _ 7S 
But the integral in this case is to be extended from 


p=o0to p=PD = Vr* — zt, r being the radius of 
the sphere, so that it becomes 


l I 
A= @x (ana) de. | eae} 


eee (a—xz)d.(a— xz) 


os (a— zr) — (a* — r®) 
== Const. +2 rz-+ — erlet—r—as}) ao 


This integral must be extended from r = AC = — r 
to r = AB = +1, when it finally becomes, after all 
reductions, 
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Astronomy. The partial forces of M’ are represented by the same 
_ quantities, but the latter of them, acting in the direc- 


5 ' ff ver 
Rage ar 


Now, ares representa the mass of the sphere, 


which being called S, we have 

S 

A= a 

an equation which shews, that the attraction of the 
sphere is expressed by the whole mass, divided by the square 
of the distance of its centre the attracted molecule, 
and is therefore precisely the same as if the whole sphere 
were condensed into tts centre. 

The hypothesis, then, which refers the observed 
attractions of the great masses composing our system 
to the effect of the mutual attraction of their ultimate 
molecules, varying according to the same law, has 
nothing in it incompatible with mathematical reason- 
ing; but it is a very remarkable coincidence that this 
should so happen, as the only mathematical laws of 
attraction which would lead to a similar conclusion, 
are that of nature, and that in which the force is 
directly proportional to the.distance, or one resulting 
from the combination of these two laws. 

Let us next examine the case when the attracted 
body is also a sphere of sensible magnitude. S and s 
being the two spheres, and a the distance of their 
centres, it has been shewn that S will attract every 
molecule of s with the same force as if it were con- 
densed into its centre. Now the mass of a single 
molecule having been regarded as unity, S, the mass 
of the first sphere will be proportional to, and repre- 
sent, the number of molecules it consists of. The 
attraction then of s on S will be the same as if the 
latter sphere were removed, and in its centre a single 
molecule placed, endowed with an attractive energy S 
times as great as that of any molecule, such as 8 
actually consists of. But the attraction of s on one 
molecule of the last named kind has been shewn to be 


= therefore its attraction on S being S times as 





forcible, will therefore be represented by 2 


This expression represents the absolute ae with, 
which the two spheres tend to each other, or the num- 
ber of pounds, grains, or other units, which must be 
opposed to it in order to hinder their approach. This 
in mechanical lan , is called the moving force ; 
and we therefore see, that the moving force with which 
two homogeneous spheres attract each other, is as the 
product of their masses directly, and the square of the 
distances of their centres inversely. 

The moving force then is, of course, the same on 
each sphere; and in consequence of the equality of 
action and re-action, (which always refers to 
force,) it ought to be so. Were the spheres allowed 
to approach each other, however their velocities would 
obviously be different, the greater moving slower than 
the less. In fact, the accelerating force on any body, 
being equal to the moving force divided by the mass 
moved, we have 


e $ 
accelerating force on S = - 


accelerating force on s = = 
a 


Suppose now the two spheres at liberty in space, and 
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: Let M represent the mass of the sun or central body, . Physical 
and m that of the planet ; and, fixing the origin af the. Astrovomy. 
co-ordinates in the centre of M, let z,y, z, represent —“V—~” 


Astronomy.moving, ip consequence of their mutual attraction 
\=~y— and any projectile force. If to both of them we apply 


an accelerating force — equal to that exerted by s, 


but in an opposite direction, or towards S, the sphere 
S will be urged by forces destroying each other, and 
will therefore either remain at rest, or move uniformly 
ina right line: but the sphere s will now be urged 
by an accelerating force equal to St! 
shown in mechanics, that the application of a common 
accelerating force to all the bodies of a system, does not 
alter their relative motions. Hence, if we refer the 
motions of our spheres, not tu a fixed point in space, 
but to the centre of one of them S; or take that 
centre asthe origin of our co-ordinates, we must 
+8 





. _ Now, it is 


then put : for the accelerating force animating 


the other.* 

Let us now consider the attractions of spheres not 
homogeneous, but compused of concentric strata 
varying in density according to any law of the dis- 
tance from their centres. There is every reason to 
suppose this the actual constitution of the sun and 
planets ; and it therefore becomes necessary to exa- 
mine this case. Now, any stratum of infinitesimal 
thickness dr, may be regarded as the difference of 





two spheres s, and s+ ds, homogeneous, and of the. 
same density as the stratum, their radii being r and- 
r+dr. The attraction of son a molecule equal to 


1 placed ata distance a, is = and that of s+ ds is 








a 
s+ds dys as ; 
a consequently the attraction of the stratum is 
os So of and therefore the same as if the 
a*® a = a* 


stratum were collected .in its centre. As this is true 
of every stratum separately, whatever be its density, 
and their attractions do not interfere, it will be true 
of all together ; so that, whether the sphere be homo- 

eneous, or composed of concentric layers, or strata 
of different density, the same property still holds good ; 
and all we have demonstrated in the case of homoge- 
neous spheres, remains true in this. 


Secrion III. 


Theory of elliptic motion. 


We are now enabled to enter on the general theory of 
the planetary motions, but we will still confine ourselves 
to a case of comparative simplicity. The vast mass of 
the central body.of our systen, compared with those 
which circulate round it, permits us to regard their 
motions as influenced by it alone, and to neglect, in 
a first approximation, all the minute effects arising 
from the mutual attractions of the planets and satel- 
lites on each other. The case then we propose to 
consider in this section is that of the sun and a single 
planet, or a primary and one of its satellites. . 





* If, however, we suppose the sphere S forcibly retained in its 
place by some external agency not acting on s, the case will be 


different; and “a will continue to represent the accelerating 
force on S. 


the co-ordinates of m. Also let r be the radius vector, 
or line joining the centres of thé two bodies ; so that 
r4 = ot +y? + 2%, and ¢ the time (in seconds of mean, 
solar time,) elapsed since any fixed epoch. a 


The accelerating force of M on m is = and that of Fig. 4. 


mon M— ; and since we regard M as fixed, the latter 


quantity must be added to the force animating m, ac- 
cording to the observation made in the last section; 
so that the relative accelerating force acting on m in. 
the direction of the radius vector m M will be = + es 
which being resolved into forces in the directions © 
mP, PQ, QM, of the three co-ardinates, becomes mul. - 


tiplied by =, , and =, respectively, and produces 





the partial forces Rie 
(M+m)2 . (M+m)y ,) (M+m)z 
Pee geal rs apg SE eae 


The effect of an accelerating force P acting, during an 
instant of time dé, on a body in a direction parallel to 
any given axis, that of the x, is to produce a variation 
in its velocity in that direction, which is to the varia- 
tion gravity on the earth's surface would produce in 
the same time, as,the.force P is to the accelerating 
force of gravity which we will represent by unity. 
Now gravity producing the variation g.dt in that 
time, the variation preduced by the force P, will be 
P .gdét; or, if instead of taking one foot, as we have 
hitherto done, for the unit of linear measure, we take 
g (= 821906) for our standard unit, simply P dé 
But to this the negative sign should be. prefixed, ag 
the force P tends to diminish the co-ordinate x. Again, 


the velocity in the direction x being af its’ variation 





is d ot we have therefore af =-Pai, or, sup- 
posing R=“ = 
and. writing for P its value Rz — 
dz 
ds + Rr= 0; (1) 
similarly, 
dy 
de + Ry=o; (2) 
and 
dz 
qd + Rz= 0; (3) 


These equations contain the whole theory of the 
planetary motions, neglecting their mutual perturba- 





tions; and if, instead of supposing R = we 


+m 
rs 3 
Soa b (r) ones 
ppose it equal to ae the same equations ‘will ex- 
press the motion of a point m about a centre of force 
M, attracting it with a force represented by any func- 


tion ¢ (r) of the distance M m. 
If we eliminate R from the two first of these 


Astronomy, equations, by multiplying the first by 
Ne ean 


Fig. Se 
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by — z, and adding, we get 


dt dy 
yd a, 8a ee 
: y@r—rdy (ydx—xdy) dt 
ee dt a d ¢ 
ae y@ax—rdy at 


ydzr—xdy at 

Each member of this equation being a complete dif- 
ferential, because y@x—i@y=d.(ydzr~—sardy), 
we get by integration 


ydz—zrdy=hdt; (4) 

and similarly, 
| zdzr—~xrdz=hdt; (5) 
zdy—ydz=h' dt; (6) 


If, now, we multiply the first of these three equations 
(in which h, h’, and h”, represent arbitrary constant 
quantities) by z, the second by — y, and the third by 
x, and add all together, we get 
hz—Wy +h"”2=0; (7) 

which is the equation of a plane passing through the 
origin of the co-ordinates. Consequently, the curve 
described by the body is one of simple curvature, and 
its plane passes through the centre of attraction. 

For simplicity, let us suppose the plane of the orbit 
to be coincident with that of the rand y, we have 
then z = o, and our equations are reduced to 


dz 
d at +Rrdime 


dy 


ydz—zxdy=hdt 
The area of the elementary sector Mmm’, described 
by the radius vector M m in the instant d ¢, is equal to 
M mm’ PF’ — Mn’ P’ 
=MmP—Mm’P + Pmm’P’ 


__ 4, 2¥ _ ydz—ady 
=-d ett = 


If, then, we call A the area described by the radius 
vector since the commencement of the time ¢t, we 
have ydz —xdy =24dA, and consequently . 


2dA=hdt;A=—t; (8) 


this equation expresses the proportionality between 
the areas and times in Kepler's law; and since the 
process by which it is deduced, is independent of any 
particular value of R, R having been eliminated to 
obtain it, the analytical demonstration here given 
applies generally for all possible laws of central force. 

In order next to investigate the nature of the curve 
described, we must eliminate ¢, which will be easiest 
done after a transformation of the co-ordinates. Let 
then the angle AM m described by the radius vector, 
since the origin of the time ¢, be called 0, and we have 
mw=rd@, and the elementary sector mMm’ = 


0 
a ordAird9@, so that 


rdé=hdt; (9) 
Now, since r* = x* + y?, we have 
rdr=ardr+ydy 
rPr+drm(xdztyd'y)+(d2*+dy?) 


y,and the second go that (putting ds = mm’ = Vdz" + dy?) 


e@erty@yordr+dr— de, 
But d#—dFr=mm—-m Vd=mo=rde@ 
whence, z@r+y@yordr—rdé&, 
This premised, since our equations (1) and (2) give | 


o=@s—Fait+Re-ae 


o=dty— oo ae+Ry- ae 
if we multiply the first of them by z, and the second 
by y, and add, we have 
om (ed sty d y)—= ta Reade (10) 


but if we take the logarithmic differential of the equa- 
tion hdt=r*d90, and suppose d9@ constant, (which. 
we are at liberty to do, having as yet taken uo dif- 
ferential constant,) we get 

dt dr 


—=2°—. 


dt r 
So that, making this substitution for ~ and for 
zd°z+yd*y, writing its value rd* r — r* d6*, and. 
rdrforzxdz+ydy, we get 
omrdr—rd® —V@drr+Rrdé, 
M +m 
rs , 





in which we have put for R its value and 


2d0 
for dt, a it becomes 


pe ineiue aaa ee 


he 
d 
Put r= —, and since dr = — SS, and @r = = 


@ui  W@du? 





r3 do 








i a it hecomes : 
d24 M+m 
iat +-u— a = 03; (11) 


This equation (being the simplest case of an equa- 
tion of the second order of a linear form,) is imme-. 
diately integrable, and gives 














M @ 
u=ficos (9 +g) + — 19) 
whence, . 
h2 
M +m 
r= BF ; (33, 
1+ isa cos (9 + g) 


f and g being two arbitrary constants. 


In any conic section, if we call a the semiaxis 
major, a (1— e”) the semiparameter, and 6 + g the 
angle included between the radius r and the vertex 
nearest the focus from which r is supposed to take 
its origin, we have , 
2 ee). (14) 

1 + e: cos (0 +g) 

Consequently we see that the curve described by the 
oody must necessarily be a conic section, having the 
body M in the focus, and the relation between the 
arbitrary constante “, h, and the axis and semipara- 





r 
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Astronomy meter of this conic section will be (if we call p the 


semiparameter, or put p = a (1 — e*) 


e e 
fesqse 75° (15) 
h= Va(1—e) (M+m) =vVp(M+m); ~= (16) 
If we suppose the angle 6 to commence from the 
vertex nearest the focus, or from the rearer apside, or 
perihelion of the orbit, we have g = 0, and 

= ——___— = —_*____, (17) 
If the value of e be less than unity, the conic section 
described is an ellipse, if equal and a infinite, a para- 
bola, if greater, and a negative, an hyperbola. 

But to complete the theory of the planetary motions, 
it is necessary to know, not only the nature of the 
orbit, in general, but also whereabouts in it the body 
will be at any moment assigned. For this purpose 
we must obtain a finite equation involving ¢, and 
either r or 8, or some functions of them. Now, the 
equation (9) gives hdt, or 


Va(i —e) (M+m) x dt=rtde 
and substituting for r, its value in equation (17) 








__ at(1 — e*)4 dé 
C= "7Mtm te coe 
and 
ay (1 — e*)+ d 0 
t 3 °° —_—_—_—_—_—_————— 
Pe /M +m (1 +e. cos @)* 
To integrate this, take another variable v, such, that 
isos 19 
~ }-~e.cusv (19) 
whence, 
: /1—e. sine 
sin d= 
l—e .coso 
(1 — e*) . sino 
; = — ; 
Syeor ee (l —e. cos v)? 
doa? cos @_do. V1—e 
sin @ l—e.cosv 
1 — e 
l+e.cosd9= 


l1—e.cosv 

and substituting these expressions in the value of ¢ 
above given, it will be found to reduce itself to the 
following very simple form : 


a 
Sas fo do (1—e. cose) 
VM +m 
es 
Oo 





t+C= 





so that, making 
at 
/M +m 
and taking the integral to commence, when v = 0, or 
6 = 0, that is, from the instant of the body leaving 
the lower apside, 
nti=v0—e.sine; (21) 
This equation fixes the relation between ¢ and v ; but 
that between v and 0 may be expressed more con- 
veniently for the purposes of calculation than by equa- 


tion (19), as follows. By the equation last men- 
tioned, we get 





(20) 





* 


(1+ e) (1 — cos v) 
l—e.cosv 


1—cos0d= 
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i seenaigr e) (1 + cos 0) 
l—e.cosv 
whence, 
1—cos? +e, 1—cosv 
1+cos9 l—e 1+ cos» 
l+e 
iz (ten dv; 
Finally, we obtain immediately the relation between 
r and v, by substituting, in equation (17) for cos 9, its 
value in (19), when we find 
r=a(l- e. cose); (23) 

These equations comprise the whole theory of the 
motions of bodies in conic sections. Equation (17) 
exhibits the relation between rand 9, or the polar 
equation to the curve; while (21), (22), and (23), 
express relations between the time, ¢, the true anomaly 
(as it is called) 6, and the radius vector, r, respectively, 
and an auxiliary angle v, to which the name of the 
eccentric anomaly has been given. ‘The quantity rn t¢, 
when reduced into angular measure, by multiplying 
it by 180°, and dividing it by r= 3°14159, &c. is 
called also the mean anomaly. The eccentric anomaly 
my be exhibited geometrically, as follows : 

n the major axis AB of the ellipse, let a semi- 
circle Am’B be described, and draw the ordinate 
Pm’ through m. Then, AMm will be the true 
anomaly of the body m, and AC m’ the eccentric. For, 
if we take CP =z, 


or, tani 6 = (22) 





Chew ses ee 
Cm a 
MP ae+rz 

cos AMm = — 57 area 


because, by the property of the ellipse, Mm=a+e rz. 
Hence, we have 
1—cosAMm_ (1 +e) (a+ 2) 
1+cosAMm (1 — e) (a — 2) 











x 
ine... ae 
ies 

Pee 
a 
_1+e, 1—cos ACm’ 
~~ be 1+ cos AC m’ 
and, consequently, 
l1+e P 
tan AMm = 7 x tang ACm 


Let T represent the time of one entire revolution 
in the ellipse, or the periodic time, then, as @ in- 
creases from O to 360° (or 2 7) ¢ increases from 0 to 
$60 (2) also. Consequently, by (21) we get 


nT =27; aes 
n 
or Poo eeee. (24) 
1M +m 


The periodic times, then, of several bodies revolv- 
ing about the same central body, are, in the sesqui- 
plicate ratio of the major axes of their orbits, (or 
mean distances from the central body,) directly, and 
in the subduplicate ratio of the sum of the masses of 
the revolving and central body inversely. The mase 
of the sun being enormously great compared with 

4a 
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tion, pushed to the third power of e, and so on, as far Physics! 
as we please. Astronomy 
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Astronomy. those of the planets, we may neglect m in comparison 
with M ; and M being the same for the whole system, 


we have Toatr; T?oa 
which is no other than Kepler's third law. 

The periodic times of the planets being very exactly 
known, we might expect to find in equation (24) the 
means of ascertaining the masses of the planets, sup- 
posing that of the sun, and any one of them, known. 
Thus, if m, m’, be the masses of two planets, and T, 
T’, their periodical times, we have 

*) = (=) M+m 
(= Na) * M4 
On applying calculation, however, all we learn from 
this relation is, that the resulting masses are so small, 
as to be incapable of accurate determination by this 
method; their values, as deduced from it, being 
materially affected by the small uncertainties still pre- 
vailing as to the lengths of the periods, and by the 
mutual perturbations of the sun and planets. There 
is a case, however, where it may be used with advan- 
tage, viz. in that of a planet accompanied by a satel- 
lite. If we call M the sun, and m the planet, and 
neglect the mass of the latter in comparison with the 
former, and that of the satellite in comparison with 
the primary, we have at once 


(= (Ses 


(25) 


«a=(2)* (@) 


Thus, in the case of the earth, we have 


a’ 6023799 T _ 365:25638 
(a 23405 ’ TY 27:32167 


So that, by executing the computations, we find 


m | 
m= 700000804697 = 95196 
To find v in terms of #t, or to calculate the eccentric 
(and thence the true) anomaly at any given instant, 
Wwe must resolve the transcendental equation, 
nt=v—e.sinv 
This can only be done in a series; and fortunately, 
in the case of the planets, e is so small, that a series 
ascending by powers of e will converge sufficiently. 
Now we have 
vont+e.sine 

and, since e is small, and sin v necessarily less than 1, 
nt itself expresses the value of v within a limit less 
than e, and is therefore a first approximation. Again, 
if in sin v we write its value for v or (nt +e. sin v), 
we get 

vont+e.sin(nt +e. sinv) 
So that, 

vo=nt+e.sinnt 
is an approximation carried one step farther, or to the 
first power of e. Let this be again substituted for e, 
and we have 

va=rt+e.sin{ntte. sinnt} 
But (neglecting the squares and higher powers of e) 
we have . 
sinjni+e. 


sin nt | =sinnt+e. sinnt.cosnt 


‘ e , 
= sinnt +-—- sin Qnt 
So that we find 
& 
pant+e.sinnt + —sin@nt (26) 


If we again repeat the process, we get an approxima- 


For numerical calculation, however, the equation —~— 


v=nt+e. sin vo furnishes the readiest solution; 
as we have only to reduce e into seconds, (taking 
57° 17’ 448 for the arc equal to radius or 1, or add- 
ing the logarithm 5°3144251 to the logarithm of e, 
which gives at once that of the number of seconds e 
is equal to,) and assuming nt (the given mean ano- 
maly) for a first approximation, correct it successively, 
as in the following example. 

Required Jupiter's eccentric anomaly corresponding 
to 53° of mean anomaly. 

Here nt = 53°, and in Jupiter's orbit we have 


e = 0':045077 log’. . 8°6819374 

5°3144251 

e= 99166 ; log. .3°9963625 

Take v = 58°...... log sin 53° + 9°9023486 

e.sinv= 2°1270” =7919"8; 38987111 
nt=53 


oe = 55 12 O Corrected value, with which re- 
suming the process, 
log sin v =9°9144221 


Cnr us 3°9963625 
2° 15/43” = 8143’"0...., log. ...3'9107846 
53° =nt 


55 15 48....Second corrected value. 
Another repetition of the very same process gives v = 
55° 15’ 491, which is true within 0-2, 

But even this process, simple as it is, becomes 
tedious for the orbit of Mercury, and those of the new 
planets, Pallas and Juno, in which the value of e is not 
very small; and here we must have recourse to the 
well known method of trial and error, which may be 
applied in this case as follows :—Having assumed by 
estimation a value of v, (neglecting minutes and 
seconds,) by noticing whether the terme . sin v is 
additive or subtractive, and increasing or diminishing 
nt accordingly; calculate the value of o—e . sin v 
for that and the next subsequent degree; and let the 
values so found be called V, and V’: should either of 
these be exactly equal to the proposed value of n é, 
the corresponding value of» will be the truth ; but as 
this will probably never happen, we have only to say, 


V/—V 3 V’—nt:: —3600” : r= Gx (W—at) 


which correction being applied with its proper sign 
to the latter of the two assumed values of v, will give 
an approximate value. Let the value ofo —e . sin v 
be again computed with this value of », and call the 
result V”. This will always be found very nearly 
equal to nt; but if not exactly so, the correction 


3600 
V7—V (v” ae nt) 
must be computed and applied to the new value, and 
sO on. 

For instance: Let » ¢ == 332° 28’ 65”, and e = 
50600” = 14° 3’ 20”. Here sin net is negative; so 
that e . sin n¢ is subtractive, and v must be less than 
nt. Take then for the two values of v, 825° and 
826° respectively, and compute as follows :— 
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gin 825° — ee (neg) 
log &” ....4°7041513 


4°4627426 (neg) 

e . sin 825° = — 29023”0 = — 8° 3’ 430 
Hence V = 333° 3’ 48”0 

V’ — V = 28722 

Log 3600 


Log 6217°1 


oe eve ee eee 


@eee5ux5c540us#e#e 


oaeeo ee 0 @ 


eoensveeeees 
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sin 326° — 9°7475617 (neg) Physical 
4°7041513 Astronomy 


4'4517130 (neg) 
e . sin 826° = — 282952 = — 7° 
V’ = 888° 51’ 35”2 
V’ —nt = — 49602 
3°5563025 
3°4582147 


0°0980878 
3°6954992 


51’ 35-2 


3°7935870 


v = 826° — 62171 = 324° 16’ 23” 
Taking this for a new value of », we find, by angther Finally, if we resolve the equstion 


repetition of the process, 
V” = 382° 28’ 49/6 
3600 

~wWoy * (V7 —nt) = 
so that v =x 324° 16’ 29-768 
which is true to the hundredth of a second; and this 
case ig nearly the worst that can occur in the theory 
of the planets. 

If we substitute the value of v given in equation (26) 
in the expression for r, r =a (1 —e . cos 0) 5 (23), 
and develope in powers of e, we obtain r in a series 
of powers of e, and cosines of nt, and its multiples, 


WV” —nt=— 54 


and, + 6768 


r= a}1—e cos ni-+ ar — cos2 nt) —exte.} 


l+e 


é= —_—— 
tan 4 i= 


. tanie 
we get 

@=vt+e - sin@v + &e. 
wherein, if we write for v its value, we shall obtain 


O=nt +e. sinnt + — et . sinQnt + &e. 


: e* 
; tO ae 


To carry these series to the higher powers of e, and 
to ascertain their law, we must have recourse to par- 
ticular theorems for facilitating such developements, 
but these will suffice for our present purpose ; and the 
reader who wishes to proceed farther in the investiga- 
tion, will find in the second book of the Mécanique Céleste, 
arts. Xx. xxi. xxii, every information he can desire. 


We shall content ourselves here with merely setting down the formule, which are as follows :— 








ox=mnt+te. 1.2.2. 
+ = 3* . sinSnt—S. sinn? (27) 
112.3738 ‘ né—S$ .sinn 
e4 
ge ee ee = 3 : 
+r‘ -smn4dnti—4.2 . sin a ntl 
e 5.4 
RSE NRED ee SSE 4 i —_ 4 si gee i 
tras snd5nt—5.8 sin Sat + 5—> sin ne | 
+ &e.; 
see 1+ Se dats = oiaei 
a 2 2 
-34\3. cosSnt—3. cos nt} (28) 
— e 4* .cosSnt—4.2*, cos tnt | 
2.4. - 
53 ..cos5nt— 5.35. ase cos nt } 
Soa 6.8 1.2 
ai 
@=vt+ We: sino +=. sin2o +=. sinSv + &c.; (29) 
where e = io and is, of course, a fraction smaller than e. Also, if we neglect powers of e 


higher than the fifth, 


1 5 ; 5 ll ; 
g=ntt lee ted Sel sinnt + [pe aqet sing ne 


3 : 10S 
+l? -aet ain Sa é + — e 


. sina nt + —e>. 


1097 a 
960 sin 5 nt 


4e2 
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cesses . pEerien 4: writing for u its value = Consequently, we find a. 
On the velocities of the planetary motions, and the de- | ee 


termination a priori of the elements of their orbits. 


The angular velocity of a body is measured by the 
angle which it appears to describe in any very small 
time to the eye of a spectator. In fact, if we call 0 


the ungle, and ¢ the time, we have ae 


dt 
Now, by our 9th equation, we have r°d0 =h dt, 


Angular velocity about the sun = 


Ooh ; 
and, consequently, - =i that is to say, the angular 


velocity in any orbit is inversely as the square of its 
distance from the centre ; and this law is general for 
all central forces. 

The paracentric velocity is the approach to, ot 


dr 
recess from, the centre; and is measured by qe 


dr dr d@ 
—=— , —. but 
NOW do'dt 
dr _a(l—e).esnO _—e. sin 8 
do (l+e.cos@)* ~ a(l — e*).r? 


and, consequently, 





dr__he.sind ,»§/M+m_ e.sino (31) 
dt a(l—eé) rt a(l—e*) © rt” 


To complete our knowledge of the body's motion, 
we must inquire its linear velocity at any instant. 


d 
To this end, if we call V the velocity, V = 7 ds be- 


ing the element of the curve. Now, first, we must re- 


dxr—ad 
mark, that if we write for dt its value oes, 


ds 


this gives V=h. 
ydr—xdy 


(32) 


But ydc—ady 


ae expresses the length of a perpendi- 


cular dropped, or a tangent to the curve frem the origin . 


of the co-ordinates. Thus we see, that the velocity is 

inversely as the perpendicular so let fall, and directly as 

the quantity h, or the area described in a given time. 
Moreover, we have ds* = dr* + r*d6*; so that, 


. u 
writing for dr its equal — —, or —r*du, 


u 
ds\* dO\ ? du\?* 
—) =r? (— fe 
(53) : i eet (3) k 
Now, by reason of the equation r*d0 = hdt, we have 
() he 
re (—) =— 
dt r® 
Again, if we differential the equation (12), we find 
du\2 
a3) =e. sin (0 + ¢)° 


dé 
= f* —f*. cos (0 + g)2 





M : 
= f? — ( oi:3 a") » (by equation 12) 
e? l 2 
= = u— ~) , (by equations 15, 16) 


Lead 





r 
‘du\*° (2 1—e 
1+ r* a) =(=- a ).- 
_r/2 l 
-=(¢-4) 
because p = a (1 — e*.) Hence, we finally obtain 
(S)° = (2-2) 
dt p\r a 
Vix (M+m).(>--), 


r a 


or (33) 

On the determination of the elements of the plane- 
tary orbits, a priori, there is no occasion to enter into 
any very extensive discussion, in a practical point of 
view. Since, however, it is a subject generally 
touched upon in astronomical works, and is not with- 
out its interest, when we consider what changes in 
‘our own system may have taken place, or may yet 
take place from the action of violent causes, we shall 
devote a part of our space to its consideration. 

Let us suppose, then, a body of a given mass, to be 
launched in space from a given point, with a velocity 
and direction also given; and to be attracted by ano- 
ther body, whose mass is also given with a force in- 
versely as the square of the distance: it is requirer 
to determine the form, magnitude, and position of th. 
conic section it will describe. 

The plane passing through the attracting body and 
the primitive direction of projection will, of course, 
be that in which the orbit will lie, there being no 
force to draw the body out of this plane. Taking then 
the central body for the origin of two co-ordinates, 
x and y, lying in this plane, and retaining all the other 
denominations of the foregoing pages, and consider- 
ing, as the unit of velocity, that with which a body 
would describe a space equal to 32°1908 feet in one 
second, we shall have, by (29), 

2 1 

2 — — =< — 

vo? = (M + m) ( - - ) 
and, consequently, 


1 2 


vo? 
M+m (34) 


Now, by hypothesis, the masses of the central and 
revolving body are given: and the distance from the 
centre, as well as the velocity with which the latter is 
projected. If, then, we suppose the quantities in this 
equation to correspond to the point of projection, r is 
this distance, and V, M, m, are known; so that we 
have at once the value of a, the semiaxis major of the 
orbit. 

This result is a remarkable one. It shews us, that 
the major axis of the orbit is independent of the angle 
of inclination to the radius at which the original pro- 
jection takes place: in other words, that any number 
of bodies (of equal, or of exceedingly small magni- 
tudes compared with the central one,) launched from 
one point with equal velocities, but in any different 
directions, will all describe orbits having equal major 
axes. Another result, not less curious, follows from 
this—that they will all describe conic sections of the 
same nature, that is, all ellipses, or all parabolas, or 
all hyperbolas—for the nature of the conic section 
depends only on the algebraic sign of its major axis. 
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Astronomy. Thus, if a be positive, or if V, the velocity of projec- 
or mew’ Sart 
tion, be less than ors), the orbit will be an 


ellipse. If equal, a will be infinite (— = 0 ), and 


the orbit will be a parabola; but if greater, ais nega- 
tive, and the orbit will be an hyperbola ° 
In the two latter cases, the bodies will never return 
_to their original point of departure, but in the former 
they willdo so: and since the periodic time depends only 
on the major axes and masses, if their masses be either 
all equal, or all extremely smal), they will all return 
in the same time, and a collision will take place ; 
after which it is impossible to say what will happen. 
If, on the other hand, there exists any sensible propor- 
tion between the revolving and central bodies, and 
any considerable inequality in their masses, their 
periods will be unequal, and each may perform its 
orbit undisturbed. 

This is supposing their mutual attractions to be 
neglected. In fact, however, at the instant of their 
departure, these may be incomparably greater than 
that of the central body, and will then materially 
change their velocities, unless the latter be so great 
as speedily to carry them beyond the sphere of their 
mutual influence. Ifa small portion of the earth, for 
instance, were suddenly projected from its surface, 
the attraction of the earth on it would, at the moment 
of its departure, exceed that of the sun in the ratio of 
3522 ; 2°17399, or upwards of 1600; 1. So that, in 
the first instants of its motion, it would move as if 
influenced by the earth alone. But this effect would 
diminish rapidly; by the time the projectile had 
reached the distance of the moon, the sun's action 
would already have a preponderance (as we have seen 
in section I,) in the ratio of 2°17399 : 1, and it would 
depend entirely on the relative velocity of projec- 
tion, whether such a space could be described in a 
time small enough to escape the influence of the 
earth or not. 

It has been a matter of some speculation, whether 
the small planets between Mars and Jupiter may not 
have had their origin in the destruction, by violence, of 
some larger mass once revolving in the situation they 
now occupy. The very considerable approximation 
of their periodic times, which, in the case of Ceres 
and Pallas is singularly near (within +4, of the whole 
period,) and the equally remarkable fact of the mutual 
intersections of their orbits falling all in the same part 
of the heavens, (in a general way,) have given rise to 
this surmise ; and it has even been conjectured, that 
an explosive rupture of a former planet may have 
scattered its fragments far and wide over our system, 
and produced these singular bodies. There is no limit 
to conjecture ; but if any such event have taken place, 
we are forced to conclude, that the mass of the rup- 
tured planet must have been very small, or the frag- 
ments must have collapsed by their mutual attraction ; 
or, at least, their velocities would have been so mate- 
rially modified by it, as to obliterate all traces of their 


once having had a common velocity about the sun. Physical 
The smallness of the ruptured mass renders the sup- Astronomy 
position of an explosion less revolting; and we know, —~y—” 
at least from observation, that the fragments (if such) 
are extremely minute. 

If the orbit be a circle, we have r=a, and 


2 1 1 
— —— ==} 80 that, for the velocity in a circle, 
M+m 1M 
we have V* = =" = — ; that is to say, 
r 


the velocity in different circles is in the sub-duplicate 
ratio of the sum of the masses, or the absolute force, 
as it is sometimes called, directly, and of the radii 


inversely. Moreover, if we denote by V the velocity 





in a circle of the radius r, or V = = * =: we have 
2 1 
Bice Gg ot ROE 
ve i ge a 
= 
or vo: V23°2a—r ia. 


Now, if APM be an ellipse, S, H, the foci, AM = 

2a and SP =r, we have HP = 2a —r; so that 
v' Vi: /HP: VAR 

by which property the velocity in a conic section may 
be immediately compared with that in a circle at the 
same distance. 

Hence, when SP = AC, or at the extremities of 
the conjugate axis, the velocity is equal to that in 


‘a circle. 


2 — 
In the parabola, we have a =, orv=V. V2, s0 


that in this curve the velocity bears a constant ratio 
to that ina circle at the same distance, 72° 1. 

In the hyperbola, HP increases without limit, and 
the velocity bears continually a greater and greater 
ratio to that in a circle. 

As the velocity depends only on the distance and 
major axis of the conic section, and not at all on its 
form, we may conceive the conjugate axis so dimi- 
nished that the conic section shall pass into a straight 
line. In this case, the extremity of the axis will coin- 
cide with the focus, and the velocity at any distance 
r will be that acquired by falling from a distance 2a 
from the centre to the distance r. The expression for 
this velocity is therefore still the same with that in the 
conic section. Hence, ‘‘ The velocity in a conic sec- 
tion at any point is that which would be acquired by 
falling freely towards the centre, from a distance 
equal to the longer axis, to that point.” In the para- 
bola the longer axis is infinite, and the velocity at any 
point is, therefore, that acquired by falling from an 
infinite distance. In the hyperbola the axis is nega- 
tive, and even an infinite fallis not sufficient to give a 
body all the velocity requisite for the description of 
this curve. 

We have then the following expressions :-— 
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\——-— Velocity in a conic section, semiaxis = a, distance 
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—— circle, whose radius is r.........00206 


parabola at any distance r,............ 


Let us now consider the effect on the form of the 
conic section and on the position of its major axis, 
arising from a change not in the velocity, but in the 
angle of projection, i.e. the angle made with the 
radius vector by the direction in which the body is 
projected. 

APM being any conic section, and S, H, its foci, SY, 
SZ, perpendiculars on a tangent at P, the angle of pro- 
jection SPy, which we will call A, is equal to HPZ, 
and therefore 

SY = SP.sin A, and HZ = HP. sin A. 


consequently, 
SY x HZ = SP. HP .sin A’; 
but, by the property of the conic sections, SY x HZ 
= CD*; and therefore CD* = SP. HP. sin A*. Now, 
we have SP=r, HP=2a—r, CD* = a* (1 — e*); 
hence, a* (1 — e*) =r (2a—r) . sin A*® 
— @) = — —) | sin A® 

and a (1 e)=rx(2 —) + sin AS. 

But a (1 — e*) is the semiparameter of the conic 
section. Moreover, calling v the velocity in the curve, 
and V that in a circle; and denoting by x the ratio 

v\* r 

oes — —) = n’*, 

( 7) we have already seen, that ( 2 - ) n 
Hence, we have 
| a(l —e*) =r x n*. sin A; (36) 
and therefore is given, when the angle and distance of 
projection are given, and also the velocity. When 
the angle of projection varies, other circumstances re- 
maining, we see hence that the parameter varies as the 
square of its sine. 


The eccentricity is easily found; for we have 


ée= 


1——(2——) .sin ae 








Now ae es ua ; but since v* = n* V* 
M +m - rvt r 

=n? , ———— = n° — = 2—n*; 

n p WENAVe TT aan n®, and — Q2—n*; 


2— = = n*. so that we get by substitution 


e= V1 — n? (2 — *) . sin A® 
= cos A* + sin A* (1 — n*)2’ 
We see, therefore, that the ratio e of the eccentricity 
to the semiaxis, or the figure of the ellipse, or hyper- 
bola, depends solely on the angle of projection and 
the ratio of the velocity of projection to that in a circle 
at the same distance ; and if this latter ratio remain 
the same, the distance may be varied to any extent 
without changing the figure of the conic section. 
It only remains to determine its position, or the 
angle made by the greater axis (or line of apsides) 
with the distance SP. 


(37) 
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(35) 


Now, if we call ASP, 9, we have 
a (1 — é) 
—— a 
l1+e.cosé 
a (1 — e*) 
r 
in which, substituting for e and a(1 — e*), their values 
before found, we shall obtain 
n* . sin A* — 1 
cos A® + (1—n*)*. gin A® 
on which value we may make the same remark as on 
that of e, and in both which it will be recollected, 
rv e 
M+m 


cos 0 = = x | 7 
e 


cos 6 = 


(38) 


that n* = 





Section V. 


On certain peculiar cases of the celestial motion ; 
viz. when the orbit is of very great, or very small 
eccentricity. Of circular and parabolic motion. 


The circumstances of circular motion are too sim- 
ple to need much consideration. The velocity is 
uniform and equal to that which would be acquired 
by falling down half the radius with the force at the 
circumference continued uniformly. This is evident, 
if we recollect that the velocity in a circle, by what 

M 
has been just proved, is J 2 ”, but that acquired 
by the action of a constant force F, acting through a 
space 4 r, is given by the equation v* = 2 Fs = Fr in 
(M+m)r M+m 
re fr 
dic time is equal to the circumference divided by this 





the present case = The perio- 


constant velocity, or to » as we have before 





r 
/M + mn 
shewn by a more general reasoning. 

In a conic section of so small an eccentricity that its 
square may be neglected, it may be worth while to 
recapitulate some of the chief formule, developed to 
the first power. We have then 


r=a(l—e.cos 6) 


=a(l—e. cosv) ; (89) 
=a (l—e.cosnt) 
@=v—e.sinve 
O=nt+2e.sinnt J? (40) 
omnt+e.sinnt; (41) 
ne=@—2e.sind; (42) 


Let us consider the motion in a parabola, and since 
in this case we have a = ©, ¢€ = 1, and p =a (1 —e*), 
if we call the perihelion distance D, we have D = { p, 
andp=2D. Then will the equations (17) and 
(18) become . 


(43) 
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Adronomy. Bisa (2 D)t dé the resolution of a cubic equation of the form Physical 
een /M+m J (1+ cos 0)* o+S2ex=-A Astronomy, 
To integrate the latter, put tan > =r, and we have where A = ae This cubic, it is easily 
-V¥ 2 
tan 0 = an shewn, has but one real root; and since the co-effi- 
l—z 5 cient of zis an absolute number, and therefore za 
cos 6 = i—z* function of A only, its root may be found in any pro- 
1+2z* posed case by a table of single entry. Jn fact, sup- 
d6—=— dx pose we have formed such a table, containing the 
me eae values of x (or, for greater convenience, of 2 x 
which substituted, give arc (tan = 2) or 0) for every value of ¢ on the sup- 
(2 D)+ dx «dr position of D = 1, then will this table serve for all 
dt= /M — ero cases, and for every other value of D; for we have 
7” only to multiply ¢ by D-#; and calling the product 


eo D¥. V2 ( 2+ 2 ) T, look out in the table for the value of 6 correspond- 

~ AM +m 3 ing to the time T. A comet, describing a parabola, 

or, whose perihelion distance is 1, will describe 90° of 

Dt. V2 @ 1 6\*) anomaly from the perihelion in about 109 days. 

¢ = ————. x ¢ tan — + =( tan =) ; (44) Hence, the use of the table ofa comet of 109 days given 

M+m 2 3 27 § in works on astronomy, Lalande’s Astron. 2d edit. 

. Sa 0 vol. iii. p. 335; Delambre’s 4stronomy, vol. iii. p. 434, 
This equation gives tan -—, and consequently 8, by from which we extract it as subjoined. 





Table of a comet of 109 days. 


























2 True anomaly. 5 True anomaly. True anomaly. : True anomaly : True anomaly s True anomaly. 
0} 0° 0° 0’Olls5] 48°58’34”8]| 70/71°5123”2]} 105|/88° 20’ 42’'9|| 140/98°56’225|| 175/106°20'14”2 
1] 1 23 87-4/|36/ 44 59 57°5|| 71/72 27 4°4/] 106] 88 42 42-6]| 141/ 9911 12°9]| 176] 106 30 59:4 
Q| 2 47 11-9/137/46 0 266] 72173 2 13:4 107/89 4 26-0]| 149] 9925 54:3|| 177] 106 41 39°4 
3| 4 10 40°4//38]) 47 0 22]! 73/73 36 51-0,| 109] 89 25 53°4|1 143! 99 40 26°9]| 178] 106 52 14:1 
4| 5 34 Orllis9| 47 58 44-8 74 10 57.3 109| 89 47 51]| 144] 9954509] 179] 107 2435 
5| 6 57 80|/40| 48 56 34°5 74 44 34:3|| 110/90 8 1:3|} 145] 100 9 6-4]] 180] 10713 7-7 
6| 8 20 1°3|/41/49 58 32-0] 76] 75 17 41-2]| 111| 90 28 42-4]] 146] 100 23 13°4]| 181] 107 23 26:9 
7| 9 42 37-2/|42|50 49 37-6|| 77/75 50 18°9]| 112/90 49 87|| 147] 10037 12-2] 189] 107 33 41:1 
8} 11 4 53°0//43/ 51 44 51:8]| 78176 22 28-1]] 113/91 9 20-3]| 148] 10051 2:8]! 193/ 107 43 50°2 
9} 12 26 45°9/|44| 52 $9 15:2/| 79}76 54 9:3/| 114/91 29 17-6]] 149] 101 445-4]| 184] 107 53 54-6 
10) 13 48 13-4|/45| 53 32 48-2/| 80] 77 25 23-1|, 115] 91 49 0-7/ 150] 101 18 20°1]| 185] 108 3 54-1 
11]15 9 13°1/146] 54 25 S1-6|| 81/77 56 10:1|| 116/92 8 30°0|| 151] 101 31 47-1]} 186] 108 13 488 
12/16 29 42°5/|47/ 55 17 25°8/| 82178 26 30-6)| 117/92 27 45°7]] 152] 101 45 6°5]|- 187] 106 23 38'8 
18} 17 49 39°4/l48156 8 31°5 78 56 25°3|| 118] 92 46 48-0]] 155] 101 58 18-2/| 188} 108 33 24-2 
14/19 9 1:5/l49|56 58 49-4 79 2% 546|| 119/93 5 37-3] 154] 102 11 22-6]| 189] 108 43 5:0 
15|20 27 46:8|I50| 57 48 2071 79 54 59:1|| 120] 93 24 13:6|| 155] 102 24 19°6|| 190] 108 52 41°3 
16] 21 45 53°4/151158 87 43 80 23 39°1]| 121] 93 42 37-2|| 156| 10237 9-4]| 191/109 21371 
17/23 3 19°4//52159 25 2-7 80 51 55:4|| 122/94 0 48-4/| 157] 102 49 52:1] 192] 109 11 40-4 
18] 24 20 31/158] 60 12 15°9 81 19 48:1] 123/94 18 47-3]] 158] 103 2 27°8]/ 193] 10921 3°5 
19|25 36 29/|541 60 58 44°8|| 89/81 47 17°9|| 124| 94 36 34-2]] 159] 103 14 56-6]/ 194] 109 30 22-2 
20] 26 51 173/155] 61 44 29°9 SZ 14 25-2I| 125/94 54 9-2|| 160] 103 27 18'5|| 195] 109 39 36-7 
21/28 5 4511/56] 62 29 321 82 41 10°3|| 126| 95 11 32-7] 161] 103 39 33-8]| 196] 109 48 46-9 
22] 29 19 25°0/157| 63 13 52:0 83 7 33-7|| 127/95 28 44-7|] 162] 103 51 42-4|| 197] 109 57 53°) 
Q3| 30 32 15°8||58| 63 57 303 83 33 35:9|| 128/95 45 45-4/] 163] 104 3 44-6|| 198} 110 655°] 
24| 31 44 16°7)|59| 64 40 27-7 83 59 17°2|| 129196 2 35-2/] 164] 104 15 40:3]| 199] 110 15 53:1 
25| 32 55 26°7}/60] 65 22 45:0|| 95] 84 24 38-0]| 130/96 19 14-0]| 165] 104 27 29-7]| 200) 110 24 47°] 


104 39 12°8 
104 50 49'8 
105 2207 
105 13 45°6 
105 25 4:7 


105 36 17'9 
105 47 25°4 
105 58 27°2 
106 9 23:4 
106 2U 14:2 


26|34 5 452/|61|66 4 22°8|| 96/84 49 367|| 131/96 35 42-9|| 166 
27/35 15 11°4//62] 66 45 22-0|| 971/85 14 19:8]| 132] 96 51 59°8|| 167 
28] 36 23 44-81/63| 67 25 43-:1|| 98185 38 41-6l| 1838197 8 7:1\| 168 
29187 $1 24-9\l64/68 5 269|| 99/86 2 444l| 134]97 24 42l| 169 
30] 88 38 11°5/165|68 44 34-0|| 100] 86 26 28-7|| 135197 839 51'SI| 170 
831/89 44 42'\66|69 23 5 1|| 101186 49 547|| 136|97 55 28°6\| 171 
32\40 49 29!l67/70 1 1-0l| 102/87 18 @sll 1371/98 10 562l| 172 
33141 53 7°6/|68| 70 88 22°1)| 103| 87 35 53°3|| 138/98 26 14-sI| 173 
34] 42 56 18-2\|69|71 15 9:3] 104/87 58 26°5|| 189198 41 23-0l] 174 
35] 43 68 34:8l|70| 71 51 23-2l| 105/88 20 42°9|| 1401 98 56 2@2-5I| 175 
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2dly. Let us now consider the circumstances of the sary to complete the theory of such comets as are 
motion of a body in an ellipse of great eccentricity, or known, or may be suspected, to revolve in very elon- 
approaching very near to a parabola. This is neces- gated ellipses. 


Since e, the ratio of the eccentricity, approaches very near to unity, 1 — e must be a very small quan- 


; l—e 1—f 2B 2 4p 
: i =, =-—., l—-e= —, 1 =—, (l—e*) = —_;;; 
tity; and if we put 8 Tg? We shall have ¢ itB l—e +7 +e ise’ | ) (i +Ay 
now, if D = the perihelion distance, we have D = a (1 — e), consequently 
S D(l+e) _ 2D = 
~ 2+ecos@ (1+) + (1—8).cos? 1+ cosd 1 — cos @ 
—~— + 8. — 
D 


0 2 
Z (co: - _ D 
a 1—cos@ @\? 6\* ) 
148. Toe (og) (rt8. (amg) 
and developing this in powers of 8, we obtain 
= = 1 tan). B? (tan =)" te. (45) 
r= foe) — B ° ( eo + . 2 "(9 : 
( cos 2 
which is a very simple expression for the radius vector in the elongated ellipse. 
To find the time, we must make the same substitution in the expression, 





_ at (1—e)# f d@ 
Ses /M +m ; (1 + e.cos 6)? 
2D\+t : 
Now {a.(l1—e)}# = (=) and since 


aaa +B +(1—8) . coso}s 


_ 4 1 + cos 6 1 — cos @)* 
=a et 


4 (ond) fr 40. (am) 


(+2) : 
6 de , (1+8)* pee 
if we put tan -— =T, we shall have aur 4 T ; and the integral will become —e J (W+e. 1 
cos —— 
2 


(1 +e. cos ¢)* = 





whence we get after all substitution, 


_. /204P) aT +T) 

PFC=V ute OS ase. 

and the part of this under the integral sign being developed in powers of 8, and the whole integrated, we get 
pe. St th) M26 (Fah) 42 8e(E47)—acl co 

t+C=Dr. wee x {(t+F -8($+ 5 teh aa 


By the aid of this series, we may express very readily the difference between the true anomaly in a very 
eccentric ellipse, and that in a parabola of equal perihelion distance, for, T still expressing the tangent of 
half the former true anomaly, and 7 that of the latter, if we develope according to powers of 8, pursuing the 
process only as far as 8%, we get 








Di V2 Ts T Ts 2T T s3T° 2T* 38T\) 
Osa es s-e 7 e) -eG Se 2 =}; (47) 
- A(t +5 +B8(5 2. 5 Plgts 5 7 7S 

Di/2 7 
Now, the time being the same both in the parabola and ellipse, this must equal ioe ‘? +> and 
therefore the series within the brackets on both sides must be equal. 
ad r+ PP Qo5 tr S78 Qe 82? | 
i Vee gg Kg ee ee ae 
8 3 5 5 3T 
reg PoP Pg, 22th th 


3... 8 5 
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A+BA+CP=a; 


and the first member of this equation, though apparently a function of 8, cannot be really so, as the 
second does not contain it. Hence, if we call A the difference between the elliptic and parabolic anomaly, 


or suppose the former anomaly 6 + A the latter 0, since T = tan 


express A, B, and C, thus :— 


da A. d*a 
A=atia-T do 
db A. dtb 
B=bt+ 74-7 tye. 
dc A ,. @e 


Oe ay a te gs 











"1.2 








@ 
oA. and + = tan —-, we may 

a 

A + &e. 
A? 

; 1g t &. 
A? 

Tae 


but A itself is required to be expressed in terms of 8 and its powers; and, consequently we may suppose 


A=PB+Q* + &c. 


If then we make these substitutions, our equation becomes 














da da FP a) 
i mle — +-+— . —— &e. 
: a+PS@+ (QG+5 aa) ® + &e 
db 
. + c B® + &c. 
whence we obtain by equating the co-efficients of 8 to zero, 
da da Pt d*a db 
= P — = Q — _— P.— 3 &e. 
OF gg th Om OI Ss Mae Te tae 
da da dr : es da dy 1+7 da 
Now we have qo = dz * qo and since a= 1+, — =1 + 7%, moreover 75 = —o— » whence <7, 
_( +7) _ 1 ( 4.) 
= ee ae ee | 
d*a d da dz 
Agai —=>;,-s= %) _— =7(1 a) 
gain, Te Fe ye TAZA +) att *) 
ae. @ e-3-ertele- a 
dé" -d8)2 2 5 f 2 2 g 
whence, after all reductions, we obtain 
3 5 s ,, 167 24 1B oa 
on £4” 0" * Teo” 7 35 + 475” 
a (1+) 
4 
—7T+¢7rn+4+-—?7r 
d, finally, = —_____—__ 
and, finally A a+ B (48) 
3 5 A 167 ; 24 18 oy 
poe TT To "8 + 757 ee 
(1 + 7*)* se 


Section VI. 


On the determination of the planetary orbits a pos- 
teriori, or from observation. 


The determination of the elements of the orbit of 
a planet, or comet, is justly regarded as one of the 
most difficult problems of astronomy. By the elements 
of the orbit are meant those constant data which 
determine the position, form, and magnitude of the 
conic section described, and the body's place in it at 
a given epoch, and are six in number, viz. 
- The inclination of its plane to the ecliptic, 
The longitude of its ascending node, 
The position of its axis, or the longitude of the 
perihelion, 
The length of its axis, 
VOL. III. 


The eccentricity, or the length of the semipara 
meter, or the perihelion distance, 
The moment of passing the perihelion, or the 
heliocentric longitude at any assigned time, 
which correspond to, and are functions of the six 
arbitrary constants introduced by the integration of 
the equations (1), (2), and (3). If we knew, and 
could subject to calculation, the causes which origi- 
nally determined the motions of the heavenly bodies, 
we could assign, a priori, by the means already pointed 
out, the values of these constants from the conditions 
which subsisted at the commencement of their 
motions; but as these are, and must ever remain, 
unknown, we can only discover the values in question, 
a posteriori, by observation of the apparent places of 
each body at different times. 
48 
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Astronomy. In this research, the great difficulties arise from our In like manner, eliminating p from (49), it becomes _ Physica 
—,—— not observing from a fixed station in the centre of r.sinb=6.tan pf; (56) Astronomy. 
our system. To an observer stationed in the sun, the —— 


Piy. 8. 


elements would offer themselves with comparative 
ease. 

But the motion and eccentric position of the earth 
render the whole affair infinitely more complicated ; 
and to analyse the problem, it becomes necessary to 
take into consideration the relations between the 
heliocentric and geocentric places of a heavenly body. 

To this effect, let S be the sun, E the earth, P the 
planet, or comet, projected into p upon the ecliptic by 
the perpendicular Pp. Let Sy be the line of equi- 
noxes, parallel to which draw Evy. Then will 
L = ySErepresent the earth's heliocentric longitude. 


and putting in (54) for d, its value r . cos 6, 
o=R+6. cos (A—L)—r. cos 5. cos (I—L) (57) 
This equation may also be derived independently, 
if we drop the perpendicular p q, for we then have 
Sq=SP.cos PSp.cospSq 
=r.cosb.cos (1 — L) 
and also 
Sq=SE+Eq= 
= R + 8. cos (A — L) 
which equated, give the equation in question. We 
may also derive another, which will be useful in the 
sequel, by equating two values of the perpendicular 


= ySp the planet's heliocentric longitude. ° if 
N=7Ep the planet's geocentric longitude. me —f£ in pE 
6 = PSp the planet's heliocentric latitude. Pa eee *49 
B = PEp its geocentric latitude. pq=Sp.sinpSq 


R = the earth's distance from the sun. 
r = the planet's distance from the sun. 
p = the planet's distance from the earth. 
d,d= the respective curtate, or projected distances of 
the planet from the sun and earth. 
Tt is obvious, then, that we shall have the following 
relations :— 
ist. Pp =r. sin 6, also the same P p= p. sin £, 
so that, 


which equated, give 
r.cosb.sin (J — L) = 6.sin (A —L); (58) 
Thus we have reduced the five equations to four, 
55, 56, 57, 58, which contain only the radius vector 
of the earth, that of the planet, and its curtate 
distance from the earth, and the heliocentric and geo- 
centric latitudes and longitudes of the two bodies. 
The problem of determining the elements of P's 
orbit from observation requires these relations to be 


r.sinb = p.sin 8; (49) combined with the conditions of P’s motion and of the 
Qdly. { d =r. cos 6 (50) earth’s. Now, if we call Q the longitude of P's 
6 = p.cosB (51) ascending node, and i the inclination of its orbit, we 


Sdly. Since the angle PSE of the triangle PSE is 
equal to 1 — L, aud its sides are R, d, and 6 
& = R* + d*— 2Rdcos (l—L); (52) 
Lastly producing SE to C, the angle pEC = pE y 
— CS 1 = -— L, but the angle pEc = 180° — pES, 
consequently the equation 
@ = R* + &—2REé.cospES 


gives 


have, by spherical trigonometry, for the heliocentric 
latitude. 

tan b = tani. sin (J — &) (59) 
Moreover, if we call 7 the longitude of the perihelion 
on the orbit, 9 the true anomaly, and y- the angle 
& SA, or the distance of the node from the perihelion 
on the orbit, (see fig. 9) we shall have 

cosA Qa = tan BSa.cot BSA 


d® = R* + d&+2R6.coa (X— L); (53) or tan (7 — &) = cosi.tany (60) 
Thus then we have five distinct and independent and also 
relations among the ten quantities L, /, \, &c. Now, sin b = sini. sin (y + 6) (61) 


it is evident, that if R and L be given, (or the place 
of E fixed) the geocentric latitude and longitude, 8 and 
X, will be determined when the place of P is, but this 
is not determined unless /, d, and 6, are so. But when 
all the five quantities L, R, l, d, b, are given, the five 
equations above deduced. suffice to determine the 
others, and therefore express all the relations subsist- 
ing between the heliocentric and geocentric places. 
The last may, however, be simplified hy substituting 
for 6° its value given in (52), when the whole becomes 
divisible by 2 R, and gives 

o=R+ 6. cos (\ — L) —d.cos (1 —L); (54) 
Another equation (included, of course. in the forego- 
ing,) may also be obtained if we consider, that in the 
trianzle PSE, we have 


r= R* + p? —2Rp.cos PES 
but cos PES = cospES x cos PE p by spherical tri- 
gonometry, the plane PE p being at right angles to 


P , 
mene . Sec 8 for 
p, and — cos (A — L) for cos pES 


r= R’ + &. SecA + 2R5, cos (N—L); 





pES. Hence, we get (writing 


(55) 


these seven equations, of which the four first, 55, 
56, 57, 58, express the relations hetween the helio- 
centric and geocentric places of a body any how 
situated, the other three,59, 60,61, merely express the 
condition of every point in the orbit lying in a plane 
passing through the sun. These must be combined 
with the dynamical results peculiar to the planetary 
motions, viz. Ist. The proportionality of the areas to 
the times ; and, 2dly, The nature of the orbit, re- 
garded as an ellipse or parabola of unknown position, 
form, and magnitude; all which are included in the 
three equations, 21, 22, 23, or others equivalent to 
them. Thus we have a system of nine equations, 
representing, in general, the relations between the 
time elapsea since a given epoch, and the observed 
geocentric latitude and longitude. 

These equations involve, as constant quantities, the 
elements of the orbit, %, 8, 7, a, e, E, while the variable 
ones, being either given by observation, or expressed 
in functions of others that ure so, the whole system 
of equations may be regarded as expressing a known 
(though a very complicated) relation among the ele- 
ments; and as each observation affords a similar 


Fig. 9. 
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Astronomy. relation, it is evident that the complete determination Similarly, since 5 9 = 4% — ¢, we have, Physical 

== of the latter cannot require more than six observations. r’ yf cos (§ 6’ — ¢) Astronomy. 
In fact, however, from the peculiar nature of some of — ot ———— = yee 
the equations, fewer will suffice, half that number : em. cos $ 


only being necessary. 

The complication of the relations in question pre- 
cludes all idea of a direct solution of the problem, 
ard to apply them to any particular case indirect and 
approximative ones have been invented, but with 
every assistance from such simplification ; and, after 
all the force of analysis has been exercised upon it, it 
still remains a very difficult problem, and one which 
our limits will by no means permit us to enter upon 
in its full extent. In fact, the case of an elliptical 
orbit to be determined is one of very rare occurrence ; 
and we shall therefore content ourselves with pointing 
out the course to be pursued to obtain the readiest 
approximation to the elements of parabolic motion. 
The frequent visits of comets to our system render 
this an important case. These singular bodies, with 
one or two exceptions, have always been found to 
describe parabolas, or ellipses of such extreme eccen- 
tricity, as to be undistinguishable from parabolas 
within considerable distances on either side their 
perihelion. 

Preparatory to this research, we must premise the 
following remarkable theorem. 

In a parabola, if r, r’ denote any two distances from 
the focus, k the chord of the arc they include, and ¢ 
the time of a body describing that arc, and g a certain 
constant the same for all parabolas, we shall have 

gt=(r+r+kjt— (r+r—hk)t; (62) 
To shew this, let 6 and & be the true anomalies cor- 
responding to the radiir, 7’, and ¢ being the time of 
describing the intermediate arc, and ¢ the time elapsed 


since the perihelion passage to the commencement of 
the time ¢, we have, by (44) 


6 1 6\$ 
1 6’\s 
+s(ung)} 


Consequently, we have 


6’ 
eg nS 
D? /2- 


———— 
. 
ee ee tee 


where g = 
? AM +m 


meebo) 


@,$ 
Ts a ( tan =) (tan (tan =) )} 
Now, by the property of the a) we have also 
D D 


2 


= OO os 
my” Ged) 


eo = @, we shall have 





And if we put e 





Tr r _ 0085 _ cos (£9 + ¢) 
Y /rr  cos$0 cos 4 6 
r 
or, = cos  — tan 48. sin 
ae en ee 


whence we get 


tan = cosec. P {eos ¢ — | (63) 


V rr 


and therefore 
tan £ = — cosec. @ | cos o— 





=} 
J rr 


but & being the side of a triangle opposite to the angle 
(6’— 6) or 2 and r anid 7 the sides adjacent, we 
have, by trigonometry, 
V(r+r)?— ke 

QV rr 
Vie — (r —r)3 


2V rr’ 





cos $d = 


sind = 





or, if we put 
V(r +17)? — ke = Rand Vk*— (r —r)?=S 
R=2vrr .cosgandS =2 Vrr’. sing 


cos @ = 





sind = 





R 
2 V/rr 


Hence, we obtain 


2 V rr’ 


pee Oe ee Gt ee 
. § Q 7 S 
0” 0 Q(r+r— R) 

a ee gt 


also 
@ Pie ] = 
(+z) “ie 
l + (tan = 


— (R? + S*) —47R +479 


but R* + S? = COTE ae a ea ae 
that we get 
o\t 1 5 
(cos . =) 4r r+rv—R 


and, in consequence, 


D=r. (cos) 
1 S? 
a sr+r—R 


Now (r + r’— R) (r + r’' + R)=(r +7’)? — R?= 
so that 


D=—,. (r +7’ + R) 

6 0 S 
consequently | 
a g ot St. /2(r+r +R) 
——__~) tan — — tan — $ = ———__________- . 
/M +m 2 2 4k.VM+m 

0 e 
Now, if we put T and T’ for tan Zand tan >, we 
have TT’) — TS = (T’ — T) {T* + TT’ + T*} 
and therefore 
Di V2 a a 
= ——_—— — 1 + ———__—__— 
/M + 3 





The part arian the brackets we have already 
considered. Let us next examine that within. Now, 
ifin T* + TI’ + T’, we substitute for T and T’, their 

ir @ 
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values =" and aEter it will become 
R?— 2@R (r +r) +4 (r?— rr’ + 7’) 
S2 


and substituting this, the quantity within the brackets 
becomes 
3S? + R2 + 4 (r?— rr’ + 9) — QR (r+ 1’) 
3 S? 
But R* + S*? = 4rr’, therefore 3S* + R? = 12r/r’ 
—ZR°*=2k*—V9r+8rr—QAr%, So that our 
expression reduces itself to 


((r tr) + — (rt9).R} 


2 


3S* 
= sor [Pt tr)(r+7—-R)} 


and therefore we have, finally, 
— J/2(r +7 +R) 
6k.VM+m 
Vr+r+R. (r+ 7—R) = 
= Vir+r+R).(r +r — R)® 
=k.vr+r—R 
because (r + 7 +R) (r+ — R) =P. 
substituting, we get 
_kivrt rh t+Rt(rtr).vrt+r7—R Jr 
— 6./M +m 
NowR = V(r + 7’)*— #, 80 that the two radi- 
cals in the above expression are of the form 
Va+ vai —k 
putting a for r+ 1’. Hence the usual rule for 


extracting the root of a binomial surd applies to 
them, the root being, as it is shewn in all books of 


algebra, 


{M+ (r+) (r+r—R)!} 


but 


So that 


Jatk+va—k 
V2 





PHYSICAL ASTRONOMY. 


Consequently, we have 
a oe ee v7 + 1’ —k) \ 
6/M+ml + (r+) (Vert +k—Vrtr—h) 


or, 
6 VM+mx t= (r+ 7+ kt —(r + —k)t; (62) 
which agrees with the proposition as announced, if 


we take g = 6 VM +m. 

The relation just proved to subsist between the 
time of describing any parabolic arc, and the rectili- 
near distances of its two extremities from each other, 
and from the sun, is very useful, as it enables us from 
any three of these quantities given, to find the fourth 
without knowing either the perihelion distance, or 
the position of the perihelion with respect to the arc 
described. In an analytical point of view, it is cer- 
tainly remarkable for the length anc complexity of 
the transformations by which it is obtained from the 
general principles of parabolic motion. It appears to 
admit of no simple demonstration, and that above 
given, tedious as it may seem, can hardly be replaced 
by one materially shorter. 

We shall now proceed to show how this relation 
may be rendered available in computing the elements 
of a comet's orbit. 

Let x, y, z, be the co-ordinates of the comet's place 
at the epoch of a first observation, 2’, uv’, z’, their values 
after any time ¢ and x”, y”, 2”, their values after any 
other times ¢ has elapsed. Let X, Y, Z, X’, Y’, Z’, 
and X”, Y”, Z’’, be the corresponding co-ordinates 
of the earth's place. (If the plane of the ecliptic be 
chosen for that of the X and Y, we shall have Z = 0, 
Z’=0, Z” =0.) Also let 

v—t= t”’ 
then will &” be the time elapsed between the second 
and third observations. 

Since the comet moves 1n a plane passing vhrough 
the sun, we have 


zs=artby (64, 1) 
z’ = az’ + by (64, 2) 
z’ = a1” + by’ (64, 8) 


from which, if we eliminate a and 6 ; first, from the 


first and second ; secondly, from the first and third; and lastly, from the second and third; we shall get 


the three following 


oma (ye! — 2”) $a (ye — yz) $2" (yt — yz) 
omy (2/2 — 22’) ty (22 — 22’) + yy” (42 — 27’) 
ome (x? y — ay”) + 2! (ry? — ey) + 2” (xy — ry’) 


Now zy’ — zy represents the double area of the 
projection of the plane triangle included between the 
radii, r,r’ drawn to the place of the comet at the first 
and second observations, and the chord & of the para- 
bolic arc joining their extremities on the plane of the 
zand y; similarly, zy’ — z’y represents double the 
triangle formed by the projections of the radii r, r” 
and the chord # joining their extremities on the same 
plane; and if we denote by &” the chord joining the 
extremities of the radii r’, 7’, the double of the pro- 
jection of the triangle included between 1’, r”, and k’ 
will be represented by z y” — 2” y’. If, therefore, 
we call the surfaces of these triangles respectively 

S, S/, S” 
Since the projection of each is equal to the surface 
multiplied by the cosine of its inclination to the plane 
of the z, y, which is the same for all, we shall have the 


(65, 1) 
(65, 2) 
(65, 3) 
following equation instead of (65,1), 
rS”— 27S 4+2”S=0 (66, 1) 
and similarly, 
yS’-—-yS+y7y'S=0 (66, 2) 
zS”- 28+ 27S =0 (66, 3 


Now, if we retain the denominations of the fore- 
going pages, and assume the line of the equinoxes S y 
for the axis of the z, we have 
x=Sr=Se+ernr 


= R.cosL + 6. cosa; (67, 1) 
a’ = R’.cos L/ + &. cos’; (67, 2) 
ee = R” .cos L” + & . cosd’; (67, 3) 
also . 
y =Ee+pq=R.sinL +6.sind; (67, 4) 
Y= R’. sin L’ + & .sindA ; (67, 5) 
= R”’.sin Lb” + &” .sind”; (67,6) 


Ph e ] 
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Astronomy. we have also zs =30é.tanf (67,7) quantities given by the solar tables, or by observation Physical 
or s’ = 2’. tan ’ (67,8) at the three assigned instants, so that the only un- Astronomy 
= 2 tan p” . (67, 9) known quantities contained in these equations are the —“\——" 


three curtate distances, 6, 3’, 6”, and the areas S, S’, 


and by the substitution of these values we shall obtain 
equations, in which, instead of the co-ordinates 1, y, z, 
&c. the curtate distances 8, 6’, 5’, will be involved, viz, 


S” ; and by elimination, any one of the three former 
may be expressed in terms of the latter. Let this 


process be executed then in succession for each of the 


o = 8” (3 . cos + R.cos L) quantities 3, 3’, 8”, and we shall have the following 
+ 5 (8”. cos ” + RY. cos L”) ( a.8+AR).S”—A/R’.S’+.A’R” .S=o; (69,1) 
o= 8” (8.sind +R. sin L) : ee 
— S’ (8. sin ’ + R’.sin L/) (68, 2) BR .S”—(a. & + BR’) S’+ B’R’S=0; (69, 2) 
+S (8 sind” +R”. sin L”) CR. S”—C/R’. § + (a. 8”—C’R”) S=0; (69,3) 


o = S” .8.tanB—S’. 3’. tan f’+S .2” .tan8”; (68,3). where, for brevity’s sake, we have made the following 


R, L, », and f, and their accented values, are al] Substitutions— 
a =tanf .sin (’” —)/) 

— tan fp’ .sin(k”—2A) }; (70, 1) 

+ tan B” . sin (’ — 2d) | 
A =tan@ .sin(L —)”’) — tanf”.sin(L —’); (70, 2) 
A’ = tan f’ . sin (L’ — 0X”) — tan 8”. sin (L’ — 0’); (70, 3) 
A” = tan f&’ sin (L” — ”) — tan &”. sin (L” — 0’); (70, 4) 
B =tanp”.sin(L —r»)—tanf .sin(L — 2’); (70, 5) 
B’ = tan Bp”. sin (L'’ —X’) —tanP .sin (L’ — X”); (70, 6) 
B” = tan 8”. sin (L” —») —tan£f .sin (L” — ”); (70, 7) 
C =tanfp .sin(L —)) —tanf&’ .sin(L —A ); (70, 8) 
C’ =tanfp .sin(L’ —)’) —tanf’ .sin (L/ —2); (70, 9) 
C” =tanp .sin (L” — 0’) — tan f” . sin (L” — 2 ); (70, 10) 


In these equations, the right hand members are composed entirely of quantities given either by observation, 
or by the solar tables ; and their calculation, though long, is greatly facilitated by the regularity of their com- 
position. The values of a, A, B, C, &c. obtained, we have, by (69, 1) (69, 2) 

ARS” — A’R’S’ + A” R”S 


éi= — 





aS” 
ff /R’°C IQ 
ea ears + B’R”S 
2S 
6 S’ A’ 
SS=-ses 71) 
whence we obtain 7 ee ( 


(B’/A — BA’) . RS” + (B’A” — BY’A’) R”S ‘ 

B’ { BRS” — B/R’S’ + B’R’S} s” 
So far, we have nothing but rigorous equations, and it does not immediately appear how these can become 
serviceable in the question before us ; but if we consider attentively the composition of the numerator of the 
fraction which forms the second term of = here statec.,, we shall find that the equation last arrived at, affords 


a means of obtaining a first approximation. Jet us consider, first, the term AB’ — BA’:. If we substitute 
in this the values of A, B, A’, B’, in equations (70, 2, 3, 5, 6,) execute all the multiplications, strike out such 
terms as mutually destroy each other, and then reduce as much as possible, we shall find for its value 


tan 8 . {sin (L — ’) . sin (L’ — 0”) — sin (LL? — ¥) . sin (L — rn’) } 
tan p” 1: tan 8’. {sin (L — ”) . sin (L’ — A) — sin (L’ — ¥”) . sin (L —L)} \ 
+ tan 6”. {sin (L — A) . sin (L’ — 0’) — sin (L’ — 2) . sin (L — ”)} 
Now, by trigonometry, we have, (since sin A . sin B = 3 {cos (A — B) — cos (A + B)} 
sin (L — A).sin (L’ — ’) = $cos {(L—L/) — (A — ’)} — 4cos { (L +L’) —-( +)! 
sin (L’ — d) . sin (L — ’) = 4 cos | (L — L’) + (1 — ’)} — 4cos {(L +L’) — (9+)! 
and subtracting, we find 
sin (L — A) . sin (L/ — 0’) — sin (L’ — A) . sin LL —Y) = 
= cos {(L —L’) — —)} —4cos{(L—L/) + A—Y)} 
which another application of the same trigonometrical formula already used converts back again into 
sin (Iu — L’) . sin (WX — ) 
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Astronomy, % similar transformation applies to the co-efficients of tan 8 and tan f’; so that our expression becomes 
* sin (L— L’) . sin (Vv — dX”) . tan 8 


Fig. 10. 


AB’ — BA’ = tan B” x {+ sin (L — L’) . sin (A”“7 — 


) . tan ~” 


+ sin (L—L/).sin () —)). tan p” 


or 


or, if we put y = tan Bf . sin (’ —N”) 
+ tan fp’ .sin (A“— 2X) >; 


tan B .sin (’ — dX”) 


AB’ — BA’ = sin (L — L’).. tan fp”. {+ tan 2 .sin (X”“— Xr ) 


+ tan 6”. sin( X¥— 0) 


eeeeneveeveeenveeeeenenwewee er ee eo ee o & 


+ tan §”. sin (1 — 0) 


AB’ — BA’ = y. sin (L — L/) . tan p” 


(73, 1) 


Now, it is evident that y is a symmetrical function, and is not changed by putting at the same time ’ for 8, 
and 2’ for X, and reciprocally ; so that, by pursuing a process of reduction exactly similar, we should obtain 


AB” — BA” =y.sin (L — L”) . tan B” (73, 2) 
A‘B” — BA” = x. sin (L/ — L”) . tan B” (73, 3) 

aud were we to pursue similar processes, combining A and C,.B and C, we should get 
CA’ — AC’ =¥.sin(L —L/).tanB (73, 4) 
CA” — AC” = y.sin (L — L”). tan fp’ (73, 5) 
C’A’ — A’C’ = x . sin (L’ — L”) . tan pf’ (73, 6) 
and BC’ — CB’ =y.sin (L — L’).tanf (73, 7) 
BC” — CB” =y.sin (L — L”) . tan B (73, 8) 
BC” — C’B” = q. sin (L’ — L’”) . tan B (73, 9) 

Thus the numerator of the fraction in > above referred to, becomes 

y. tan 6”. {RS” . sin (L — L’) — R”S . sin (L/ — L”)}; (74) 


Now, let us suppose the three observations made at 
small intervals of time. The supposition almost 
always holds good in the case of comets, which usually 
excite sufficient interest about the time of their first 
appearance, to induce astronomers to observe them as 
frequently as possible ; so that observations separated 
by an interval of a few days at most may generally 
be obtained for calculation. On this supposition, then, 
the variations 4 —)’, \’— dr” and A” — 2 of the 
observed geocentric longitudes may be regarded as 
very small quantities of the first order; so that 7 is 
also a very small quantity of the first order, especially 
as 8 (the observed geocentric latitude) is usually 
below 45°; so that tan £8, tan A’, &c. are less than 
unity. Moreover, L — L’, L’ — L’, &c. which re- 
present the sun’s motion in the intervals between the 
observations, are also very small quantities of the first 
order ; so that the expression (74) is, on these ac- 
counts, a very small quantity of the second order. 

But besides this, since S, 8” represent the rectili- 
near triangles SPP’ and SPP” described about the 
sun in the times ’ — ¢ and t” —# (which for the 
moment we will call 6 and n6) they will be nearly 
proportional to those times, being extremely near to 
equality with the sectors SP n P’, SP’ n’ P”, so that we 
have very nearly S’=n.S. Again, the earth’s orbit 
being nearly a circle, and its motion in it nearly uni- 
form, we have 


R = R’ and (l’ - L”4) =n. (L— LV) 
whence (L — L/) being very small, sin (L/ ~ L” )= 
n. sin (L — L’) If these suppositions were rigorously 
exact, we should have 

R.S”. sin (L — L’) = 2 RS. sin (L —L’) 
= R”’S . sin (L’ — L”) 
and the quantity within the brackets of (74) would be 


rigorously zero; and in all cases we see that it must 
be a very small quantity of the second order at least, 
so that the whole expression (74) must be a very 
small quantity of the third order; and that, whether 
the intervals between the consecutive observations 
approach to equality or not.* 
Let us next consider the denominator of the frac- 
Oo wer 
tion, and retaining the substitution n = 7 ae ear 


it becomes, on the same hypotheses as before 

BY. RS {nB—B (1 +n) + B”} 
because S’ = S + S” nearly. We have, therefore, 
first to consider the values of B” — B’ and of B — B’. 


Now, if in B” — B’ we substitute the values of B’, B”, 
and reduce as far as possible, we shall find 





* Mr. Littrow, from whose excellent and most useful work on 
theoretical and practical astronomy (7heoretische und Practische 
Astronomie, von J.J. Littrow, director der Sternwarte und pro- 
fessor der astron. an der K. K. universitét in Wien.—Wien, 1821, 
2 vols. 8vo.) I have taken this exposé of the determination of a 
comet’s orbit and the example which follows, has merely remarked 

x — + a remainder, and 


that the quantity 7 is equal to — ps 


<¢ this remainder is of the order AB’ — A’B, and therefore may be 
neglected in a first approximation, when the intervals are small 
and nearly equal,” (vol. ii. p. 129.) This is not, however, a satisfac- 
tory view of the subject, and is, in fact, slurring over a very consi- 
derable difficulty and evading one of the most difficult and delicate 
points in the theory of comets. I have therefore judged it better 
to enter, though somewhat more at length than is absolutely con- 
sonant with the nature of this work into this part of the subject, 
rather than leave a doubt on the mind of the student, or a m 
attached to a fundamental proposition. Meanwhile I am happy 
to have to call the attention of the lovers of astronomy to the 
interesting work alluded to, of which a translation by any compe- 
tent hand would be a real accession to our stock of elementary 
works. 
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TEM = 2) — cot 2”. cos (SE  — "yt 


and the quantity within the brackets being the difference bétween two values of the same function at a small 


‘om 





interval of time is of the first order, as is also sin 





— B= —2. tan f. tan p” sin 


L’ — L” _ 


Now, sin =n. sin 





L 
9 ’ 


, 4 “*) 
2 (B—B’) + (B’—B’) =2n.tan B tan A”. sin ( 





Ld 
, 80 that B’—B’ is of the second order. Similarly, we have 


— L/ 
3 : {oot A . cos ( 


3, 
and therefore we have 


4 cot B (cos (= ——A+ =) ~c08(% Lin 4 lt 2))0 
- cot B” (cos (Zw %-) —cos( = aor =))4 


L+L’ 








—X ) — cot 6” cos (= 


= wy} 





4 Ld — T/ 
Let this be reduceu as —uch as possible ; and, putting M for eee, and (1 +n) .sin (- ; =’) 


—s) it will become 


for sin ( 7 


R.S x 2n (1 + 2)*. tan #*. tan fp” . sin 


4 


L-—-LT sin COL 
4 








xX 


x {sin (L/ — A) . cot 8 — sin (L’ — ”) . cot 6”! x 
x {sin (M — ) . cot 8 — sin (M — 2X”) . cot p”} 
This is evidently a quantity of the fifth order, the two last factors of it being each the difference of con- 


secutive values. 


Granting then the hypotheses above employed, viz. 
—1. The strict circularity and uniformity of the earth's 
motion.—2. The proportionality of the rectilinear, 
instead of the parabolic, sectors to the times we sr 
that the. numerator of the fraction vanishes absolutely, 
while the denominator on the same hypotheses does 
not strictly vanish, but only reduces itself to a quan- 
tity of the fifth order. Hence, we are entitled (at 
least in making a first approximation to the elements) 
to neglect the fraction, and suppose 


é S A’ 
yUry: PR (75) 
and similarly 
é SA’ 
yat ye} (76) 
ov B S 
and yUR-e yi (77) 


It is true, from the minuteness of the denominator of 
the fraction in (71) the deviation from truth of the 
hypotheses assumed becomes magnified. But these 
hypotheses themselves are so very nearly correct, 
that unless in extremely unfavourable cases the 
equations (75) and (76) may safely be employed : and 
it will be observed too, that independent of’ both hypo- 
theses, the numerator would be of the fourth order at 
least, for if we throw it into the form 
y-tan sor {SCL _ yt 
| sin (L/—L”) 
—R’. ag 
4 4 
+ 7. tan 8”. SS”. (R’ — R”). are 
the second term is evidently so; and since the factor 
of the first within the brackets is the difference of 


ae 


= v.tanpr.ss". {SORE 


consecutive values, and therefore a very small quan- 
tity,—the first is also. 

To apply these equations to the determination of a 
comet's elements, we will first suppose the sectors 
Pn SP’, &c. equal to the plane triangles SPP’, &c. or 
at least in the oe with them. This amounts 


to substucne = 





Y S’ 
a — or for yi when we obtain, 


instead of the equations (69, 1, 2, 3,) 


(a8 + AR) x ” —A'R’.0+A°R’O=0 (78,1) 
BRO — ja + BR’) &@ + BYR’O=0 = (78,2) 
CRO” — CR’ & + (ae”—CR”)O0=0 (78,8) 


which give the values of 8, &, &. 

Now we get, by the equation (55) 
2 = R2 + 8? . sec P’* + 2 R/S’. cos (L/—); (79) 
whence the value of r’ is obtained. 

once obtained, the values of 6, 8’, &c. and r’ may 
be corrected by the following process, let + represent 
the time between the second observation and any 
assizned instant. If then 2, y,z, represent the co- 
ordinates at the first observation, and 2”, ¥”, 2”, at the 
third, we have 


0 dx’ oe d® x/ 














farm. a io as (80, 1) 
= aa ak naan a5 —&c. (80,2) 
yay-p a 7 (80, 8) 
ays. oy + ; , TY — be. (80, 4) 


and similar expressions for z, 2”. Now, assuming 7 
as the independent variable, or d+ constant, we have, 


by (1), (2), (3), 
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d* 7/ 
d 7% 


d* yf 
sa =~ (M +m). 
d® 7 


dz 


The numerical value of M + m is easily found, 
since it is the same for the whole solar system except 
in so far as the masses of the planets and comets 
denoted by m differ, and these bear so minute a pro- 
portion to the mass M of the sun, that they may be 
neglected : let + denote the period of any one plane, 
as the earth, and a the semi-major axis of its orbit, 
then we shall have, by (24) 

T? 47° 
ao M+m 
3 


so that > is a quantity very nearly constant for the 





=— (M+). 
(81, 1, 2, 3) 


=— (M+). 


SPR BISA 


whole planetary system; and the period of the earth 
being 8654.256384, and the semiaxis of its orbit 1, its 


. 4)2 
Seat — , and the same 


quantity expresses its value for all the other planets 
and comets. Hence we have 
4 x (3'141592)* 
M +m = —(365-456884)2 
and log (M + m) = 6°4711628 
To correct the values of 6, &, &c. we must correct 
the supposition on which they were obtained, of the 
proportionality of the rectilinear triangles instead of 
the parabolic sectors to the times, or the values of 
S, S’, 8%. Now, if c be the inclination of the plane of 
the orbit to the plane of the zx and y, we have 
2S .cosec=yr” —xry 
29’ .cosc = or” — wy” 
2S”.cosc = yx” — xy” 
In the first of these, for y and x write their values as 
given in (80, 1) and (80, 3), and we find 
6 3, , 
9S.cosc=—. Ydar—wrdy 
l dr 
RQ xy da — x diy a 
1.20 d 7 
gs f Ba — dy - .. 
1.2.3 da ee 
a ' d? y/ : : 
7 and 7 be written in 
the second term of this, it will vanish. Again, if 
we differentiate the equations (81, 1) and (81, 2) 
we get 


value for the earth is 


= 0:0002959122 ; 


o}- 





But if the values of 





d3 x 1 d x 3 x d7’ 
SS — +. —_—- —=—————— 
drs Chea) (Ss dt rt 7) 
By ] dy 3 2/ dr 
dvs (M+m). (5. 50-4 ir) 
so that, by substitution, we obtain 

Y¥Pr— vey | M+m ydv¥—xdy 


dvr 3 dt 
If we neglect the higher powers of @ than the 


quantity 


third, and put, for the present, p for 











we shall have 
28.cose=poli——T™el, (82, 1) 
and similarly, 
as'.cose= po l1— “Fah, (82, 2) 
28”. cos c = po") 1— = mont (82, 3) 


If we now employ the value of r’ as above approxi- 
mately determined, and substitute it in the right hand 
members of these equations, we shall obtain, dividing 
one by the other the ratios of S, S’,S”, much more 
accurately than on the original hypothesis, for we 
have 














S 6 1- =F o 
~ 

y ¢ 1- =F 

¥ eX — Mm o>) 
1— "on 


Now, in the equations for determining 6, 6’, &c. (69, 
1, 2,3) it is only the ratio of 8, S’, S”, that are re- 
quired, and thus we are enabled to correct the values 
of their quantities, and thence again that of 7. To 
carry the process to a greater degree of precision, 
however, the series expressing the value of 2 S . cos ¢ 
must be continued further. Without, however, going 
through the process as here set down we may content 
ourselves, after computing first values of & and 1’ by 
the equations (78, 2) and (79) with calculating the 


M+m , o 
Sa BRS (nw 


o” 
—BR.F (Hom), (4) 


which must be applied as a correction to the first 
found value of & with its proper sign. 

The values of r, 1’, r”, 6, &, &, so obtained, the 
remaining unknown quantities may be found as follows : 

The equation (58) 

r.cos b.sin (J — L) = 8. sin (A — L) 

divided by the equation (38) 

r.cos b.cos(1 — L) = R + &. cos (A — L) 
member for member, gives 

_ _6.8in (¥— L) 

pe ~ R+ 8. cos (’ — L) 
the right hand member consists only of known quan- 
tities, so that the value of /— L is easily found, and 
thus the heliocentric longitude becomes known at 
each of the three observations. Again, we have by 
the equation (56) 

r.sinb’ = 8. tan B 

and by (58) 


(85) 


sin (A — L) 


. ‘— 
r.cosb=> nae) 


xdy —y¥dax Physica: 
ee ee y Astronomy 
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It only remains to find the perihelion distance and Physicat 


Astronomy. which, divided member for member, give 
a time of perihelion passage. The equation of the Astronomy. 


sin (t — L) 


tan b= tan 8. ay)! (86) 


and thus the heliocentric latitudes may be computed. 

The values of J and b known, the same equations 
afford a value of r, viz. 
tan B 
sin 6 
whence r, 7’, 7” may be found; and if these values 

with those before determined, it will be a proof 
of the correctness of the previous work. If ? and /” 
be greater than /, the comet's motion is direct ; if less, 
retrograde. 

The heliocentric longitudes and latitudes thus 
obtained at each of the three observations, we easily 
obtain the inclination and place of the node. In fact, 
(taking the first and last observations, to embrace a 
greater arc of the great circle) our equation (40) 
gives 





riaéfs 


tan b = tani.sin (J — &) 
tan b” = tani. sin (/”— Q) 
so that we have 
sin(t — 8) _ tanb 
sin (t’— &) tan b” 
which gives 
tan b” (sin J. cos & — cos f. sin &) 
= tan 6 (sin ” . cos 8 — cos”. sin 8) 
sin {tan}. cos !” — cost. tan U’} = 
= cos @ {sin? . tan 6” — sin Y”. tan } 
and consequently 
tan 6. cos ’ — tan /” . cos 


or 


& sin? . tan b” — sin % . tan b? (87) 
and 
tan 6 
ta a | cease nied 
n= Gin (0 — 8) oT 


If the motion of the comet be direct, the value of 
given by the above equation, will be the longitude of 
the ascending node; but if retrograde, it is evidently 
that of the descending ; and to get that of the ascend- 
ing node, 180° must be added. The equation (61) 
or the corresponding one, 

tan (J — 8) = cosi. tan (y + 9) (89) 
gives the values of y + 4 the longitudes on the orbit 
reckoned from the node, and these being obtained, 
(~Y +6,y~ + 6, and > + &”)* the angle &” — 0 
between the first and last places of the comet at the 
sun becomes known. 


If we denote this by @, we have at once, by the 
equation 


6 J = 
tan a cosec @ {cos d— 5} 


demonstrated in the foregoing pages (p. 665) the value 
of 6, or the distance (on the orbit) of the perihelion 
from the place of the first observation ; so that, sub- 
tracting the value found, from y + @ before deter- 
mined, we get y, and thence 7, the longitude of the 
perihelion on the ecliptic, by the equation (60) 


(90) 


® The reader will not confound @ here with the same letter before 
used to denote the time. 
VUL. UI. 


parabo g 
" D=r. (cos 5) 


gives the former immediately, r and @ being known, 
and the latter is found as follows. In the table of a 
comet of 109 days subjoined, seek the number of days 
(by interpolation) corresponding to the anomaly @, 
and call it M, then, by equation (44) we have, (the 
perihelion distance of such a comet being unity) 


2 6 1 6,5 
N= V apie x {tan + 2 tan ($) t 


and consequently, if T be the time of the perihelion 
passage before the first observation, 
T=N x Dt 
If we institute a similar operation for the time T” 
of the perihelion passage before the third observation, 
we shall find 
T’ = N”. D¥ 


Now, we ought to have 1” — T = the interval 
between the first and last observations. If this be 
found on trial to be the case, it is a proof of the cor- 
rectness of the work. The perihelion passage will be 
before or after the first observation (in the case of 
direct motion) according as the longitude 7 of the 
perihelion is less or greater than the heliocentric longi- 
tude /at the first observation ; the reverse is the case 
in retrograde motion. 

The chiet difficulty in the solution of the problem 
of a comet's orbit, consists in the determination of the 
distances from the sun and earth, at the moments of 
the several observations. Our equations above derived 
afford a great variety of means for accomplishing this, 
among which we shall only select one, proposed by 
Dr. Olbers, which in many cases has particular advan- 
tages. It depends on the property already demon- 


‘strated of the chords of the parabolic arcs. 


Let & represent the chord of the arc included be- 
tween the two extreme places, then we have 
Ke = (x — 2)? + (y’ —y)* + (2” — 2)? 
W2 = r® 4 7% — 2 (x2” + yy” + 22”) 
In this equation, let the values of x, y, z, x”, y”, z”, 
in (67, 1, 2, 3, 4, &c.) in terms of R and 6, &c. be 
substituted ; and if we put 


or 


C & 

n= A x 6 

so that, by (76) oo = ms 
we shall have 

2a rt + 7% 


—2@Qme. { cos (YX — A”) + tan B . tan 6”! 
— 2mRé. cos (A” — L) 
— 2R”6.cos (A — L”) 
— 2 RR”. cos (L — L”) 
This equation combined with the equation (63) 
6.V/M4+m.0 = (rt +ht— (rte — be 
and the two equations 
r? = R® + 6*. sec B* + 2RE.cos (X — L) 
772 — KR’? + m* 6. sec B’* + 2mR’S . cos (X”—L) 
gives four equations for determining the fuur unknown 
quantities. To resolve them, we must use the well 


known rule of false, one of the simplest and most 
48 


(91) 
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Astronozy. widely useful rules mathemutical science affords. 
“~~” Assume a value for 3, as near the truth as can be con- 
jectured, compute m and thence m 6, or 6” ; and having 
used these to obtain k, r, and 7’, substitute these in 


t—A : 
r=d+(A—s). 2 hee 


and substituting this again, and employing that one of “-V~ 





the expression for ge. Call the result A. Assume 
then a second value for 6, which call A, and execut- 
ing the same process, call the result B. Then we 
shall have 

B—Ai:i gt—AtiA—éiz—8 
where x is the corrected value of 8, and hence we get 


the former values of 6 which gave a result nearest to 
gt for a corresponding value, we shall obtain a yet 
nearer approximation, and so on. 

It remains to exemplify the method of computation 
by an instance. Let us therefore take the following 
observations of the comet of 1779, taken at Paris with 
a transit and a repeating circle. 


Mean Time, Paris. hoy w Oo vow o sw 
1779. Aug. 30............ ll 9 42, AX = 125 48 39°3 B = 41 53 522 
Sep:.- Rin tceriiiness 10 86 8, NM = 182 53 48°5 B’ = 45 54 481 
Sep... 4.5 445 Ss0ceus 10 751, \“= 188 56 312 p” = 48 32 27°8 


L = 337 29 87 
L/ = 340 22 26°9 
L’ = 342 17 47:8 


R = 10087218 
R’ = 1:0079991 
R” = 1°0074854 


The intervals therefore between the first and second, first and third, and second and third observations are 


& = 49957049, 


6” = 14-980350 


Consequently, we have by the equations expressing the values of A’ and C’ reduced into numbera 


respectively* @ = 2:976690 days, 
C 


ahh 


me “ = 0787752 


and substituting this value of m, and the values of , ”, 8, 8’, R, R”’, we get the following equations, noticing 


that g = 0°'103212 
r? = 1:01752 — 171698 . 6 + 1°80498 . &; 


k? = 0:00716 — 0:04739 . 8 + 0°08627 . 8*; =135°84219 = ( 


/ = 1013503 — 145724. 3 + 141564. & 
rr’ + + (+ lies =) 
2 


These equations are very nearly satisfied by taking 8 = 0°71469, whence we find 


r = 08440; rr” = 08346; 


k = 0°1817 ; 


é” = mé = 0°562998 


whence we next deduce the heliorentric longitudes and latitudes at the extreme observations from equations 


(85) and (86) 
lL = 20° 


v= 


6 45 39 °‘7 


Since /” is less than J, the comet's motion is retrograde. 
= 100° 51’ 534 


37’ 408 andb = 49° 26’ 23”1 


b”’ = 49 46 46 °9 
Moreover, .we have by equations (87) and (88) 


; i= 49°51’ 79 


we obtain also, by following the process pointed out in equations (89) and (90) 6 = 12° 39’ 35/6, r = 4° 


32’ 82 for the longitude of the perihelion, and D = 0830761 for the perihelion distance. 


Consequently 


the time between the first observation and = ars passage is 


en 
Jie 

= 64 235 18’ 30” 
30th Aug. 11 9 42 


@,3 


sty = (25) \- + 697118 = 


2 


10 28 12 Sept. 6, 1799 = time of perihelion passage. 


Of the two solutions given above, the latter only 
supposes the orbit to be determined a parabola; the 
former may be applied to the determination of elliptic 
elements, but the latter part of the process from 
equation (70) must be varied accordingly ; but as the 
various methods of determining and correcting eiliptic 
as well as parabolic elements would lead us a great 
deal beyond our proposed limits, we must content 
ourselves with referring to Mr. Gauss’s Theoria Motus 
Corporum Celestium, in which the whole subject is 
treated with the utmost generality. The reader may 


also consult Sir H. Englefield, On Comets; the Méca- 
nique Céleste of Laplace, vol. I. c.iv.; Lagrange, 
Méc. Analytique (the new edition.) The German 
scholar will find it well worth his while to consult the 
paper of the same eminent writer in the Berlin Ephe- 
meris for 1785; and the volume of the same work for 
1789, p. 197 ; ‘the papers of Gauss and Olbers, in the 
Monatliche Correspondenz 3 as well as the treatise of 
the latter, Ueber die leichteste und bequemste Methode den 
Bahn eines Cometen zu berechnen. 





* The reader is requested to take the numbers in this example upon Mr. Littrow’s authority, from whoee work the example is taken. 
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PART II. SECTION I. 


Or THE PERTURBATION OF THE RLLIPTIC MOTIONS OF THE HEAVENLY BODIES, ARISING FROM THEIR MUTUAL 
ATTRACTION 


« 


In the preceding investigations we have supposed only two attracting bodies to exist in space; and on 
this supposition have succeeded in representing all the phenomena of their motions in finite equations, by the 
aid of which their relative situations may be assigned at any past or future moment. The resulting formule 
reduced into tables, and compared with actual observation, manifest an agreement sufficiently complete to 
leave no doubt of the correctness of the principles from which they have been deduced, at least, when 
observations separated only by moderately long intervals of time are compared together. Yet, on descend- 
ing to a more rigorous nicety, and especially on comparing together observations embracing a very long 
series of years, it is found that the results of the calculations, founded on the assumption of elliptic motion 
according to the laws above demonstrated, do not represent the observations perfectly. Minute irregu- 
Jarities are still detected, and the planets are found sometimes a little in advance, and sometimes a little 
falling short, sometimes a little to the right or left, above or below, their calculated places in their orbits. 
Moreover, if the elements of the orbits themselves, as deduced from modern observations, be compared 
with those similarly deduced from ancient ones, they will be found not to correspond exactly, but to differ 

“ by small variations, which are however greater, as the observations themselves compared are more distant in 
their dates. Ina word, though the elliptic theory agrees very nearly with chservation ; yet, to make it tally 
rigorously with them, it is necessary to introduce modifications of this kind. 

Ist. The ellipse in which each planet moves, must be conceived to change its eccentricity and position in 
space, by exceedingly slow gradutions—so slow indeed, as to be insensible in a single revolution of the planet, 
and only discoverable by a comparison, such as we have described, of its nature in past and present ages. 

Qdly. The planet itself is not always found exactly in its place in the ellipse even when so varied ; nor indeed 
is it always found in the cxact periphery of the ee at all. But if we conceive an imaginary point to 
describe this ellipse according to the rigorous laws of elliptic motion, the real planet will never be very far 
distant from it, but will oscillate or revolve round it like a secondary about its primary in an orbit of extremely 
sinall dimensions, yet according to laws of a very complicated nature, too complicated indeed for observation ° 
alone to unravel. 

; These variations are much more sensible in the orbit and motions of the moon, where, in fact, they amount 
to very considerable quantities. Ifthe moon, for instance, at its greatest northern latitude be observed to pass 

| over a certain star, it should continue to do so each revolution, if its motion were strictly conformable to the 

elliptic hypothesis. So far, however, is this from being the case, that it will be observed to deviate visibly 

southward every lunation; and after a lapse of nine years and a half, its path, in the same part of the heavens 

' as to longitude, will pass not less than 10° south of the star ; after which it will again advance northward, and 

in nine years and a half more will once more pass over, or at least very near the star. Deviations like these 
must have some positive and decided cause ; as much so as the elliptic motion itself; and if they are to be 
accounted for on the theory of universal attraction, itis manifest that the same mechanical principles applied 
in the same way to the case of several bodies abandoned in free space to their mutual attractions, ought w 
lead us to their explanation. 

But the mathematical difficulties to be encountered in this research, are of a much higher order than in the 
case of two bodies only. There we had no difficulty in integrating the differential equations of the problem. 
Here, on the other hand, the equations are too complicated to allow of their integrals being exhibited other- 
‘vise than in series; and even then we have no means of ascertaining their laws. Fortunately, however, 
this is not necessary ; the enormous preponderance of the sun’s mass in our system being such, that the 
fractions, representing those of each of the other planets, are small enough to allow of their squares and products 
being neglected without any fear of inducing appreciable errors. 

It is a well known theorem, which extends to all the applications of mathematical reasoning to natural 
phenomena, that when several causes of motion act together, if their effects taken singly are of such an order 
of minuteness, that their squares and products may be disregarded, then their joint effect will be the sum of 
the effects which would be produced by each acting alone. ‘This principle allows us to regard the disturbance 
or perturbation of any one planet produced by the joint action of all the others, as the sum of the effects each 
would produce separately ; so that we may simplify the investigation by leaving out of consideration all but 
a single disturbing planet, and applying the analytical formule so investigated to eacb in succession, we shall 
thus obtain expressions for the perturbations produced by each; which, added together. give the total 
perturbation. 


Investigation of the forces exerted by one body to disturb the orbit of another revolving about a common central body, 
and of the differential equations of their motions. 


Taking unity for the mass of the central body, and its centre for the origin of the co-ordinates, let m and 
m’ represent the masses of two revolving bodies, and suppose z, y,z, r to denote the three co-ordinates and 
radius vector of the body m. whose perturbations we would investigate ; and 2’, y’,z,, r’, the correspondi 
quantities relative to the disturbing body m’. Moreover, let \ represent the distance of the two bodies, m, we 

482 
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Astronomy. on each other. Then will the several attractive forces exerted by the bodies of the system on each other be Physical 
er —’ as follows :— a 
1 
1st. The sun (or central body) attracts m and m’ with forces represented respectively by ~ and a 
2dly. m attracts the sun with a force >> and it attracts m’ witha force > 
, ° m ° ; m’ 
Sdly. m’ attracts the sun with the force wi and it attracts m with the force ti 
Fig. 11 These are the forces exerted in the directions of the lines joining the several bodies in the system; but to 
estimate their effects, they must be reduced to the directions AS, BS, CS, of the three co-ordinates. This 


done, we shall find For the forces acting on the sun, 





Force of m = — “> 
ma in the direction AS 
Force of m’ = — a 


and similarly, 





_™) wa @Y 


3 n 73 in the direction BS 


4 





/ 
— = and — “= in the direction CS. 
r r 


So that the three forces acting on the sun, are respectively 


re 


my my 
3 





rs r 
mz + mn’ 2/ 
7 ( rs 73 
Again, the forces acting on m are 
Force of the sun = + 5 
I irection AS.......... 
n the direction AS ) _ wt aid 
Force of m’.... = ee 
Force of the sun = + + 
In the direction BS ........ ry’ ) 
, _ my —y 
Force of m’.... = — x3 
Force of the sun = + = 
In the direction CS ........ i 
F £m’ _ om (¥ — 32) 
orce of m’.... = — x3 
So that the aggregate forces acting on m in these directions are 
i we 2 vas 
3 m . —5 
y ey 
Se 
z , &—e 


ge 


and in the same manner, the forces acting on m’ will be found to be respectively 








x’ x— 27 
+3 —m ye 

y” y—y 
ty om rn 
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Astronomy. From these three sets of forces we might determine separately the motions of the sun, of m, and of m’; Physical 
\=-~—~= but as we have chosen to suppose the sun at rest, and fix the origin of our co-ordinates in its centre, we must Astronomy 
transfer to both m and m’ in a contrary direction the forces which act upon it. This done, the forces animating ~:~” 
m in the respective directions AS, BS, CS, will become 
(l+m).2z ,(¢% wf =} 


rs rs 
Certs |e -o 
(1 +m).2z vx —2 
thon he 


and if, in these expressions, we exchange the accented letters for the corresponding unaccented ones, and 
vice versd, (\ only excepted) we shall evidently have the forces acting on m’. 

The first terms of these expressions, as will be observed, are the same as if the mass m’ of the disturbing 
planet were nothing, or as if there were no such planet ; the other parts, those multiplied by m’, express the 
disturbing forces, or the effect of the attraction of m’ to derange the orbit of m from its elliptical form. These, 
it will also be observed, consist each of two parts; the one expressing the action of m’ on the sun, and the 
other its action on m with an opposite sign. It is only therefore in virtue of the difference of the attractions 
of m’ on the sun, and on m that the orbit of the latter is deranged. 

These forces are susceptible of a very simple mode of expression ; and the equations of m’s motion in 
consequence admit of a very compendious form, if we consider, that owing to the form of the function \, 


which is equal to (2 — x)* + (y/ — y)* + (2 — z)*, we have 
; va—2 d 1 





3 dz’ 
y—y adit 
“yr = dy ° ae eee eccves COOP oer eens snereesseveseoer (98) 
vot a 
~ ~ dz’ xr 
and that moreover, if we put U for the function ety ee we shall have 


ys 


— ae, Ss * —=_ —__ =———ew ° —<—_ = 


that if 
so that if we assume o=u—+ 


_ te tyy +27 1 (98) 


(tt yt +t Ve — 5) + (— 9) + © — 2) 


the disturbing forces will be represented by 





dQ , aa dQ 
Ge) ae de 


and the equations representing the motion of m, will be (if we put 1 + m = s) and suppose dé the element 
of the time invariable. 














_ &e z , @Q 
Oe ie gs ae 
_ @y y , @Q 
._= de ~ Bee oe “dy Ce meer meee ee rece er mn tamer eeeesseseee (94) 
a dz ge z , 42 
~ dé PS see Oa tae 
Similarly, if we put U’ = setyy tee and take p’ = 1 + m’, and 
Y= - — (95) 
the motion of m will be represented by the equations 
_ &e2 yh dQ’ 
eae, aie er ae 7 
= dy 5 dQ’ 
ee oo en Ter rere eee eer ee ee Jsscuweewe (96) 
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Astronomy. The joint integration of these six equations would determine the motions of both m and wv’, but their rigorous Physical 
anew integration being impracticable in the present state of analysis, we are driven to have recourse to methods of A*trooumy. 
approximation, of which the principle may be explained as follows :— a 
Suppose A = 0 to be any equation, or system of equations, susceptible of rigorous integration, and let the 
process to be followed for this purpose, vonsist in deducing in succession from A = 0, by any analytical artifices, 
or transformations, the equations, or systems of equations, 


B=o0, C= 0,........ K =o 
the last of which, K = 9, is integrable by known methods. Now, suppose, instead of A = 0, we had pro- 
posed the equation A+m.a=0 


where m’ . a is a minute term of the order of the disturbing forces, m’ being an extremely small constant 
quantity, and a any assigned function of the co-ordinates. If then we pursue with this equation the very same 
process by which B = o was derived from A = 9, it is clear that we shall obtain an equation which can differ 
only from B = o by a quantity which vanishes when m’ = 0, and which therefore must be of the form m’ x b. 
So that instead of B = 0, we have 

B+mxb=0 
where b is some explicit function of the co-ordinates, their differential co-efficients, and of m’, and either . 
developed, or at least developable in a series of ascending powers of m’. In like manner we may deduce 
equations C+m .c=0;...... +m k= 
in the place of the equations OS 0s isa eee eae Ge eee K =o0 

In order then to obtain a final equation for the solution of the problem of three bodies, we have only to 
follow out any system of processes and transformations which, in the case of two unly, would prove successful 
in reducing the differential equations to an integrable form. 

This may be accomplished in a great variety of ways, as the equations of undisturbed motion are integrable 
by a great many different artifices, besides those which we have employed in the former part of this essay ; and 
it is therefore necessary to select among them such as lead to final equations best adapted to the nature of the 
case under consideration. Now two courses have been adopted by geometers ; the former adapted to the 
theory of the planetary, and the latter to that of the lunar perturbations. 

In the theory of the planets, the disturbing force is so extremely minute, that its square and higher powers 
may be neglected with safety. This simplification being permitted, it becomes practicable (as we shall pre- 
sently see) so to conduct the investigation as to make the time, or mean longitude of the disturbed planet our 
independent variable, and thus to express the perturbations at once in functions of the time, or of angles pro- 
portional to it, a simplification of the utmost moment in the construction of tables. In the more complicated 
theory of the moon, in which the part of the perturbations depending on higher powers of the disturbing force 
than the first is very conspicuous, it is no longer permitted to neglect them, and the necessity of preserving, as 
far as possible, the rigorous expressions of the forces, &c. at least in the differential equations, obliges us to 
employ, not the mean, but the true longitude of the moon for our independent variable, as by this means we 
are enabled to arrive at final equations perfectly rigorous, and can thus estimate the influence which the neglect 
of small quantities is capable of producing in their integration, with less likelihood of being misled. 

The theory of the moon then differs entirely from that of the planets in its treatment. The general prin- 
ciples of approximation, however, are the same in both. Both theories, as we shall see, lead to final equations 
of the form ae te anos eal neg (97) 
where n* is constant, and k an explicit function of the several co-ordinates, distances, and angles, of the pro- 
blem, and m’ a very small quantity (which, in the lunar theory, also enters into the composition of k,) of the 
order of the disturbing forces. To approximate then to the value of u, we first suppose m = 0, and we get 
a value of u corresponding to m’ = o, and which we call its elliptic value. 

2dly. We deduce from this the elliptic values of all the variables which enter into the compositiun of the 
term m’k, in terms of the independent variable ¢t, whether ¢ represent the mean, or the true longitude. These 
being substituted in the last term, it will become an explicit function of the independent variable. 

Sdly. If we now again integrate the differential equation so prepared, the value of u will consist of two 
parts ; the first will be the same as before, viz. the elliptic value, and the second will be a correction which 
must be of the order of disturbing forces, and will express the perturbation of u with a degree of precision 
corresponding to their first power. 

If the same process of substitution be repeated, and the equation again integrated, anuther set of terms will 
be added to the value of u, which carry the approximation a step farther, or to the squares of the disturbing 
forces ; and were the same process continued to infinity, the series of terms so obtained would be a rigorous 
analytical expression for u. 

The final equation (97) is of the form so well known in analysis, under the name of linear differential equa- 
tions, and (as we have observed) almost all the equations on which the planetary motions depend being of this 
nature, it will be right to premise some few points relative to their theory, to which to refer hereafter. 

It is demonstrated in all works in the differential and integral calculus, and will be so in our article on that 
subject, that any linear differential equation of the second order is integrable, provided we can find two, or 
even one particular value capable of satisfying it when deprived of its last term. Thus, if 


a d 
Sr tM. tNu+tso (98) 
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Astronomy. be any such equation, M and N being functions of ¢, and if u’ and u” be any two fanctions of ¢ which satisfy ioe 


a the equation 
d? 4 du‘ 
gp tM.7,+Nu=o 


then the complete integra] will be 
> 4” II 4 ¢ 
Cul + Cu” — wv fam, f 
u’ d “ (99) 


Now, the last term of this, beipg integrated by parts, becomes 


«’ ju’ II d # foes 
=> 7 ——,- 
ts wat wd \ 

















u’ 
=v ff +0 ff nee 
4 eaete 1] Eats 
ud * u’d ry 
Consequently, the complete integral of the equation (98) will be 
a= Cu + Cu” — 0 eee eur f° =“, 
wa & vas oe 
uw! a” 
Suppose we have the equation - : fete 5 N01) 
then w and u”, the particular integrals of a + n*u =o offer themselves readily, being no other than 


sin n ¢ and cus n¢; and if these be substituted in the general expression above given, we get at once 
u=C’.cosnt+C”.sinnt 


> 
+S cosnt f dé. sin nt —sinnt fat cosne}, (102) 
and if nm = 1, or in the case of “* eg at a eas (108) 
the integral is u = C’.cost+ C”.sint 
+ cos t. f Tht. sin t—sint fat. cost (104) 


These values of u are rigorous, whatever be the value of II, and independent of any approximation, as 
it is easy for the reader to satisfy himself by substituting them in the differential equations from which they 
were deduced, when the whole will be found to vanish, independent of any particular value of II, or any sup- 
position made as to its magnitude. The equation (102) may however be obtained perhaps easier as follows. 


Let + n*u = — II be multiplied by d @ . cos n ¢ and it becomes 





#u.cosnt+ntud®.cosni= Sy 
and integrating, 
du.cosnt+nudi.sinnt= — fiat cosnt 


If we again multiply this by 





cos nee Ve Bet 


du sinnt dt 
‘cosnt + nude. (cos nt)? (cos n aS 


=— ant f Mat. conne 
n 


and again integrating, 
u 1 


—— = - = ff 4-tan nt idt.cosnt 
cos nt n 


=| — tannt [itdt.comnt+ fiat.san tt 


by integrating by parts. Hence we have 
w= f cos nt Iidé.sinnt — sinn?t Mdt.coont (105) 
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=~, aw 


u=C’.cosni+ C”.sinnt Astronomy 


1 > 
+— cosnt f Ildt.sinnt — sinnt dt. cos nt} 


as before. 
If TI be an explicit function of t, this value of u is always assignable, at least by quadratures, and, when- 
ever the integrations can be executed, in finite terms. In the lunar and planetary theories, IT is always reducible 


to a series of sines or cosines of the form a (At +B). Let us therefore consider this case more closely. 
Now any term of II, such as a x sin (At + B) will introduce into u the term 
e 
=| cos at f sian ¢. sin (At + B) dt — sin nt f cos n¢.sin (At+B) del 


But we have See 
sinnt . sin (At + B) = 3 {cos(A—n. t + B) — cos (A +n.t + B)| 
whence 
> ; : sin (A —n.t + B) sin (A +n.é + B) 
: . t a a re 
dt.sinnt .sin (At + B) 2(A—n) 2 7(A +n) 


and similarly, eas an 
JS dt count. sin (At+ B) = — AFA AED _ mean 
So that the term introduced into u will become 
2 cosnt.sin (A —n.t + B) + sinnt.cos (A — 1. t + B) 
2n(A —n) 
; cosnt.sin(A +2.t +B) —sinnt.cos (A +n.t + B) 
Qn(A +2) 
: 1 1 

=a. sin (At + BY -sa} 

_ a. sin (Aé + B) 

= A? — n’ 


At+B 
Similarly, if a. cos (At + B) were any term of II, the corresponding term in u would be Se 


Az — nz 
II therefore consisting of a series of terms, suchas _ 
cos cos 

=a. ; C : l 

a. (At+B) +a. (At + BY) + &e (106) 
we shall have 
a cos a cos ,,, ; 

— Ee e Cc ed ¥ . l 

t ae an ae (At+ B)+-3—3 sin (A’t + B’) + &c (107) 


+C.cosnt+C’.sinnt 
C and C’ being two arbitrary constants. 


Terms of the form a . wig (A t + B) being of perpetual occurrence in physical astronomy, it is necessary to 


designate them and their several parts by names. The whole term is called an equation, or inequality : the part 


(At + B) within the sign sin or cos is called the argument ; and the co-efficient a, the maximum. The period 
of the inequality, or the time (in units of time such as ¢ consists of ) which ® occupies in passing through all its 
360 
A 
inequality is longer or shorter, according as the co-efficient of the time in its argument is less ur greater. 

The arguments of all the inequalities in u then are the same as those in II, one remarkable case only 
excepted, in which A = n; for, in this case, A* — n® = 0; and the term having (Aé¢ + B) for its argument, 
changes its form. In fact, since the constants C and C’ are arbitrary, we may change them into C -- 
a .sinB a cos B 


Zr s and C’ — —{—~> respectively, in which case C . cos n ¢ + C’ .sin n ¢ will be changed to 


C.cosnt + C’. sinnt -- 





gradations of magnitude and sign, is equal to , A being expressed in degrees. Hence, the period of an 


ws . sin (Aé + B). Thus u will contain the terms 


. sin (At + B) — =——_ . sin (nt + B) 


a 
A? — n? 
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| plagias But when A = 2, a. meet By ein nee) = — and differentiating numerator and denomi- ee 


° ° A Nae, ee 
nator with respect to A, it becomes simply (on making A = a) | 
at 
Q ° 00s (nt + B) (108) 
Similarly, if TI contained the term cos (n ¢ + B), this would introduce into u the term 
-> . sin (nt + B) (108) 


Terms of this kind form an exception to the law of periodicity observed by all the rest, having ¢ disengaged 
from the sign sin or cos. Ift represent either the time, or the mean or true longitude, of the disturbed body, 
they will represent inequalities, whose maxima go on continually increasing without limit. Such inequalities, 
if thev really had an existence in our system, must end in its destruction, or at least in the total subversion of 
its present state ; but we shall see hereafter, that when they do occur, they have their origin, not in the nature 
of the differential equations, but in the imperfection of our analysis, and in the inadequate represeutation of the 
perturbations, and are to be got rid of, or rather included in more general expressions, of a periodical nature, 
by a more refined investigation than that which led us to them. The nature of this difficulty will be easily 
understood from the following reasoning. Suppose that a term, such as a sin (At + B) should exist in the 
value of u, in which A being extremely minute, the period of the inequality denoted by it would be of great 
length ; then, whatever might be the value of the co-efficient a, the inequality would still be always confined 
within certain limits, and after many ages would return to its former state. Suppose now that our peculiar 
mode of arriving at the value of u, led us to this term, not in its real analytical form a . sin (At + B), but by 
the way of its developement in powers of t, a + Bt + ¥ ¢ + &c,; and that, not at once, but piecemeal, as 
it were; a first approximation giving us only the term a, a second adding the term ft, and soon. If we 
stopped here, it is obvious that we should mistake the nature of this inequality, and that a really periodical 
function, from the effect of an imperfect approximation, would appear under the form of one not periodical. 

This is what actually takes place in the theory of the problem of three bodies. These terms in the value 
of u, when they occur, are not superfluous ; they are essential to its expression, but they lead us to erroneous 
conclusions as to the stability of our system and the general laws of its perturbations, unless we keep in view : 
that they are only parts of series ; the principal parts, it is true, when we confine ourselves to intervals of 
inoderate length, but which cease to be so after the lapse of very long times, the rest of the series acquiring 
ultimately the preponderance, and compensating the want of periodicity of its first terms. 


Section II. 
General theory of the plunetary perturbations depending on their mutual configurations. 


Our first object in the theory of the planets is to transform the differential equations of the disturbed orbit, 
so as to obtain final equations in which the radius vector, and true longitude, or those parts of them arising 
from the action of the disturbing forces, shall be expressed in terms of the time ; and to reduce them to the 
general form of the linear equation of the second order, whose theory we have just considered. To this end, 

Let the equations (94) of m’s motion be respectively multiplied by x, y, z, and added together, and we get 

= GeO er dy ey rates xdz+ydy+2zdz 
on dé ee rs 
dQ dQ dQ ) 
+m 4 dit iy dy + oP ar 
The portion within the brackets of the last term is the differential of OQ taken on a supposition of the co-ordi- 
nates of m only varying. Let this be represented by the Roman character d, so that 








dQ dQ dQ 
bearing this in mind, and that d Q is only an abbreviated expression for this function, we have by integration 
d 2 d g 2 2 
ie ee a ay dQ; (109) 
ad é r a 


in which we must be careful not to confuund S d Q with ef d Q or Q, dQ being only an incomplete 


differential, and the characteristic denoting an integration relative to ¢, supposes the variation of the 


co-ordinates of the disturbing as well as the disturbed body. 
Again, if we multiply the same equations (94) by z, y, z, respectively, we shall get 
_rBerty@y+zd*z  u ,f _ da dQ dQ) 
os ae tet tae tay tay: 
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Astronomy If we add this to the former, observing that Physical 
an ae S a? , 78 Astronomy. 
dt + dy? + d2* + ratz+ydy + zd? z =f d* (x* + y* + 2) = 3 a ew 
we get 
_, at pop f dQ da da 
ae se og dotm)s tye tsa} 


Now, if we put r = p.cos 0, y = p.sin 0 and z= p.s, or suppose p = the projected radius vector r, 


(see fig. 11.) @ the angle it makes with the axis of the z, and s = the tangent of the latitude of m, we have 


























sah gi tap pees 
ee Siege ac Uae 
But , = =r =p =p. 0 =s 
and similarly r dy =y andr : =x Zz 
dr dr 

Consequently, substituting for z, y, z, these values 

AE RE IS Ce ee ee ee 

dz dy dz dz dr dy dr dz dr dr 


and it will be observed, that this property is altogether independent of the nature of the function OQ, and 
belongs to every pussible function of the co-ordinates x, y, z, 2°, y’, z. 
Thus we see, that 


Lf ,f. da dQ dQ) __, if 7} 
2m f Se ee ye ae ar a Te =m .53 wey ae qr 











e a Q 
Hence, if we put ee JS sce < (110) 
our differential equation becomes 
= eee Bog fe + m’Q; 131) 
6 e r a : ( 


Let us now suppose that r represents only the elliptic value of r, and 2, y, z,Q, the elliptic values of the 
co-ordinates, and the value of the function QO, which would arise from writing the elliptic values of x, y, z, x’, 
y’, z’, in their expressions ; and let r + m’ dr, x + m’ dz,y +m’ dy, z +m’ dz, Q + md Q, &c. represent 
the disturbed values of these quantities ; then, if we neglect m*, we shall get by substitution 








_, &.r uu js , (@.rédr pw.rér 
°= 4 Tp i dae tee ts +a} 


But since r represents the elliptic value of r, the first part of this equation vanishes of itself, and to determine 
ér orrér, we have the differential equation 


@ .rér fe 
o=—Ta ta rer + Q; ; (112) 
fhis equation being linear, and of the second order, is immediately integrable by our general formula, equa- 
tion (100) provided we can find the two particular integrals u’ and u” of the equation 


d* u pe 
qe tpt =? 


but since r, on the supposition of the term Q bearing zero, may be taken for the radius vector on the hypothesis 
of elliptic motion, it is obvious that the elliptic values of either x, or y, or z, will satisfy this equation, because 
these values are, in fact, no other than what are derived from the integration of equations precisely similar, viz. 


d? z pe 
qe tw7=° 
ey we _ 
ae tyre 
ae a + : z=0 
dt rs 
dx — 
Consequently, we may take uv’ = z and wu” = y, whence we get u” ae = yen ey = “ because 
ou the hypothesis of elliptic motion ydz —xdy = hAdt, and it is of the elliptic values of z and y that we are 
. ’ — hd 
now speaking. Similarly, w d £ = =ou— sc: = — oe, and the formula (100) gives 








dt 
Cet eriyns fStt ay fr 











Sg 


PHYSICAL ASTRONOMY. 681 
Astronomy. for the complete value of u or? 81. The constants then being included under the integral sign, we have Physical 
on Astronomy 
yf Qsdt—s Qydt a 
rope (113) 


Such is the value of r 8 r when we consider only the first power of the disturbing force. It would be abso- 
jutely exact, but that z and y are only particular values of u on the hypothesis of r having its elliptic value. 
If this supposition were not made, we should have = ++ m’ 62 andu” =y + m’éy; and substituting 
these values, we should obtain terms in the expression of m’ ér depending on the square of the disturbing 
force, but with these we have no concern. 
The perturbation in longitude (m’ 6 ) is easily obtained when the value of 7 is found. In fact, we have 
dz* + dy* + dz®*= dr* + r2d 6 
whence we get 

















rd 6 + dr* Qu » ue 
and if we subtract this from the equation (111), we find | 
_ de rir p , . aa 
=e ae oo 
If in this we substitute r + m’ 5 r for rand 0 + m’ é 0 for 6 we get, (after obliterating the terms which 
destroy each other by reason of the properties of elliptic motion, and those which contain m”) 
QrdOdéO QrirdOB xragér @r..éor préer dQ 
0 ae + ge ae dae ae ne 
From this, let the term multiplied by = be eliminated by means of equation (115) and we get 
2r°=dddsO r@ésr—dr. d*r Sprér aQ 
da dt — st art we 
And if in this we substitute for “""” its value given by the equation (112) we obtain, (restoring the 
value of Q) 
0 
d{drér +2rdér\ + (3 fac + er) -dé 
d 80 = —————_________*s<___fra __, (118) 
but *d0 = hdt, elliptic values only being considered in the second member of this equation, and conse- 


quently integrating, we have 


ae dér 4) 
hdO= Tar + Br +f (s f'aorer ats (119) 








Now, we have h = Va (1 — e*), and if we put n¢ for the mean motion of the disturbed planet m, we have 


< 


8 = Af £ wo teat banat. AT =a; aod 8S, 
a? h pv — eé 


Consequently we get, for the perturbation of the radius vector, 
| m’ a feos @ fr. sin o.Q nde — cin fs cos. Qnai} 


pv1i—e 
and the formula expressing the perturbation in longitude, will become 


m'd9 = —_—™ (“ar 429°") 
na® /1 — e \dt dt 


+e fr nates ff'ao.nat }, (121) 
pvli—eé dr 


It only remains to determine the amount of the perturbation in latitude, or the value of z or of és, if we 
put z = rés, in which case és represents the tangent of the heliocentric latitude of m in its disturbed orbit 
above the plane of its elliptic motion. Now, if we treat the equation 


d* z 
= 


vWsir= 





(120) 














pz , 40 
qe ts t™ ay 

in the same manner as the equation by which the value of rér was found, viz. regarding x and y as two 
particular integrals of the equation = + a == 0, and then completing the integration by the general 
472 
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m’ a {cos @ lao e indt— sine. f's~ nach 
mds = : (122) 


pvV/1 — et 

This is the latitude of m above its primitive orbit; and if we denote by s its undisturbed latitude above any 
fixed plane (as that of the ecliptic) slightly inclined to this orbit, s + 5s will be its latitude when subjected 
to the action of the disturbing forces. 

The equation (121) gives the perturbation in longitude when that of the radius vector is known, and the 
latter may be computed from the expression (120) which is general; and considering the complication 
of the subject, as simple as can be expected. [ts form enables us to compute the amount of perturbation even 
in the most difficult cases, as in that of a comet, by the application of the method of quadratures. Meanwhile, 
in the theory of the planets, where it is required to develope the value of é rin series of sines and cosines of 
arcs depending on the configurations of the disturbed and disturbing planet, it will be found much simpler to 
set out immediately from the differential equations for the disturbed radius, and proceed in the manner now to 


be explained. 


Since the form of this equation is not precisely that of the equation i 


d # 


cient of the second term instead of being constant, being 5 a variable quantity, we must first endeavour 


+2%°u + II = 0, the co-effi- 





to transform it by substitution into one of this form. Assuming then that wu is such a quantity that its 
du 


elliptic value shall satisfy the equation 18 + n* u = o, and its disturbed value (or u + m’ 6 u) the equa- 


o XN 
tion ee +n* (u +m’ du) + m’ Il = o, which gives e 


first, the relation between r and u; and secondly, the value of I. 





+n*du + II = o we must inquire 





da 
dé 
must be of the form u = const. cos ( n¢-+ const.). Now the developement of rin terms of the mean 
longitude gives, putting ¢ for the longitude at the epoch of the commencement of the time ¢, and = for 
the longitude of the perihelion, ‘ 

r=a{1l—e.cos (nt +e—z7) + e sin* (nt +e—m) + &c. } 


So that, if we take u = e. cos (wt + € — 7), we shall have 





A satisfactory relation between r and u is easily found. In fact, since u is to satisfy + n* u = 0, it 


r= a} (1 +e) —u(l — 4e*) — u? + &e.} - (123) 
This gives at once ér=—adull+2@ute® x &e.! 
= —adu{1 +2e.cos (nt +e—m) +e. Be} ; (124) 


by which, when 6 u is found, 6r may be had at once. | 
> 
It only remains to discover II. Now, since our equation (111), if we put r* = v and m’ ‘2 ff dQ+r zt 
r 


=: m’ Q, becomes 


d*v Q 2h 
— = —= — — -2n/Q 1% 
dt V9 a one 
if we multiply by 2 dv, and integrate, we shall find 
dv 2 —. 4pvo > 


but because u is a function of r, and therefore of r* or », we have 
du _ du do 
“dt do ' dt 
du du dv \? du d? 9 
[; # 





d® ~ de \d dv’ dé 
eo that Fu ‘ du f — 4p ; 
aa ag on Ve F+W fade} 


+ SS)! eG awe 
dv lvov a J 
Now wu 1s a certain function of » (or of r) whose form is determined by the reversion of the series in (123) 


d? 
and is independent of the disturbing forces. But were these forces zero, we should have i + niu =o. 





* This formula, which perhaps is new, and which has stood us in some Stead in the explanation of that chapter of the Mécanique 
Céleste, (cap. vi. liv. 2.) which I have adopted for the groundwork of this part of the present essay, may be deduced at once from the 
general theory of lincar equations, in my raper On various points of Analysis —Phil. Trans. 1814. : 
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Astronomy, Hence the elo of the right hand member of the equation just deduced, which does not depend on the Physica 
——\-—=" disturbing forces, must be identically zero, in virtue of the relation between & and v; and that it isso, we Astronomy 
may assure ourselves by actual substitntion. Consequently we must have, when the disturbing forces are 


3 








d* x du Pu ; 
ms (-2@ de  [ Qae x ios 


that is (putting « + m’ 8 for x, and disregarding terms depending on m%) 
dou du Qdv 
dt dv*® 





oe eGe 2 a 
dv 


2 





8 ‘ 
Compariag this with the equation : 7 = + n*3u + Il = o we have 


du @u {f° 
1 = 2Q.—— +455 fade 


It is desirable to express this in terms of v. Now, as u is a function of », v is reciprocally a function of #, and 











d? » 
du __—s_il a due 
‘do do’? dt /dt\3 
ry (Zz) 
and ao | 
g 
n= a-4—* faa (127) 
du a) 


but since v = r*, if for r we put its value in terms of uw (123), we get, neglecting higher powers of « than 
the first, v = a* (1 —2 « + &c.) and substituting this in II, and after the differentiations writing for u its 
value ¢.cos (nt + ¢€ — 7) we get 


\ 
M = — S(1—e.cn8 (nt + 6«— 7) J — yao: (Qnt +26—2zr) 








Qe f° ‘ 
=  fandt.sin (nt +e — 2) {1 +e.cos (nt +e—*)} (128) 
and this being the value of I, we find 6 x from the equation 
m3 
—~ + niu+ =o, (129) 


Section III. 


0 
Reduction of the perturbative function Q or 2 ff dQ+r : 


of the perturbations, neglecting the eccentricities and inclinations of both orbits. 





to a series of sines and cosines, and tnvestigation 


We have now reduced the investigation of the perturbation to the integration of the linear equation (129) 
and we have before seen that this is accomplished without difficulty, when II, the last term, is reducible to 
sines and cosines of the independent variable and its multiples. All then that remains to be done to get their 
actual expressions, is to execute this reduction. This, however, is by no means a simple process ; and in an 
essay like the present it is not possible to pursue it into all its details: we shall therefore only carry it toa 
certain extent necessary for our future reference, and point out the principles by which it may be, if required, 
carried farther. 

Let us consider then the value of the function Q. If we write in it r.cos 0,r.sin 9, r .cos @ and?’ . sin & for 
2, y, x, ¥, and neglect zz’, z*, (z — 2’)*, which are either of the order of the squares of the disturbing forces, 
or of the products of these forces by the mutual inclination of the orbits, and put 6 — & = w, we get 


szityy + 22 =r’. cosw 


Me V¥(t—7)* + yy) + e—Z)t = Vr —Qrr.cosw + 
and r l 
QO = — .c8 8 = 
i Vi —Qr7’.cosw + 12 
Let us conceive this function developed in a series of cosines of w, and its positive and negative multiples tu 
infinity ; then, since the cosines of the negative are equal to those of the positive multiples, we may represent 
QO us follows: 
Q= R + R’. cas w + R®.cos2w + R”™. cos3w + &c.; (139) 
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Astronomy. where R, R’, R”, &c. are certain given, explicit functions of r and r’ and of these alone, depending solely on Physical 
‘ae -tae/ the peculiar form of QO, let A, A’, A”, &c. represent the same functions of a and 2. Then, if the eccentri- Astronomy 
cities of the orbits were nothing, we should have — 


O = —.cosw : 
at ~/a®* — Vad .cosw + a P3...6- betaterees baw anee (131) 
= A+ A’.cosw + A”. cos2w + &e. 

Were the eccentricities nothing, the orbits would be circles, and the motion in them uniform. We should 
therefore have 9=2nt and & = n't, whence w = 0— & = (nm —7n’) t, so that OQ in this case would be 
expressed in the very simple series 

QO =A + A’. cos (n— n’) t + A”. cos 2 (n —nn’) t + &e. (182) 
Moreover, since dQ represents the differential of OQ taken on the hypothesis that only the disturbed body 
moves, we should then have 


do= dQ dQ dQ dQ 


de dr + Spe = te ete 
because, in the case of circular orbits dr = 0. Thus we should have 

dQ = —ndt.{A’.sin (n— 1’) t+ 2.A”. sin (Qn —2n') t + &c.} 
and integrating relative to ¢ . 


fac = 54 ——— {A’. cos (n — n’) t+ A”. cos? (n—7n’) t + &e.}; (133) 








£ being an arbitrary constant. 


Again, since R, R’, R”, &c. are explicit functions of r, 7’, and Q is only so far a function of r, as this symbol 
is contained in them, we must have 
dQ dR d R’ 


ig ae ae 








r .cos w + &e. (184) 


dR 


a denote of r, 1’, 





and in the case of circular orbits, denoting by <*, &c. the same functions of a, a that 


dQ dA, ada | 
Pp =a +477 cosw + ke, 


, &c. are easily had in functions of a, a’, when those of A, A’, &c. are found. Now, 


rf 





> 
The Galueaok es 
da da 


to obtain these, we may proceed as follows : 





Take c =cosw + “ —1.sinw. Then (by trigonometry) we shall have — = cosw— /—1.sin w; 

now, let us consider the function (a* — 2 aa’. cosw + a’*)—* which agrees with the second term of © if 
s\ — 

This equals a—* ( 1 ~2= cos w+ (=) )  ora—*# (1 —2a.cosw + a’)—* putting 


But we have 


c= 


efae)= 


18a .cosw + = (—ac)(1 _ «.—) 
because c + — = 2.cos ww. Hence 


(a? + 2aad.cosw + a)—# = a-2*,(1— ac-1.(1 ~£)" 


= a-**x 1 L+t.acpi tT et od + be} x {3 += 24 See) 4 ke.) 
=a-*f 1 + (+) «+ C- "at + &e.| 
peng AD A yg AOAN ED ED ay a) (642) 
ante fC ED oy pC FCT ere) xt. at + be, | (¢+<) 


+ &c. 
hut ¢ + <. = 2cosw; ¢ +3 = 2. cos2w, &c. (by trigonometry) ; consequently we have 
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—2S§ —. a + &c. «CO 
wae {te 1° 1. >= * } t om 


aad a? + te.} .cos 2 + &c. 


; 
In the case before us, where s = —, this gives at once 











= “a+ (; Z + (55 =) )'a* + &e.} (136, 1) 
= igtt eat t gare? tel +d eae 
conta. tory yess + &e.} (136, 3) 


If a be less than unity, an aerics are convergent ; but if greater, we have only to throw the expression into 
\ —8 

the form a’—*! (: _ 2—. COs w + (— )) previous to developement, and taking a = =, instead of a 

a will now be less than 1, and we shall have A = = (1+ (3 a + &e.) Be, 


In the former case, when = is less than 1, or the orbit of the disturbed planet is interior to that of the 


disturbing, we have 








teat (se oT 4 oo ra) vet (137, 1) 
. - = ayits. (> y. (2 + &e.! (137, 2) 
A’ HSE hod (137, 3) 
Selick at ey aemh ed asr, 4 


and so on; and similar expressions are si acs obtained in the case when the orbit of the disturbea 
planet is the exterior. Thus, when the mean distances of the two planets are given, the values of A, A’, &c. 


and their differential co-efficients , &e. are reducible to numerical evaluation, and may therefore be 





dA 
da’ 

ed as known quantities, The properties of the series on which they depend, afford many resources for 
facilitating their evaluation, and rules for deriving one of these quantities from another, but these we shall not 
stay to explain. The reader will find them with every developement in the second book of Laplace's 
Mécanique Ceéleste, art. 49, 


These values once determined, we have Q, or 2 fa ot+r - , expressed as follows : 














dA d A’ QnA’) 3 
Q= S4ate +{ate+- Sa, 
gar Be ROS te ee (138, 1) 
+} -} cos 2 (n — w) t+ &e. 
da n—n 


Such is the value of the perturbative function when the eccentricities and inclinations of the orbits are neg- 
lected. Let us, for the present, confine ourselves to this case; and, writing M, M’, M”, &c. for the successive 
co-efficients, we have 


Q=M + M’. cos (n — n’) t + M” .cos2(n— 72’) t + &e. (188, 2) 
Now the equation (128) gives, when e = 0, 
Q J 
N= a =—ntaQ (because n= —) or, 


= — nta{M + M’.cos (n— n't + &c.} 
o that the clifferential equation in 6 u becomes 


26 
<A putea ta (M+. cos (n — 1’) t + &e.} (189) 


= 
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n? a M’ nt a M” Astronon.y, 
éumaM — fa —nyp—nw' CS) = Tce 
Consequently, since by equation (124) r = — a du whene = a, 
n? a? M’ n? a® M” 
— — g? scare ome: 8") fa 
$r= —a*.M+ ony — cos (n—n’) ¢ Tao on 


.cos2(n—n)t+&e. (140) 


The value of 8 r thus obtained, é is easily got from (121) ; for in this case ar = 0, 


dt 
dér i Mé 
—_— = 2 = , PER ; 
re as 2n* a (n Te ie we ~° sin iw 


where = is used to express the sum of all similar terms from i = 1 toi = ~® inclusive, and M! represents 
the i" in order of the co-efficients M’, M”, M’”, &c. Moreover 


> dQ dA an dA’ ,., 
SJ a? nditiza da et ae) de 


or 











8: n® Bice 
frat oe qi tt | ae eS 


Uniting therefore these several parts, we get 


l dér dQ 
30= oor dQ 
—— x Bro +2a fr = ndt+safndt aa 








= (se+20 a) x nt 


—( 3 an? Af Qar*n dAt Qna(n—n’)i 
oth ee ee ne 
= Weeep te da Fa gs ME} sin i 

New, first, since nt represents the mean longitude of mus deduced from observation, the quantity n is 
already affected with the whole influence of the planetary perturbation, and consequently the part multiplied 
by n ¢ in this expression of the perturbation in lon;situde, and which, if allowed to remain, would express an 

additional perturbation, is superfluous. This furnishes the condition 
_— 2 @ dA ' 5 
| 3 a aa? (141 ) 


which determines the constant g. Moreover, inthe latter part of this expression, if we write for M!’ its value 
‘ 
M =a. an 1 QnA 











a n—n’ 
it will admit reductions, and the value of 6 @ will at length be found as follows : 
2 n> a® dA 
_ : (Sn* + i (n — n’)*) .n®a Af) . 
o=2i (2 (n — nn’)? — nd) i (n — w’)* (# (n — w)* — n¥)j sin tw (142) 


If these expressions of ér and 66 be each multiplied by m’, we have the values of m’ 6 r and m’ 4 6 the 
perturbations of the radius vector and the longitude, 7. e. those parts of them which are independent of the 
eccentricities of the orbits. These expressions give room for some remarks. The perturbation in longitude 
as we observe is wholly periodical and dependent on a single angle w and its multiples. In forming then 
‘60, the numerical co-efficients being computed, and the value of m’ 6 @ 





a table of the values of m 
thus reduced to the form p.sin w + q.sin2w +&c. we may include the whole of this in one column, 
entered under the general argument w, instead of regarding it as consisting of an infinite number of separate 











inequalities. 

The same remark extends to the periodical part of m’ ér, its arguments are the same as in the formula 
for m’ 66; but besides this, 6r includes, as we have seen, a constant part — a®.Mor—2ga- a°. < 
which becomes by substituting for g its value in (141) 

const. part of 6r = : a’ = 
"P ~ §& ° da’ 
and therefore 
a dA 1 d A Qn A! 
—_— — peacocks 2 g2 a ee eee on 
ér= oe aa + n®a -25 Ge al - + ot >) Cos iw; (143) 


In the formation of a table of m’ 6 r this constant part is of course included with the variable one, but the 
effect is remarkable. It appears that the action of the disturbing planet alters the mean distance from the 
sun of the disturbed, and, of course, its mean motion and periodical time from what they would have been had 
the disturbing planet no existence. At the same time, it will be demonstrated in the following pages, tbat 
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Astronomy. these alterations once produced, are permanent and unchangeable in their quantity by the subsequent Physical 
“——~v— actions of the bodies composing the system. Astronomy. 
The angle w is the difference of longitudes of the two planets, or their heliocentric elongation from each “"~V—"” 

other. If we call ¢ and e’ their epochs, or their actual longitudes at the commencement of the time t, we have 


wont+e— (n't + ¢) 
=ni—n’t+e—e 
and this, in fact, is the argument of the perturbations when we neglect the eccentricities and inclinations of 


the orbits. 


Let us next examine the perturbation in latitude, we have 
dQ YL x —2z 


dz 3 r»$ 


Hence, it is evident, that if we neglect the inclinations and eccentricities, we have 





Q 
a os and the plane 


of the disturbed orbit does not change. 

We have thus determined the effect of the action of a third body on the orbit and motion of m, on the sim- 
plest supposition, and our results (to recapitulate them) amount to this. 

ist. That the radius vector undergoes a permanent change in its mean value, and, of course, that the period 
and mean motion of m are permanently altered. 

2d. That the elliptic value of the radiue vector receives an accession of terms, of the form 

p+q-.cosw+r.cos2w +s.cos3w + &e. 
and that of the true longitude, a series of terms of the form 
gf .sinw +r .sin2@w+s/.sin3w + &c. 
w being the difference of longitudes, or mutual elongation of the planets, from each other. 

Sdly. That to express the several co-efficients of these formule in numbers, nothing more is required 
than a knowledge of the mass of the disturbing planet, and the mean distances and mean motions of both. 

In the cases then where the disturbing planet has satellites, as in those of Jupiter, Saturn, and Uranus, the 
mass is known, and the reduction of the formule to numbers is complete. It is fortunate that these are by 
far the most considerable bodies of our system, but proximity to a certain extent supplies the place of intrinsic 
energy ; and, in the case of the perturbations of the earth, our uncertainty of the masses of Mars and Venus 
leaves us in some degree at a loss. But physical astronomy furnishes us in this dilemma with considerable 
aid. Regarding the masses of these planets as unknown quantities, we may calculate in general terms their 
effect, either on the places of the other planets at assigned instants, or, on the elements of their orbits them- 
selves, which are susceptible of much more accurate determination, by bringing a long series of observations 
to bear on them, and comparing the variations in their values after long intervals, as computed by theory, 
and as given by observation, we obtain data for the determination of these delicate quantities, so much the 
more precise as the variations observed in the elements are greater, or, in other words, as the interval of time 
in which they are observed is longer. It is thus that the lapse of ages is necessary to give precision to the 
numerical data of our system, and that continual and patient observation must ultimately lead us to the 
knowledge of points which elude the direct cognizance of our senses, and defy any investigation but those in 
which successive generations of mankind bear a part. 

In fact, if we regard the masses of all the planets as unknown quantities, but their mean distances and 
periodic times as known ones ;—the latter afford us the means of computing the values of rand 6 @ in any 
assigned case, independent of the value of m’, which does not enter into their expressions. Let us therefore 
represent by m’ & r and m’ & 6, the perturbations of the radius vector and longitude produced by the planet m’ ; 
by m” &” r and m” &” 6 those produced by m”, and so on. Then will the true values of these quantities at any 
assigned instant be 

rtm or +m” 8’ rtm” 6" 7 + &e. 
O+ m/ SO +m’ 80 + mM" I" O + Re. 
in which r, Ur, 6’ r, &c. and 0, & 6, 8” 0, &c. are quantities susceptible of calculation from theory. Sup- 
pose now that we construct tables of the values of 0, 8’ 6, 6” 0, &c. (or, as we will for a moment write these 
latter quantities, 9, , y, &c.) then, at any assigned instant, we have only to take out of these tables the values 
of 0,9. y, &c.; and the true longitude of m will be 
G+mo+m’~+ ke. =L - 
Suppose now we compare this formula with a great multitude of observations, and thus obtain a series of 
equations, 
m.o, 4m’ .y~ +m” .x, + ke =L, — 9, 
m.o, +m”. +m”.x, + &. = L, — 9, 
&e. = &e. 
The only unknown quantities in these will be the masses of the disturbing planets m’, m”, &c. and by resolving 
these, we may determine their values, and thus estimate the masses of the planets by the perturbations they 
uce. 

In this, as in almost all such delicate inquiries, where the quantities to be determined are exceedingly small, 

and the observation’ from which they are to be discovered liable to inaccuracies, bearing a sensible proportion 
VOL. HI. 4u 
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Astronomy. to the thing observed, (which in this case is L — 0, or the total perturbation arising from the united action Phyacal 
\——~\-—— of all the planets,) we are obliged to employ a great many more observations than would be, mathematically Astronomy 
| speaking, sufficient, if each were perfect, with a view to destroy the errors of observation in the mean result. <—~\-—— 

The number of disturbing planets in our system at present known does not exceed ten; and it would therefore 
appear that ten observations of the longitude of one disturbed planet would enable us to determine the masses 
of all the rest ; and so they would, were the observations mathematically exact, the elements of the orbits 
exactly known, and the theory by which the values of ¢, y, x, &c. are computed, complete. But each of 
these conditions is far from being fulfilled in the present state of astronomy; and if we would use this method 
to deterinine the masses of the planets, we must accumulate many hundreds of observations made, not on one, 
but on all of them, especially on those subject to the greatest perturbations. 

The method of treating a series of equations more numerous than the unknown quantities they contain, so 
as to give them all their proper influence on the result, and obtain from them a set of values which, though 
satisfying neither of them separately, yet when substituted in all of them, shall, on the whole, give more 
satisfactory results than any other, depends on the theory of probabilities and may be found in Laplace's 
Theorie Analytique des Probabilités. ' 

If the mass of any one or more of the planets (m’) for instance, be regarded as sufficiently known from other 
methods, we need only employ this mode for the rest, and regarding the perturbation m’ & @ produced by it 
as known, place it on the known side of the equation, which will thus become 

m’ 80 +m” 064+ &. = L—O— mM vO 

Thus we may determine for instance, the masses of Mars and Venus, by means of an extensive series of obser- 
vations of the sun’s lungitude, or (which is the same thing) by employing to that end the perturbations they 
produce on the earth. For the masses of Jupiter, Saturn, and Uranus, being known from the periods of their 
satellites ; and those of Mercury, andthe four new planets—Ceres, Pallas, Juno, and Vesta, being so small, as 
to have little or no influence, we have only two unknown quantities (m’, m”) to determine. 

This method is laborious, certainly ; but considering the perfection of modern observations, the great mul- 
titude of them which may be brought to bear upon this point, and the considerable degree of exactness which 
the theory of the planetary perturbations has now attained, it is not impossible that it may one day be made 
to render the best service in determining the masses even of those planets which have satellites. At al] events, 
it is highly desirable that it should be applied for that purpose, as its results would lead us to judge how far 
the latter method can be depended on in cases like that of Jupiter and Saturn, where the great deviation from 


Qa X at 
sphericity of the central body renders the application of the formula ¢ = ————— somewhat liable to error. 
phericity o y pp /M +m 


In fact, this formula is derived on the hypothesis of a force represented by cis but in the case of spherical 
bodies only does the total attraction vary precisely in that ratio*. This alone, however, will not account for 
the great difference which Mr. Gauss has lately found between the mass of Jupiter, as obtained from obser- 
vations of its satellites, and that deduced frum the perturbations of the small planets intermediate between 
Jupiter and Mars, so that the subject must be regarded as open to further investigation, should the calcula- 
tions of the last named eminent geometer be found to coincide with a more extensive series of observations 
of those interesting bodies than the shortness of the time they have been known has hitherto allowed. 


Section IV. 


Of the method of taking into account the effect of the eccentricities of the orbits on the planetary perturbations, and of 
the origin of the secular equations of their motions. 


WueEn we regard the orbits as elliptical, the whole of the foregoing investigations require modification, the 
value of the perturbative function, and, of course, of the perturbations themselves, receiving accessions of 
terms depending on the powers and products of the eccentricities. We will here endeavour to explain the 
manner in which these terms originate ; and to a certain (though limited) extent, the course pursued by 
geometers in determining their form and value. 


The functions Q, fs dQ, r — , 
other symbols. Hence it arose, that when 7, r’ were supposed constant, the only cause of the variation of 
these functions consisted in that of w; and 8 and & being in this case each expressed by an arc proportional 
to the time, it was sufficient to develope them in cosines and sines of w, to have at once the expression of the 
function II in such a form as we required for integrating our equations. When, however, the eccentricities 
are introduced, all these facilities are at an end; 7,7’, and w, are no longer constant quantities and simple 
functions of the time, but each of them branches out into a series of powers of the eccentricities, and sines 
and cosines of variable arcs. 
\ 


are explicitly given in terms of r, r’, and w or 8 — &, and contain no 








"© Laplace (Theorie des Satellites de Jupiter, p. 102.) makes the deviation of the attraction of the first, compared with the fourth 
satellite from the law of the inverse squares of the distances, only x55 of the whole attraction of the former, supposing Jupiter 
Lomogeneous. In Saturn, the attraction of the ring must cause a much more considerable deviation from thaflaw. 
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Astronomy. Our object being to reduce Q, &c. to sines and cosines of arcs proportional to the time, or of the form . Phvsica: - 
At +B, it is evident that we must substitute for r, 7’, and w, their values so expressed, and then develope Astrorome. 
each term of 2 to the extent we wish. At present we will confine ourselves to the first powers of the eccen- 
tricities. 

Now we have Q = R + R’.cosw + R”.cos2w + &e. 
in which R, R’, R”, &c. and w are explicit functions of r, 7’, &c. and w = @ — & putting 6 and & for the true 
longitudes of the two planets. Now, if we call e, and ¢’, the longitudes at the commencement of the time ¢, 
nt + «and wt + ¢ will be their mean longitudes after the lapse of that time, and ae wand 7’ the longi- 
tudes of the perihelion, the mean anomalies will be nt +e¢—-# and n’t + & — 7. Hence, the true 
anomalies will be (by equation 30), 
nite—wr+2e.sin(nt +e —zr) + & x Ke. 
nitd—wr+2¢.sin (nt +f — a’) + x &e. 
and the true longitudes of course are 
(nt+te) +2e.sin(nt+e—zw) + ex &c. 
(n?t + ¢) +2e¢.sin (nt + of — we’) + ex Ke. 
Hence, if we neglect the eccentricities, we have simply w = (nt — n/t + « — ¢’) and asR, R’, &c. in this 
case assume their circular values A, A’, &c., the terms of Q not depending on the eccentricities will remain 
as before, 
A + A’.cos (nt—wWt+e—¢) +A”. cos2(nt—Wwt+t«—e’) + &e. 
On the other hand, the terms depending on the eccentricities have their origin, 
Ist. In the developement of the functions R, R’, &c. ; when, instead of r, r’, we put their elliptic values, 
rma+tAr,andr’=ad+Ar 
denoting by 4 r and A?’ the parts of r, r’ arising from the eccentricities. 
2d. In the substitution of W + Aw for w in cos w, cos2 w, &c. W being the part of w independent of the 


eccentricities, or 
W = (n— n’).t + (e — ¢) 
and A w being the part depending on them, or 
Aw=2e.sin(nt +e—r)—2e.sin(n t +e¢— 2’) +e x &e. &e. 
Srd. In the multiplication of these terms together. 
Now, if westill continue to denote by A that variation in Q r, 1’, &c. which arises from the eccentricities, we have 




















dQ dQ dQ 
at a ek 
AQ qr fttqwanrt a< wD 
Si ssc? . aQ ¢dQ 4aQ oy 
in which the differential co-efficients “ap? ae? de’ are to have their circular values. If we would 
: * ent? @Q (Ar)* 
pursue the investigation further, we must add to A Q the terms a 102” &e. 
Now, in general, we have 

dQ dR dR’ d R” 

a ae Tp (cos + qr .cos2w + &c. 

dQ dR dR’ d R” 

av a7 a Ty (008 2 + &c. 
the circular values of which are respectively 

, 0 

alls Co & ous .cos 2W + &e. (144, 1) 

da da da 
and dA d A’ d A” 

Ja + aq 808 W + yy 0082 Wt &e. (144, 2) 
and, in like manner, the circular value of ae is 

—{1.A’.sinW +2.A”%. sin? W+3.A”%. sinSW + &e. } (144, 8) 


The vatues of Ar and A 1’ are given by equation (28) if we substitute merely for n ¢ the expressions ¢ + 
«— sw, and n't + ¢ — #; whichin this case are the mean anomalies, because the mean longitudes n ¢, n’ ¢, 
and the constants «, ¢, x, #’, are reckoned, not from the perihelion of the orbits, as in that equation, but from 
the line of the equinoxes. If then we put V=nt +6 — *, V’ = n't + ¢ — wr’, we have 


Ar =z=—ae.cosV +e* x &e. . 
Ar’ = —ad é¢.cos V’ + & x &e. &; ...... er ee (145) 
and Aw =@e.sin V — 2e. sin V’ + e* x &e. 


Substituting therefore in A QO for the differential co-efficients, their circular values ia (144, 1, 2, 8,) and for 
Ar, A7’, and A w, the values just now found, it will become 
4u2 


Astronomy 








690 PHYSICAL ASTRONOMY. 
, n” 
AQ= —ae.cosv{o™ + “< cos W + <—.c0os 2 W + &e.| 
4 4) 
— dd cos v'} 53 + <* .cos W -- << .cos 2 W + te. | (146) 
— (2e.sin V—2e. sin V’) {A’. sin W + 2A” sin? W + &c.} 
+e* x &c. 


Ncw these series are not precisely in the form we want them ; the cosines and sines of V and W being multi- 
plied together ; and to disengage them, we must employ the well known trigonometrical formula 
(A) 


cos A. cos B = 4 {cos (A + B) + cos (A — B)} 
— sin A. sin B = } {cos (A + B) — cos (A — B)} 
By the aid of this, we get 
cos V = cos V cos V’ = cos V’ 
cos V .cos W = }{ cos (V+ W) +cos(V— W)}; cos V’ . cos W’ = 4{ cos (V’ + W’)+cos (V’— w’)} 
cos V.cos2 W = 4{ cos (V +2W) +cos(V—2W)}; cos V’.cos2 W’ =4j cos (V’ +2W’) +cos (v’—2w’} 
&e. = &e. , &e. = &e. 


sinV.sin W=4{cos(V— W)—cos(V+ W) }; sin V’.ein W = 4{cos (V’— W) —cos(V’+ W)] 
sin V.sin2 W=$} cos (V—2W)—cos(V+2W)}; sin V’.sin2W= 4{ cos (V’ —2W) —cos(V’ +2W) } 
&e. = &e. , &e. = &e. 

Thus we see that A Q (if we confine ourselves to the first powers of the eccentricities) is reducible to a 
series of sines and cosines, whose arguments are all comprehended in the forms V + iW, and V’ +iW; 
or, (since cos — A = — cos A) in the formsiW + V andiW+ V’. Thatis, (since V =nt +6 — =, and 
W=nt—n't + « — &) in the forms 

i(nt—nt+e—¢) + (nt +e —7) 

t(nt—nt+e— ce) + (t+ & — x”) 
If we actually execute the substitutions (still, for brevity, preserving the denominations W and V) we shall 
obtain for the value of 4 Q the following expression— 

















dA 7 s 
OQ =—ae. qa .cos V — ae. ——; . cos V"; (147) 
a dA yd. ; ad dh’ ; ; 
~efs iP A} coo ( + V) {5 St A’ cos (W + ¥’) 
a dA’ rl : @ dA’ , 
~¢}¢ fa pee —Y) -({5 3- A’ cos (W — V9) 
a dA” vl a dA” ” 7 
-e {5 aa wre (eon a We Y) -¢}5 oy +2A"t cos (2W + V) 
a dA” 3 a’ dA” 
~e {5 Fo +2A"} . cos (2W — V) -¢{5 Tz 24" cos (2 — V9 
— &e. — &e. 
But our object is to obtain the developement of Q the perturbative function, or 2 fi Oo+r : . The 


part of this independent of the eccentricities is already found, and we have now only to consider that 
depending on them; which, in the notation above adopted, will be expressed by A Q, or 


dQ , dQ 
A ey a i 
2 faotra(s 7) afaan+a(s =) 3 


d AQ, and let any term of 4 Q be 


(148) 


Let us first consider the value of the first part of this expression 2 


represented by 

M.cos(iW+kV +1V’) 
in which i may be any integer from o to infinity, and k and / either + 1 or o, an expression which obviously 
comprehenas all the terms of which A © consists. This premised, it is obvious that the co-efficient M being 
constant, the variation of A © can only arise from the variation of the angle i W + kV + lV’; and as this 
angle is supposed only to vary by the motion of m, we are to suppose n¢ only to vary, and n’ ¢ to remain 
constant. So that we have, for that part of the variation of A OQ which arises from the term in question, 


—MUidW+kdV) anGiW+kV+lVv) 
because d V’ = 0, since V’ = n't + ¢ — x’. Now dW =rdt anddV =2ndt also. Consequently, this 


Physical 
Astronomy, 
a ey 
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Astronomy. becomes —(Gi+tk)M.ndt.sin(iW+kVt+lv) Physical 
Astronomy. 


and the part of the expression 2 f d A QO arising from this term, will therefore be | 
ee _Mcos (iW + kV +1V’ (149) 


i(n—W) thn +n’ 
We see therefore by the foregoing reasoning, that in order to obtain that part of the perturvative function 


which originates in the term 2 f d ©, and depends on the eccentricities, we have only to take the terms of 


the expression for A Q (147) in their order, and with their proper signs, and multiply each of them respec- 
tively by that value of the fraction 
Qaitk).n 
i(n—n’) + hn + ln’ 
which corresponds to the values of i, k, J, in its argument, represented byi W +k V+1V’. For instance, 


the term which has simply V for its argument, must be multiplied by — = 2, that which has V’ by 0.— 
Again, the terms, whose respective arguments are W + V, W — V, W + V’, W — V’, are to be multiplied, 


according to this rule, by the respective co-efficients or o, 2, and _—— Similarly, the terms 


which have 2 W + V,2 W — V, 2W + V’, 2W— V’%, for their arguments. acquire the co-efficients 


Gn Qn 4n ae 4n 
Bn—2n? n—-2@n’ Sr—n’ Q2n—3n 


The co-efficients thus acquired by integration depend solely on the ratios of the mean motions, or periodic 
times, of the disturbed and disturbing planet, and are of very great importance in the planetary theory. 
Were it not for these, the theory of the planetary perturbations would be very simple, as the same treat- 
ment, or nearly so, could be applied in every case, and the magnitudes of the several inequalities would go on 
diminishing with more or less rapidity, as the arguments contained higher multiples of the mean motions. 
But these co-efficients prevent this regular progression of magnitude from taking place, and render it 
difficult to foresee without computation whether any assigned inequality may be neglected or not, and im- 
possible to argue from its known minuteness in the case of one pair of planets to its probable smalness in 
that of another. Thus an inequality, whose maximum we know to be small in the case of Venus disturbed by 
the earth, may have a considerable magnitude in that of Jupiter disturbed by Saturn, merely from a relation 
subsisting between the periodic times 1n the latter case which does not in the former. In fact, it is evident 
that if the periods should happen to be so relatcd as to render the denominator of any of the foregoing or 
similar fractions very small compared to the numerator, the inequality into which it enters as a co-efficient 
will, on this account alone, acquire a very great preponderance. Thus, if the period of the disturbed planet 

n 
n— 2n’ 
would become very large, and the length of the period of the inequality represented by it would be propor- 
tionally increased, and in the case of exact commensurability would actually become infinite ; that is to say, the 
disturbance would go on to such an extent, as to make a total subversion of the original conditions of the 
problem. The physical reason of this is equally obvious. In the case just instanced, the two planets, at every 
revolution of the exterior, would be placed in exactly the same circumstances—the same disturbing forces 
would act inthe same manner for a series of ages, and their effects, instead of compensating each other by 
mutual opposition, would go on accumulating in the same direction, till their orbits at length became entirely 
changed, and the commensurability of their periods at length ceased to subsist. In fact, an equation thus 
limited by no period, and affecting both the longitude and radius vector of each orbit always the same way, 
is equivalent to an alteration of the mean motion and mean distance ; and as this would take place in opposite 
directions on the two planets, shortening the period of one, and lengthening that of the other, their periods 
would continually recede from commensurability ; the magnitude of the inequality in question, as well as the 
length of its period, would both acquire finite values, which even then would continually diminish, till reduced 
within limits consistent with the stability of the system. It is probably by some such gradations(if we may 
hazard a conjecture on a part of the planetary theory so far beyond the reach of analysis or exact reasoning, ) 
that our system has attained, in the course of almost indefinite ages, its present admirable state of equilibrium, 
in which no inequality of enormous magnitude exists ; and those which have any notable value, can be proved 
to be confined within comparatively narrow bounds. 

dQ 


Let us next consider the part of the developement of Q, which arises from the term A ( 7 


-; and so on. 


were very nearly half or double that of the disturbing ; the terms, multiplied by — or by 


Now, 





if we regard only the first powers of the eccentricities. and consequently neglect the squares of 4 r, &c. we 
QO\. 0 
have srs a papa 





dr dr 


dQ d* QO d? () QO 
aa Arter. artrhrt+r aw 
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enlegetas in which the differential co-efficients are to have their circular values, which we may represent by = &c. Astronomy. 


Now these are, 











dQ dA d A’ d A” 
aa: = ae + —- cos W + ——-.cos2W + &e. 
a 4 

tee eee alg 2 cos W +a So .cos2W + &e. 

d a® d a® ‘da (150) 

d?O PA d? A’ ad? A” @oevne4veeetmeeeveese 
CTaia dada dade ae ee 

ao AO dA” ., 
‘aw l.a qq (HW +2. 7q as W + &e. 


Let these be substituted in the above expression for A Ar’ and A w, given 





in (145) be put for them, and we shall have, a a aise exactly similar to that gone through for A O, 


, > 
Ce =—ae.cosV. | (5— + a— sz)t (s+ a Fa) c W + te, | 
adr d a® 










































on d® A’ 
a 7 
¢¢ cos’. a aa Tadg@t?® Fada?’ con W + &e.} (151) 
— (2e. sin V — 2¢.sinV){1 a <* . sin W + 2. &e.} 
which, by the use of the same trigonometrical formule, and by properly arranging the terms, becomes 
dQ aA dA ) aA 
— cm 3 4 
a(s a ela 5 > ta a (joey = cos V 
oa d A’ a 
- $e aa Mwy £ = oo 
ef, PA’ : d* A’ 
— $a FF +80 ~ feos ( WV) 5 wa fade Falcon W + V9 
e aA” A” a= ; 
4 Pr a aa feos (@2W +) — aaa ——; + 4 ty (2W + V’) 
e an d A” ; d® A” A’) 
aie , t5a— — bcos (2W—V) — “gee. 4a a 4c (2W — V’ 
— &e. OCC id Sarde de aralaid ws tear tershaaeanteanisast eek (152) 


We are now in a condition to express the whole value of A Q, by combining this with the expressions 
(147) and oo and it is evident that our result will be of the following form :— 


= (Necos V + N’ ¢ cos V’) + Oe cos (W + V) + O’e cos (W + V’) (153) 
=o | (W — V) + P’e cos (W — V’) + Qecos (2 W + V) + &c. 
and the co-efficients of the several arguments will be 











N= — {a 5 oA + 34 ae} 
da 
1 dA’ Q2n+nv dA’ Bn ; 
es at d@ 'Qn-n" "da -stye'} 
1 d* A’ d A’ 
Pale Get eae}: | eas 
Se Fo 
dadd 
1 a A’ dA ; 
O=- sled. + 2a Sa teeseten} 
1 d? A’ 7 on dA’ 4n 
P= — sled. 25 =e ado «aan Ge -} 


The value of 4 Q being thus obtained, that of Il is had by mere substitution. The part of I, independent 
of the eccentricities, will remain as in the preceding section, changing only in the several arguments w into 
W ; and if we denote this by II, and by ATI the part of II which depends on the eccentricities, the equation 
(128) will give 
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pecennersy att = 40. cos V — fandt.sinv a oe 
——— at a? Y 

in which Q and A Q denote, as we have all along supposed, the parts of Q respectively independent, and ; 
dependent, on the eccentricities. 


The value of A IT therefore consists of two parts; the latter — 





ie 7 
— is immediately obtained from the 


expression of 4 Q above found, and is equal to 


~5\N .cosV + O.cos (W + V) +P .cos (WV) + te, 


4 
= = N’. cos V’ + O’. cos (W + V’) + P’.cos (W — V’) + se. 
The former depends on Q, and must be determined by substituting for Q its value 
Q = M + M’.cos W + M”.cos2W + &e. 


where M, M’, &c. are co-efficients, whose values are assigned in equation (138, 1). This substitution made, 
we find , 


M’ M’ 
Q cos V=M_.cos V + = - cos (W + V) + 9g * 098 (W — V) + &c. 
: M’n M’ n 
fndt.sin V = — M. cos V— 573 cos (W + V) — yr 008 (W ~ V) — &e. 
So that the part of A IT now in question becomes : : 
ef 4n—n . Qn +n 
2 $M ..coaV +o Meo (W EN) + 
and the whole value of A II will be as follows :— 


All = “| ($M—N) cosV + (27 = M’ — 0) cos (W + V) + ( 


M’. cos (W — V) + &e.! 


Qn+n’ 
Qn’ 





— Qn’ 


M’ — P) cos (W—V)+ tc.! 


- SN’. cos V’ + O’. cos (W + V’) + P’.cos (W — V’) + te. (155) 
su 


d ¢# 


107, and 108. The parts of 6u, 5 r, and 6 0, independent of the eccentricities, have already been found ; and 
calling therefore Adu, Adr, and Aé9, those parts of these respective quantities which depend on the 
eccentricities, we shall have (since V = nt + «—7, W= (n—n’) t+ (¢ —¢) and VW = n't + & — wr’) 


This found, the integral of the equation + n*u + II = o will be obtained by the expressions 106, 





£ rn 4n-—n_, cos (W + V) 
agua) @M-N).peoV + (Ow @n-nyp—mt 
Qn+n _,, ) cos (W — V) 
e’ N’ , OQ’ ¢ Py’ ! 
gum eee ( e — _—_ : ee W—vVv’ e 
eet cos V’ + aS cos (W +. V’) + (nan) — ne cos ( ) + & (156) 


The perturbation of the radius vector is now easily found ; for, as we have by equation 124, 
ér=—aduf{l+2e.cosV + &e. } 
this gives Aédér=—alhiu+2edu.cosV} 


whence A é r is readily obtained. With regard to the perturbation in longitude, or m’ 6 6, no further diffi- 
culty than the length of the substitutions remains to be encountered ; for the part not depending on the 
eccentricities being already obtained, that which depends on them will be had by merely substituting for ér, 


r oe ahd QO, the values of Aér, A (« a 
dr dr 





) and A QO already obtained in the general expression (121). 


But as this process of substitution and reduction presents no difficulties in principle, requiring only patience 
and exactness in performing the numerous combinations of the terms which occur in it, we shall not pursue 
it, but content ourselves with observing, that the part of it which depends on the first powers of the eccen- 
tricities will, on examination, be found to assume the form 


e.at.cosV + &.bt.cos (W + V’) 
+e{A.sin(W+V) +B .sin(W—V)+C.sin(2W+V) + &e.} \, Ssaeenace (157) 
+ ¢ {A ein V’ + B’.sin (W— W) + C’ sin (2 W + V’) + &e.} 


It is here that we first encounter the secular equations of the planetary motions, in the form of two terms 
containing the time ¢ disengaged from the signs sin and cos, and therefore capable of indefinite increase and 
diminution. They are multiplied by the eccentricities, and therefore originate from the ellipticity of the 
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Astronomy. planetary orbits; and in the case of strictly circular orbits, would not exist. Similar terms occur of course Physicai 

\am=/ in the value of r, being introduced by the integration of the equation for 4. But as the discussion of these Astrocony. 
terms is one of the most delicate and difficult points of the planetary theory, we shall not enter upon it till we ——~ 
have pointed out the method of taking into account the higher powers of the eccentricities. 


Ssction V. 
Of the inequalities depending on the squares and higher powers of the eccentricities. 


Ir is not our intention to enter into any detailed account of this very complicated part of the planetary 
theory. Any such attempt would lead us far beyond our proper limits; and the reader, who is desirous to 
follow it into its minutiz, must consult the original memoirs of Laplace, Lagrange, &c., the Mécanique 
Céleste, and other works of asimilarnature. In the foregoing sections we have however followed, as nearly 
as possible, the course pursued in the last named immortal work, supplying only such steps in the analysis 
as cannot be expected to be discovered by the ordinary student, (and they are numerous) and endeavouring 
throughout to place the principles of the several processes in as strong a light as possible. In the present 
section, the explanation of the principles on which the process of approximation is to be pursued will be 
almost our sole object. | 

Let us resume the consideration of the function Q. 

Q=R+R’.cosw + R”.cos2 wv +R”. cosSw + &e. 
When r + Ar, r + Av’, andw + Aw, are substituted for r, 1’, w, in this, Q becomes O + A QO, and we have 


dQ Ar dQ Ar dQ Aw 


16 1° ae a ew 
@Q (Ar)? @®Q Ar.Ar a&Q (Ar)? 


A0Qo= 








ae 1 'anae 1 ae Te Cees oe 
@Q (Ar)3 
T Ge 1.2.37 * 
: : ‘ 0 dQ 
The differential co-efficients of Q are here supposed to have their circular values denoted by —, a7’ 
dQ 
aw: &e. 


In like manner, if we consider the value of A ( r <). or the augmentation of r < produced by the 


eccentricities, we have only to substitute for Q in the expression (158) the circular value of the function in 





» and we get 





question, or a a 
a(- yaa 4 (« dQ) Ar d eae d (« - 
dr) 1 da da 1 ay (4 da 1 ‘aw da 
(Ar)? mr —) ArAr @ ( =) 
+ 1.2 ‘da\" da + 1.1 ‘dadd@ * da Ee: 
+ &e. @eeceoereeseeresreeoevneeeeseeenene eee e eeoeaeveeoeveesreavrereeeeeteeeeeveee eves (159) 
d : 
in which =, qa’? &c. denote the differentiation relative to a, a’, &c. respectively of the function to which 


they are prefixed, and the division of the resulting differential by da, da’, &c. according to the very conve- 
nient system of notation explained in (Lacroix, Differential and Integral Calculus, 8vo. English translation, 





















































Appendix.) 
Since OQ = A + A’. cos W + A”. cos 2 W + &c, we must have 
| aa ota con W +0 TN cose W + Be. 
“. € <~)=z(¢ )+Z(¢ <) cos W + x (« TA) 008 2 W + be 
= (« 37) =5 (0 +o(«5~) cos W + (4 EA") .c0s 2 W + ke. 4 
W (« ca) =m age sin W— 205% sin gW — Be. 
£5 (+42) = BCI) +O) ws SGML) aw ee 
9 € <~) =-a(«3) in W—2-—-(a <*_) sin W — fe 
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Astronomy. and so on. Now these series may be regarded us completely developed; for the co-efficients of their Physical 
——\—=" several terms cos W, sin W, &c. are quantities completely given in numbers, when a, a’, A, A’, A”, &c. and Astronomy. 




















their differential co-efficients are known, by the equations ay 

d dA dA dA d d A’ d A’ d® A’ 

da (ae) ae ae ge Cac) aa? * aa 

d dA dA d d A’ d® A’ 

av (*ae) =daae a7 (Ge) =daae) & bee eeee ss (161) 

2 @ , dA d* A BA 
aa (ae) = ae t tae 
&e. 
: dQ . ‘ & QO 
If, instead of r a7? We had any other function to develope (such as for instance r*. rr roe we might 


treat it exactly in the same way, and should arrive at corresponding series, in which the sines and cosines of 
W and its multiples would be combined with co-efficients absolutely constant, and reducible to numbers. 


Q 
In the values of A QO and A (r <r) in (158) and (159) we see therefore that the differential co-efficients 


of Q introduce the sines and cosines of W, and its multiples, combined only with given quantities, and not 
involving the eccentricities. These latter arise from the factors Ar, Ar’, A w, and their powers. Let us now 
*xamine these more nearly. Supposing then, as we have done all along, 


Voent+e—r; W=witd’d—-w; W=nt—nt+e—d¢; 
let us take a, 8, &c. as follows :— 


a= —a.cosV a’ = — a’ .cos V’ 

e = — (1— cos 2 V) = © (1 ~ cos2V4 

4 = — — (8 cos 3 V — 3 cos V) 7 = — © (8 cos V — 3 cos V" 

oe &e. 

p= @sinV pf = 2sinV Sneha ses (162) 

5. _ 5. , 

q= 7 ein2V {= q sin 2v 

ae uc gs 1S , __ 1. ,,,18. , 

r=—ZsinV + jo sins V f= 7 sin +75 sinS V 

&c. &c. 

Then we shall have, by the equations (28) and (30) 

Ar=zae+tfpe*+y e5 + &e. 

Arva=adl t+ MX + fe + &e. Soda dagseuseareon (163) 
Aw=(pet+t gq@+res'+&.) —-VPelet+det*+re® + &). 


wkence we obtain 
(Ar)? = ate + QaBe> + (f* + Vay) & + &c. 
ArAramaded +afpee* + Ba &d + &e. 
Arww=paéd + (pB+ qa) + &. — paced — &e. 
(A wt) = pt + 2pge+ &e, + (pte +2p' fe + Kc.) —V@pp ed — Ke. 
and so on; and it only remains to substitute these values in the expressions for 4 Q and A ¢ ): 
Confining ourselves to A Q, since it is obvious that the process is exactly similar for the other function, we 
have, as before, for the part depending on the first powers of the eccentricities, 
dQ dQ dQ dQ 
ae interes ee, ee, 
: ‘s da 1? rw te fe da? 7 
which, developed into series of sines and cosines, gives the result obtained in the last section. 

The part of 4 Q depending on the squares of the eccentricities, consists of three terms multiplied respec- 
tively by ¢*, ec, and e*, which originate, 1st. From the terms f e*, f’e*, q e*, and — ¢ e*, in the simple 
powers of Ar, As’, Aw, and which are therefore affected with the differential co-efficients of the first order 
only: 2dly. With the terms a* e*, a ¢?, p* et, p* e%, and — 2pp’ed, in (Ar)*, (A1’)*, and (A w)®, and 
which are consequently affected with differential co-efficients of Q of the second order. 

VOL, 131. 4x 
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Astronomy - 3dly. With the terms a p e*, a’ p'&*, aa’ ead’, ap ee’, a pee, which arise from combinations of 4 r with _ Phystesi 
“nr” Aw and with 4 r’. Astronemy. 
The aggregate of all these terms, with their proper co-efficients, is ee, 


& dQ dQ dO d*Q dQ 

as pata 3 oe, | Seca 

+1 (26 ga t aw) + (° gar + 2*? aoaw +P Sm)} 
, &O @&a &O a0 

_ tedled a9 — °F acaw + ©? aoa ~ PF iw 


ac, 4a dQ eo . ,, wa #0 
+ {(26 ig ~2¢ Ty) + (CFR 8 aoa tse) 


The co-efficients of ¢°, e* e’, e €*, e’3, and of the higher powers and combinations, may in like manner be 
easily obtained ; but the number of terms of which they consist, goes on increasing so rapidly, that they at 
length become of extreme complexity. 











da 
Let us now consider the nature of the terms into which the expressions for Q and r ae resolve them- 


selves by the process of developement, and the manner in which they become modified by the several pro- 
cesses of substitution and integration they have to undergo in obtaining the values of Q, IT, 6 u, 61, and 3 0. 

It is evident, then, since a, 8, y, a’, 8’, &c. are all composed of cosines, and 7, q, p’, 7, &c. of sines of V, 
V’, and their multiples, without W, that any product or combination of these letters, (such as a*, ap, aa’, 
&c.) is reducible by the trigonometrical formule so often employed in the foregoing pages into the simple 
1 + cos2V 


2 


— 2a.sin V .cos V becomes — a. sin 2 V, ae or aa’. cos V . cos V’ is reduced to 2 © (008 (V + V) + 


sines or cosines of arcs, of the form kV + 1V’. Thus, a’ or a® .cos V* becomes a* . 








cos (V — V’)), ap’ into a. sin (V — V’) —a. sin (V + V’), and so on. Moreover, it is evident, taat when- 
ever the combination in question consists only of the letters a, 8, a’, 8’, &c. or of these combined with any 
product of an even dimension, in p, 9, p’, 7, &c., that the terms into which it is resolved will consist entirely 
of cosines; but when a product of an odd dimension in p,q, p’, q’, &c. occurs, then of sines. Now, the 
differential co-efficient of OQ combined with any such product, will, in the former case, evidentlv te differen- 
tiated an even, and in the latter an odd number of times relatively to W ; 80 that in the former case it will 
represent a series of cosines, and in the latter, of sines of W. ; 
Every term therefore formed by such combination, must be of one or other of the forms 


cos iW. cos (k V + EV’) and sini W. sin (k V + 1 V’) 
both which, being further resolved, produce. terms comprehended in the form 
cos aw + kV +I1V4 
It is thus demonstrated, that the co-efficients of ‘all the powers of e, ¢’, in the developements of 0 and 


7 : are generally reducible to series of cosines of arguments, of the form i W + kV + (V’; but there is 
> 


a connection between the multiples of V and V’ contained in any argument, and the dimension of the power 
or product of the eccentricities to which it belongs that we must now explain. In fact, it is obvious from 
the process above pursued, that if we regard a, a’, p,p’, as quantities of one dimension; P, £’, 9, 7; 
as of two; 4, 7,7, 7 of three, and so on, the dimension of every term multiplied bye, or ¢, wil. be 
one; that of the terms multiplied by e*, ee, e*, will be two, and soon. Now, the expressions of these 
quantities in V and V’ involve, each, the sines or cosines of multiples of V, V’, as far as the number expressing 
its own dimension; and when these come to be combined by multiplication, and then resolved by the usual 
formula, it is obvious that the resulting terms of the form cos (k V + 1 V’) and sin (kV + /V’) can only 
contain such multiples kV and 1 V’ of V, V’, as together (without regard to their signs) do not exceed the 
dimension of the combination from which they arose. 

Moreover, since the alternate multiples of V, V’ are absent in the expressions of a, 8, &c. the same law will 
hold good in any combination of them when developed. Hence we may state it as a general law, that 


r 





dQ 
dr 





The co-efficient of any power or product of the eccentricities of the dimension n, in the developement of Q or r 
will consist of a series of cosines, the form of whose argument is 
—EWHte kV tlVv’ 


in which i may have every possible value from o to infinity, but k and | are restricted to certain partieular values, viz. 
those which satisfy one or other of the equatzons 


k+l=n, k+lon—Q, k+lon—4, &e. 
down to k+l=1, or k + l = 0, according as n is odd or even. 
Thas, as we have alreacly seen, the parts independent of the eccentricities consist of terms of the form cus 
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Astreaomy.i W only, and those depending on the first powers involve the arguments - Physical 
Nee, commer iW + V, iw — V, iw+ V’, sw— Vv’ Astronomy. 
and no other. Similarly, in the part dependent on the squares and product of the eccentricities, the arguments , 
which can occur, are only 
2W,iW+2V,iw—-2V,iw+Vt+V,iwWw+V—V, sW-V+t+V,iW-V—V,iweiev’ 
and iW — 2V’, and so on. 
Here, it will be observed, we have again the argument i W, which occurred in the part independent on the 
eccentricities, and it is easily seen to be a general law, that any particular argument which first occurs combined 
with a power or product of the eccentricities of the dimension n will occur again, combined with products of the dimensions 
n+2,n-+ 4, &c. to infinity, but not withn + 1, 2 + 3, &c. For instance, the argument iW + 3 V cannot 
occur combined with any dimension of the eccentricities less than the third, and will occur again in the terms 
multiplied by the 5th, 7th, &c. dimensions, but not by the 4th, 6th, or any even dimensions. 
Since W = nt —n’t+e—e¢, Vent + e—-m, and V mn’t + ¢ — a’, the argumentiW+kV +1V’ 
is equal to (i+tk).nt—(G—)wWt+ (itk)e—(i—-l &d—ker —lw 
If then we would inquire in what terms any proposed combination of n and n’, such, for instance, as (fn—gn’)t 


can originate, we have only to put 
itk=f, i—l=g 


which give i=f—k, @=i-—-g=(—g)—k 
taking then in succession k = 0, | k= +1, k = + 2, &c. we get 
i= /f, ,= fF, i =f + 2, &e. 


l=f—g, l=f—gFl, l=f—gFQ, &e. 
For instance, if we would know from what terms the combination (2 — n’) ¢ ean originate, the corres- 
ponding values of i, k, /, are , 
lt. i= 2, kao, I=—8; edly {iy pS, | 


— 4 t=0, k=2, l= —5 
~¢ Sdy.{i=% Ga —2, l=—1 
So that any of the arguments comprised in the following series, 
wW+vV—-4VW’; 2V -5V’; 
2W-38V, isw—v-eWw; 4W-2V_—V; 5W—SV, &e. 
will produce the combination in question. Now, the lowest sum of the co-efficients of V, V’ in these argu- 
ments taken without regard to their signs, is 3: consequently, the combination 2nt — 5,’ ¢ will first occur 
among the inequalities multiplied by the cubes or products of three dimensions of the eccentricities, and 
among them only in such terms as produce the arguments 
2Ww—s3Vv, 3sW—-V—2V,, 4W-—-2V—V’, 5W-— SV. 
Let us now examine the co-efficients of the several arguments as they occur in the values of Q, II, &c. 
The co-efficient of any argument, such as iW + kV + lV’ in the developement of Q orr — will 
obviously consist only of combinations of a, a’, A, A’, A”, &c. and their differential co-efficients with a 
power or product of e, ¢, and may therefore be regarded as a given qusatity: and its value, with more or less 
trouble, numerically computed. Taking A for the general representative of such a combination, M will be a 
function of a, a’, e, e’, and of these only, and 
-Mcos (iW+hkV +1V’) 








dQ 
will be the general form of any term of Q orr qa 


dQ 
In the value of.Q, the terms of r qr enter unchanged ; but since 


dW=ndt, dV=ndt, dV’ =0 
the term under consideration will produce ind Q theterm ~M. (i +k) ndt.sin (iW +kV4/V’) and 


in Q, the term 2(t+ k)n : 
G+hn + Ty Mcos (GW kV + LV’) 


so that Q will contain two species of terms, those whose co-efficients are of the form M, and M 





(i +k) 
(G+ k)n+in 
The value of Q substituted in IT (equation 128) will produce terms comprised in one or other of the forms 

M.cos(iW+kV + IV’) 
Mm. @+9"% os GW4EKRV + IV) 
G+k)n+i1n a = 
n 
to ee eae GW+KhV+IV) 
{it bntlv} [tM attr} 


cos (iW+kV + iV’) 


4xQ 
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Astronomy. In the process of integration by which 3u is derived from II (or in the integration of the equation (129)) Physical 
Sw Astronomy. 


1 i 1 
{Gitk)nt+tlnje—n {Gt Kn + in’ }s— 
according as k or # occurs in the argument; and as these forms are obviously not altered in the transition 
from 6 u to é1r, the terms of ér will necessarily be included in one of the forms 


1 : 


ay 2 cos (iW +kV + /1V%) 
{i+ k)nt+in'} {(it k)n+ ln’)? — ni} 
eae eae a ee ee cos ((W+ kV + 1V’) 
{G@+k) nt ln’t [Gi tk) n+ ln’)? — ni} 
M. ee cos (iW kV +1V’ 
(G4 Wnt in} (GEO ntl} [Gt On tlny — nt} 
Let the several functions of n, n’, in the co-efficients of these terms be represented indiscriminately by N, 


then will the general form of the terms of ’r be M.N.cos (iW + kV + IV’). 
It remains only to consider the nature of the terms of which 690 consists, Now these will be, 


a ér, which are of the form 


Mik’. N. 


nat /] — e 


these terms again acquire factors of the form ay 


Ist. Those arising from the term 





sin (i W + (K+ WK) V ELV) 





2dly. Those arisirg from r — . whose form is 


2M{itk)n+ilntn 
nai /l — é 


v 
Sdly. Those arising from yy r : - nil é and Sf Q.ndi whose forms are respectively 


sin (iW + (K+ KV ELV) 





2aM n ee : SaM (i+ k)n* 27 
— ee 7 4 er P 
B/LL a UEbntiv sin (iW + kV +1V’), and apn tb atin} sin(iW +kV 4 PV) 
and lastly those peculiar terms con taining é out of the signs sin and cos which we have already noticed as giving 
rise to the secular equations. 

The complete enumeration of all the possible varicties of terms which 664 may contain, will therefore be 
had by putting for N each of the four forms above assigned to it; but as those only really differ importantly 
in which the denominators of the fractions differ, we need only enumncrate the latter quantities ; which are, 


Git kyntln; {ith nt ln’); 
{Gt Ant lwWle— wt; (it Mi atin) (itd at bn’)? — wh} 
(G+ My ntin {it kn tla} (it bn t+ ln)t — nd} 


_ These then are the various forms of the divisors with which the processes of integration, &c., affect the 
inequalities in longitude. They are, as we have already remarked, of the highest importance in the theory 
of the planets, by reason of their effect on the numerical values of the maxima of the perturbations to which 
they belong. Such is the immense number of terms, or rather of series of terms, branching out in all direc- 
tions, of which the perturbations consist, that it is manifestly in vain to attempt to take account of them 
all. It is therefore of the highest consequence to have some guiding principle to direct us in our choice of 
the terms to be retained or neglected. Were it not for these divisors, we might safely rely on the rapid 
convergency of the powers and products of the eccentricities ; and reject, without further examination, all in 
which their dimension exceeded a certain limit; but should there be an approach to commensurability in 
the periodic times of the two planets, (as, for instance, should five times the mean motion of the disturbed 
planet (5 n’ t) be very nearly equal to twice that of the disturbing, (2 ¢)) this circumstance. will render 
some one of their factors (5 n’ — 2 n) very small. In consequence, all the divisors into which this factor 
enters will become very small, and the inequalities affected by them will, in consequence, acquire from 
this cause an unnatural magnitude (if we may use such an expression) and must be retained, even though 
of such an order as would otherwise authorize their rejection.—The terms so affected too, will originate in 
a great variety of manners from the developements, and muy be affected with various powers of the eccen- 
tricities ; so that their number will necessarily be infinite, and for the purpose of approximatiun only the most 
prominent can be selected. 

The equations of the motions of Jupiter and Saturn, known by the name of the great inequalities of these 
planets, were long a difficulty in the way of the theoretical astronomer, and even a stumbling block in the 
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Astronomy. way of the Newtonian philosophy. It was observed, on comparing very ancient observations of the oppositions Physical 
\———~—— of these planets with more modern ones, that their mean motions had undergone an apparent alteration ; that of Astronomy. 
Saturn appearing to have been retarded, and that of Jupiter accelerated. In other words, that Saturn per- —"“v"” 
petually lagged behind, and Jupiter as constantly surpassed the places, when they ought to have been, on the 
hypothesis of the mean motion, or periodic time, remaining invariable. . 

We have seen that every inequality of very long period will appear, while on the increase, to affect the 
mean motion ; it is obvious it must, if the latter, as determined by observations comprised within the periods 
of its increase, be compared with the result of similar observations made while its value is onthe diminu- 
tion. Now, the length of the period of any inequality depends on the multiples of the mean motions found 
in its argument ; and it was not difficult for geometers to shew, that, so far as the first powers or squares of the 
eccentricities were concerned, no inequalities of such very long periods as the case required, could be found 
jin the motion of either planet. The cubes and higher powers had all along been neglected without fear of 
error ; but Laplace having, from other considerations, ascertained that an acceleration in Jupiter's motion being 
supposed, a retardation in Saturn's must follow of course, and that in the very proportion observed ; and that 
therefore the phenomenon was not altogether inconsistent with the laws of gravity, set himself to examine the 
terms multiplied by the cubes of the eccentricities. Here he immediately encountered the argument 
(5n#—2n’t + const.) ; and the mean motion of Jupiter being to that of Saturn nearly in the proportion of 5 
to 2, if we suppose n’ to correspond to Jupiter's and n to Saturn's motion the co-efficient 5 n—2 n’ is very 
small, and the corresponding period is found on calculation to amount to 918 years. The resulting 
inequality has also 5 n — 2 n’ for its divisor, and its magnitude is thus increased as well as its period lengthened. 
On executing the calculation, the inequalities of both planets were found to be such as would completely 
account for the apparent accelerations and retardations observed. 


- 


Section VI. 


Of the variations of the elements of the planetary orbits, and the secular equations of their motions. Theory of the 
major ares, inclinations, nodes, eccentricities, and aphelia, 


We have already taken oceasion to observe, that the motions of the planets may be regarded as performed 
in ellipses, whose positions and magnitudes are continually, but very slowly, changing, by the effects of the 
disturbing forces. These forces are so small, that in a moderate period of time, as for instance, in a single 
revglution of a planet, the change is insensible ; and, if we allow for those inequalities which depend on the 
configurations of the disturbed and disturbing planets, the theory of which has been exposed in the foregoing 
sections, the motion, equated by the application of these corrections, will coincide with almost rigorous exact- 
ness with the elliptic theory. But after the expiration of many revolutions of the planet, this exact coinci- 
derce will cease to take place, even when its place is corrected for such periodical inequalities. The place so 
corrected is found, it is true, in the circumference of an ellipse with the sun in its focus, but it is not an ellipse 
of precisely the same form and position as before. Its elements have undergone a change, and this change, 
though imperceptible in a single revolution, becomes gradually more and more evident, till at length it is too 
remarkable to be overlooked. 

' Such slow changes are what we understand by the secular variations of the elements of the planet's orbits. 
But there is another point of view in which we may consider the subject, which presents peculiar facilities to 
the application of mathematical investigation. It consists in referring all the inequalities resulting from 
perturbation, to the variation of the elliptic elements, not merely those of long periods, but those which pass 
rapidly from their maxima to their minima, and depend on the configurations of the bodies. We are indebted 
to Lagrange for this view of the subject, and shall endeavour to give an idea in this section of the luminous 
analysis of that great geometer. | 

If, at the expiration of any instant, the disturbing forces were to cease acting, the planet would go on 
describing an exact ellipse, of which the infinitesimal arc described in the last instant would be an elementary 

! _ portion. The plane of the ellipse would be that in which this portion and the sun's centre lie ; its eccentri- 

) city, position, and magnitude, would all be determined from the position, magnitude, and curvature of this 
element, and the laws of elliptic motion. In a word, it would be a real ellipse of curvature to the actual curve 

| described by the planet, at that particular instant, subjected to the conditions of having its focus in the sun, 

! and satisfying the other law; of elliptic motion during that moment. The elements of the planet's orbit then, 
at any moment, are no other than the elements of this ellipse, and are determined from three consecutive 
places of the planet, infinitely near each other. Thus every inequality in its motion will produce a corres- 
ponding fluctuation in the elements, which will thus be subject to as many equations, periodical or otherwise, 
as the planet's motion itself is affected with. 

The periodical terms thus originating in the elements, will, in the course of many revolutions, compensate 
each other ; but if it should happen that terms not periodical should find their way into their values, these 
will express secular changes, which it becomes of the utmost importance to investigate. 

To determine the ellipse of curvature at any instant, is a matter of no difficulty; we have only to call to 
mind that any one of the constants in its equation may be insulated, and expressed in terms of the co-ordi- 
nates and their differential co-efficients, by the mere operations of differentiating and eliminating ; go that, 


‘700 PHYSICAL ASTRONOMY; 


Astronomy supposing the co-ordinates and their differential co-efficients given at any instant, any one of the constants Physical 
~—\—— may have its value ascertained by simple substitution. But it is not necessary to go through these processes Astronomy, 
—we nay avoid that trouble by recurring to the origin of the ellipse itself. Now all we know of it is, that it —"v"—" 
satisfies the dynamical relations of the problem, on the supposition of the disturbing forces ceasing to act at 
the instant dt. Consequently its equations, however transformed, must be such as to satisfy the differential 


equations 








dx px 
ap + p=? 
Py | wy _ 
deity? 
d* z pez 
dat p=? 


and its elements will be the constants introduced by the integration of these, or known functions of them. 
For instance, let us consider its se semiaxis. Jf we pursue with these the same process of integration 
by which equation (109) was obtained, viz. multiply the first by dz, the second by dy, and the third by dz 


and add, and integrate, we find 
 . 2 dz*+dy* + dz* 
a r dt 


a being the arbitrary constant introduced by integration ; and if we compare this with (33), we shall see 
that a is the semiaxis of the ellipse. Thus we know, that all that is necessary to obtain the semiaxis of 
the ellipse of curvature at any instant (let the body describe what curve it will) is merely to substitute for 


dz dy dz. : 
T, ae” Wet’ “at? in the expression 
Sa 
2 pe dx \* dy \* dz\* 
; ($=) + (GE) + (Gy 3 
those values which, ia the case proposed, they actually have in virtue of the real motion of the body, such as 


‘he forces in action make it. 
Now, in the case of disturbed motion, dz, dy, dz, are given by the equation (94) ; for if we integrate 
“hese after multiplying them respectively by 2d 2, 2dy, 2dz, we find 


dx \* Qxrdz dQ 
(<7) =-« a am fds 

dy\* _ Qydy ,£42 
(3 = » f- = -sw fs dy 


dz y _ Qzdz ah dQ 
(a) =e fe fe 
consequently adding all together, 


(= \+ (<2)'4+ ( Y= ap fete Bate tats aw fo as + SOay+ ae) 


dt dt dt 
=-t em fac 


Saat ,or — =an faa; (165, 1) 
2m’ f dQ . 


The same result will be obtained as follows :—If we integrate, as in (109), and instead of adding explicitly 











and substituting, we get 





the arbitrary quantity = to complete the integral, regard it as included under the sign f we have 
Q pe dx* + dy* + dz? ; 
A tet ae tet ow fac 
but if a be the major semiaxis of the ellipse of curvature, 
&_ 2m dxrrt+dy+dz 
afr dt 


H t 
ence we ge fan fac 


If (a) be the major semiaxis at the commenrement of the time ¢, and a0 be taken, so as to vanish when 
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Astronomy. ¢ =: 0, we have » ps Physical 
a ae 


In this instance we have had no difficulty in arriving at once at the finite expression for the varied element. 
But it isin other cases more commodious to express its momentary variation. Let us therefore denote by the | 
characteristic 5, that peculiar variation by which the ellipse of curvature passes from the form and position it 
| had during dé to that which it has in the consecutive instant, then 6a, 6 e, 67, &c. will be the momentary 
| variations of its semiaxis, eccentricity, perihelion, &c. Moreover, dz, dy, dz, and ér, will represent the 
excesses of the values of x, y, z, r, in the varied ellipse ; not over what they were in the former instant, but 
ver what they would have been had that ellipse remained unaltered. But, both in the one case and the other, 
he point in the ellipse to which they correspond, coincides with the real place of the planet. Hence the. 
ines x, y, z, r, are the same in the varied ellipse, in the unvaried, and in the actual curve described ; 80 that 


7 d d d 
Sr 09, dy =0,6z2 =0,andA4r=o, Again, gpecdngtiy eae e256 


dt dt’ dt 
daz dy dz, ‘ ‘ : : 
——, in the varied ellipse over what they would have'been had the ellipse not varied—that 


dt’ dt’ dt 
s, had the disturbing force not acted,—in the instant consecutive to dé. Their values therefore would 
vanish, had the body remained in its former ellipse, and, in general, will be obtained by subtracting 


» are the excesses of the values of 





d e e . e 
from the vaiues actually assumed by — &c. in the consecutive instant in the curve, what would have been 


assumed by them had the body continued in the same ellipse, or had the disturbing forces ceased to act ut the 


dx, 
is 





end ofdt. Now, in the curve the consecutive value of 
































dt. 
ds dx dx me ; so 
ees ——>dt 
ge 8 ae? at {43 ees 
hs dqdQ,, : dx —\43 , dQ 
because 5 + m ae being the force in the curve, we must have d TS) a a dt. On 
: d 
the other hand, had the disturbing force ceased acting, we should have had simply d — = + = dt, 
dx £ 
so that the consecutive value of = would hare been merely ——- — dt. 
Hence we have ds GD 
ae age 
and similarly © OW an a 8 , 166 
dt —— m dy dt oe a a ee ee ( ) 
dz , 4Q 
2 ge ee ag 
To explain how the variations so obtained may be employed, let us take again the case already treated. 
wo 2p adr? + dy? + dzt 
. a ro d ¢? 
If we differentiate this relative to the characteristic 3, we get 
pda Queer dz dr dy dy dz. dz 
ae ra ris ae aa ae” ae 
d 
in which, putting 6r = o, and for 6 —— &c., their values above found, we find 
pda (dQ dO dQ 
= = — gees = Q 
“i +m {o* se br dy +S —as} 2 mn’ d 
! 6 a is the momentary variation of ain the instant d ¢, so that this equation may be integrated relative to ¢, 
. ani weget o£ =. sss... Lew [ao ; 


the same result as before. “ | =o 

Before we proceed farther, we will stop to draw from this expression of the reciprocal axis, a most impor- 
tant conclusion. It is this—that all the variations to which the major axes of the planetary orbite are sub- 
jected by their mutual attraction are periodical—and that the mean distances, and consequently the mean 
motions of the planets are subject to no secular variations. In fact, when we consider only the first power of the 
disturbing forces, we have already proved that the developement of Q is entirely composed of terms of the form 

, A.cos (iW+kV 4+1V4 | 

dw dV 
Q = : nde eee ; ° ° >, 
dQ=A (i +4) sin (iW + kV +1V) 


=A. (ith) .sin{(itk)nt—G—-Dwit Gthe—-)Y) i —kr—le’} 


hence 
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Astronomy. which is always periodic unless ¢ + & = oand i — 1 = o, when the argument becomes simply i (7 — x’) a _ Physical 
—\—” constant quantity; but in this case the whole term vanishes by the disappearance of its co-efficient. Thus Astrosomy. 


a 
d OQ and, of course, f d © contains no term multiplied by ¢, and none but what is periodic ; consequently, 


s is periodic also. 


This beautiful result, the demonstration of which is of almost elementary simplicity, assures us of the 
impossibility of any of the bodies of our system ever leaving it in consequence of the disturbances it may 
experience, and secures the general permanence of the whole, by keeping the mean distances and periodic 
pas aid ay bad fluctuating between certain limits (very restricted ones) which they can neither exceed nor 

short of. 

Let us next consider the variation in the position of the plane of the disturbed orbit. The equations 
(4), (5), and (6), give 








_. dz dy ,_, a2 dz Pa dy dz 
Reg eae eae ape ea oP as 


These quantities in the case of elliptic motion are constant, but in that of disturbed motion they will 
equally hold g »if h, h’, kh”, be regarded as variable. Now, either on the one or the other supposition, if 
we multiply the first by z, the second by — y, and the third by z, and add, we get 
hz—~Wy +h” x=0 
which is the same with equation (7). But if we mutiply the first by dz, the second by — d y, and the third 
by dz, we shall also obtain by addition, 
hdz—Wdy+h’dzr=0 

Consequently, even when we regard h h’ h” as variable, still the equation hz — h’y + h” x = 0 and its dif- 
ferential relative to 7, y, z, subsist together, just as if h, h’, hk’ were constant. Hence, it appears, that the 
body at the end of the instant d ¢ is still found in the plane represented by hz — h’y + h” x = 0, or, that 
this plane is the plane in which the elementary arc described in the instant dt, lies. If therefore we call @ 
its inclination to that uf the z and y taken as a fixed plane, and » the longitude of its ascending node, we have 


i) n ” 
tang =O tne = pale) Si + EH, (167) 


whence these elements (viz. the inclination, the longitude of the node, and the semiparameter,) are expressed 
in terms of h, fh’, h”. : 

That the equation h dz ~—h’dy + h” dz = o must hold good at the same time with hz — h’y + h’z =o 
is also evident from this consideration, that although the ellipse, it is true, varies from one instant to 
another, yet it must be regarded as invariable, while the body describes each of its elementary portions ; 
because, by hypothesis, it is so-adjusted that the body shall remain in its circumference during the whole of 
the instant d #, and it is not till the consecutive instant that it is necessitated to change its form, &c. to 
accommodate itself to the new course taken by the body. The same reasoning holds for any other finite 
equation of elliptic motion. -Its first differential may be taken, as if the arbitrary constants it involves were 
rigorously such. The disturbing forces make no change on 2, y, z, 1, their consecutive values remain 
r+dzr,y+dy,z+dz, r+dr, as before, and are common both to the curve and the ellipse, it is fo 
the consecutive values of dz, dy, dz, that they differ, these becoming d x + d* x + 6 dx for the curve, ana 
dx + d*z for the ellipse. 

This premised, we have only to inquire the variations of h, h’, h”; and to this end, by the equations 
(4, 5, 6,) we have 




















Shaye “= sath, eee < ; bh? mea od y 2 c. 
In which, substituting for é — 22, 3S, their values — m’ << dt, — m’ <— dtand nm’, se at, 
me fin bh ele gig 
tN amt {252-2 So hats ute. era. denied be etawarerate areemears . (168) 
aM =m’ Sy ~ —2 hae, 


end integrating relative to ¢, 


b= (h) +o aa ada 


et ed Ge (169, 1) 


d 
W = (W) + a { « Tent aeyat (169, 2) 








W’ = (h") +m! | dt; (169, 3) 
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Astronomy. where (h), (h’), and (k”), represent the primitive values of these respective quantities at the commencement Physical 
—~—" of the time ¢. | Astronomy. 
As these expressions are rigorous, we may derive from them all the laws which regulate the motion of the “v= 

nodes and the inclinations of the planes of the orbits ; but as it is only the secular variations which concern - 

us at present, we shall not regard the periodical parts of the expressions within the brackets under the 

integral signs. To develope them, we must consider the orbits as inclined to the plane of the z, y; but if we 

take the undisturbed orbit of m for this plane, the value of z at any time ¢ will be of the order of the dis- 

turbing forces, and z’ will be a very small quantity; so that z*, zz’, and 2°, may be neglected. Hence 

- (= V2* + y* + 2z*) and 1’, will represent with this degree of approximation, their projections on the plane 

of the z, y, and we have (calling s the tangent of m’s latitude,) 

ror.cos0,y=r.sinO, z=rs; 2& =r .cos%,y=r. sin’, Z=rs 











If then we recur to the expressions for the disturbing forces m’ = , &e. in Section I. Part II. we shall find 
dQ dQ 1 1 
Vag ~ ay 2 O88”) (Fe) peed 
dQ dQ 1 1 
2 eS (2 2’ — x2’) (4-35) 3 (170, 2) 
dQ dQ 1 1 
as ee ee Vies. wey 4 #0, 
2 dy y dz (z 2/ yx) (5 xs) 3 (14 8) 
ph’ h’ 
Now, since hz — h’y + h” x = 0, we have z = ee + ae 
44 
Suppose then, - = p and bl = q, and let the quantities corresponding to p and q in the orbit of m’ be p/ 


and q’; then, if¢, ¢, be the inclinations of the two orbits to the fixed plane, and w, o’, the longitudes of 
4 
their ascending nodes, we shall have tang = vp* + q*, tan» = a tan f’ = V/p* + 7%, tan o/ = 7 


and thus, when p and q are determined, the inclinations and places of the nodes are easily found. We heve, 
moreover, 
s=qy—pr, Z=dy —p's# 
ax—aev= (pf —p)ar’ +qyr—d_szy 
z¥—yZ%=—(¢-D)yy —pty +P yr 


and if we therefore suppose for a moment M = 55 = = 
SP = WM. ye — 2) 
div ; 
7 =™ M.{(f —p) tr +qyr—72zy'} 


oe = mM. {— (Y— Dy — pry tpyz} 


Now, our design being to eliminate h, h’, h’, from the formule, and obtain expressions involving only p and 
- 


? 


q, from which h, h’, W’, may be deduced if wanted, we differentiate the equations p = z and q = o when 











h h 
we find a 
dp _ l sda dh dq 1 /dh dh 
dt cae ir) a= a ae ae) 
: ‘ : dh dW d hi” 
and if we substitute in these, the values of aT a and ar as above found, we shall get 
dp f—p)ya — _ yY mM 
<P omM. © dy i (f= 9) ¥3 = yi’ —p) x” —-(¢—-9 ¥} 
d (p’ — p) rx’ — (df —q)z m M 
<i =wM. oe h ¢—9) ¥ -™M ie —y¥-W-a¥) 
But if we neglect the squares of the disturbing forces, and the eccentricities and inclinations of the orbits, we 
, / 
have dae a = a, so that these expressions become 


, Vl+m l—&).a Wa 
ap. ct wM, mp2 -¢-oy 


t oe y 


VOL. IfIt, Ay 


(171) 
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my | dq —p)” —-({-O¥ : Physical 
Astronomy 7 = wm’ M. 7 2 (172) Astronomv. 


Let us suppose the function (a* — 2 aa’. cos w + a’)—* developed in a series of cosines of w, and ite 
multiples S +S’. cus w + S”.cos2w + &e. 
then we shall have, by (135) 


sazlit Ge + (Gaye + GES) +00} 





2.4 2.4.6 
2(8 3° .5 S*. 5%. 
Fs aloe tet eae et he k err a eye ae ee ee (173) 


2 
8s etm the! 


and if we neglect in the present research, as is allowable, the eccentricities and inclinations, or suppose the 
orbits circular and in one plane, 


M = — 5 = (4 —8)—S'. con (0 — 0) — 8”. cos 2 (7 — 6) —, &e. (174) 
r=a,r=adWOm=nt+e,%fW=Wt+6,O0~-Y=nt—wt+e—e¢d=W 
yi (pr —p)a’— (f —g) ¥} =a’. 


2 
+ ad. 2 =P tein + 0) — sin (” — 6)} 


Lt cos (Y + 0) — cos (7 — 0)}; (175) 











ti (po —p) 2” — (ff —g) ¥} = ad, PP tes (7 + 0) + 08 (7 — O)!; (176) 


— ad, L—4 sin (0° + 0) + sin (& — 6)} 
Each of these latter quantities is to be combined with M by multiplication, and in resolving each of the pru- 
ducts of sines and cosines so originating into simple sines and cosines of sums and differences, itis obvious that 
constant terms will arise whenever similar terms are combined, by reason of the property cos A x cos A = 4 
cos 2A + A Now the only argument common to both factors is & — 6; and, of course, the only terms in 
(174) and (175) from whose combination a constant term can originate, are — S’. cos (9 — &) and — aa’. 





Y > 1 cos (7% — 6). Consequently, if we reject all the periodical terms, and put I = se S’, we have 
dp m! 
aa == 1. — 9); (177, 1) 
and similarly 
dq m 
Se == 1 —P); (177, 2) 


If we go through a process exactly analogous, so as to obtain differential equatione for determining p’ and 
7 relative to the orbit of m’, we shall find them to be = 


| 
= 1a-0 (177, 8) 
d 

-f=410-n: (177, 4) 


These four equations, being of . the first order, and with constant co-efficients (for the secular variations of 
a, d@, and therefore of S’ and of “= 


integrated. As they subsist simultaneously among the four variables p, p’, g, q, we may integrate them ell 
together, if we assume 





x S’or I, which are symmetrical functions of a, a’, vanish,) are easily 


p=A.sin(gt+k) p=A’.sin (gt + k) 
qu A.cos(gt+k) of = A’.cos (gt + k) 


for if we substitute these values, we find that the variable part divides off, and there remain the following 
equations of condition between the constants A, A’, and g, 


pha IN A); (178, 1) 


Astronomy 
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ysical 


m Ph 
g A= FF I(A — A‘); | (178, 2) Astronomy 


In these one of the constants A, A’, g, remains indeterminate. Let this be A, then eliminating A’, we get 
for determining g, 


m’ m 
gt + (“= + =) Ig=o 
mva+nt Va 
Now it is evident, that if g and g’ be two values of g which satisfy the equations of condition, then A. sin 


(gt +k) and B. sin (g’ ¢ + &’) will each be satisfactory values of p, and so for the rest ; consequently (the 
equations being linear) their sum will be so, and we have 


Nisam ddacaeecueieances (179, 1, 2) 


gzo0o,org=— I 


p =A.sin (gt +k) +B. sink’ (180, 1) 
{ == A.cos(gt + k) + B.cosk (180, 2) 
p’ = A’. sin (gt + k) +B.sin’ (180, 8) 
ee ae +k) +B.cos (180, 4) 


where A, B, k, &’, are four arbitrary constants, and 

mVatm Vad ; _m Ja 
/ ad , nt a’ 
From these values of p and q, p’ and ¢/ it is easy to eliminate sin (g¢ + k) and cos (g t + k); for if we 


P mm 


g=-—l. _A; (181, 1, 2) 





‘multiply (180,1) by m “a, and (180,3) by m’ V a’, and add, noticing that A.m /a + A’.m’ Vad’ = 0 


by reason of the relation between A and A’ (181, 2) we get 


| mVa.pt+m/a.pf = (mVa+m Va) B. sin = constant; (182) 
and similarly, 
mVa.qgqtwvVa.g = (mVa +m Va) B.cosk = const. ; (183) 
Moreover, we have 
tan ¢* = p* + g* = (A* + B*) + 2AB.cos(gt+rk— HK); (184, 1) 
tan 9? = p’* + o/? = (A + B*) + 2A’B.cos (gt +k — i’); (184, 2) 


Consequently, 
m/a.tan ¢ +m’ Vd. tang? = m J a (A3 + B) +m’ Va’ (A? + B*) = constant; (185) 


The arbitrary constants A, B, k, k’, may be determined in any particular case, either by comparing the 
general expressions for p, p’, 9,9, with their actual values at any assigned instant as derived from observa- 


tion, or from these last derived equations ; for since p* + g* = tan ¢* and 7 = tan w, we have 
p=tand.sinw; gq=tangd.cosw; p=tang.sinew’; g = tan pf’. cos o’; (186) 
Now the equation (180) gives 
(p’ — p) = (A’— A). sin(gt +k); ¢ —9 = (A’— A). cos (gt + ) 


consequently, if we take ¢ = 0, or if we assume for our data, the elements ¢, ¢’, w, w’, as they were observed © 


at the epoch or origin of the time ¢, we find 
p—p tan ¢ . sin w — tang. sin w 











a eh (187) 
Hence A and A’ are found ; for, the values of S, S’, &c. being known from equations (173), I = =< S’ is 
also known ; and since by (181, 2) 
Sa m Ja (pf — 
N-AS=- eae eh eta - ee ee (188) 
mV a& (nVa +m Vad) sink 
Again, if we divide (152) by (183), we find 
Von e , 7 ? 
tan =m va .tang.sinw + m Va’. tan f. sino” (189) 
mvua.tangd.cosw +m V/a.tang. cos wv 
va. . si iV a, . sin of 
Ba=-@“2 tan @ sin» + mV a’ tart ¢ . sin ; (190) 
(nVa+m Va).sink : 


These constants once computed, the laws, periods, and limits of the motions of the planes of both orbits 
areknown. The period in which the inequalities recur is deducible at once from the value of g. If we express 
the time ¢ in Julian years, n, n’ represent the mean motions of the planets m, m’, in one such year, in parts 

Ay 
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Astronomy: of a whole circumference, and n* a’ = 1, that is, /a = ce hence g (= — I. (—= + )) wili be herouarg 
—— na Ve Va ‘ 
found as follows :— g= (mn d +m na).I 
and if we call T the whole period, — g T = | circumference = 1; and 
sees , 
! gp (mana + am’ na).T’ (191) 
where i= = ¢ g 


If n, n’ be expressed in seconds, the numerator of T instead of being unity, must be 360 x 60 x 60”=2196000". 

The limits of the variations of the inclinations are readily found; for it appears from the equations 
(184, 1, 2) that their maxima and minima occur when gt + k — k’ = o and 180°, and have for their cor- 

i —B 

responding values ie : : and . LBS Br cette teste econ ee eeee eee. (192) 
Now, it is obvious from the values of p and q, (180, 1,2) that A and B are small quantities of the same order 
as p,q; so that the inclinations can never increase or diminish beyond certain very narrow limits This 
follows too from the equation (185) ; for in the present state of our system, tan ¢ and tan ¢" being extremely 
small, the sum m V a. tan ¢* + m’ Va’ .tan@” is always a very minute quantity ; and since V aand V a 


must both be taken positively, (for “a = a and n is positive for both planets, the motions being both in 


the same direction) neither term separately can exceed the value of the constant; so that ¢ or ¢ must 
remain for ever confined to a value not greatly different from what it now has, and the planes of the planetary 
orbits must keep for ever oscillating within very confined limits about their mean positions. 
With regard to the nodes it is different. These are liable to great changes of place, and may even circu- 
- late for ever in one direction without returning. In fact, if we would determine the maxima and minima of 
their longitudes, we have only to put dw = 0, dw’ = 0; the rvots of which equations, if real, will indicate 
the stationary points ; and, if imaginary, will shew that such points do not exist, or that the nodes circulate. 
Now we have 


_ d.tanw dp dq ap dq 
dw = ——- = 0, ord.tanw =0,(r = Gg ae 


1+ tan w? 
dp — dq : ‘ : 
Ta and aa their values in equations (177, 1, 2) we find 
q¢—-P+tpyr—pP=o, orpr+qg=Pr+ 4; (193) 
in which, substituting for p, 7’, q, q’, their values (180) we get ultimately 
A 


A+B.cos (gt + k—k’) =o whichgives cos (gt +k—M) = — B? (194) 


Hence, if B7 A (no regard being had to the signs) this will correspond to a real value of ¢, and the node will 
then merely have a libratury motion, advancing and receding alternately; if B 2 A, they will circulate always 
in one direction. In the former case, if we substitute in the value of tan ¢* (equation 184, 1) this value of 
cos (g ¢ + k — k’) we shall find tan ¢* = B® — A°; tan @ = VB — A’, which gives the inclination cor- 
responding to the stationary points of the node. These points are attained when cos (gt + k — i’) = — AB 
while the maxima and minima of the inclirntions happen when cos (gt + k — kK’) = + 1. The stationary 
positions of the node therefore do not correspond either to the maxima and minima of the inclinations, or to 
the semi-intervals between them. 
If we had considered more than two bodies the results would have been analogous, and we should have 
@ arrived at similar expressions for p and q only containing more terms, and analogous equations to those in 
182, 183, and 185, viz. 


mvVa.p+m Va.pf +m’ Vd’ .p + &c. = const. \ | 
s Wee ayes (195) 











= 0 








in which equation, substituting for 


mva.qtm Vad .f +m Va’. + &e. = const. 
mv a.tan g + m Va .tan f*® + m’ Va’. tan fg’ + &e. = const 


Let us apply this theory to an example, and we will take that of the orbits of Jupiter and Saturn, the two 
principal planets of our system. If we take for our epoch the year 1700, we have, by Halley's tables, 


w = 101° 56%; @ = 2 30 10%; a = 954007 
wow = 97° 34°9°; P=1° 19 10’; a’ = 520098 
Hence we find the values of p, p’, q, 7, for that epoch, by the equations (186) as follows :— 
p = 004078, gq = — 001573; p’ = 002283, 9q’ = — 000303 


whence, having computed [, and assuming mi’ = on and m = ass we shall find A, B, k, k’ and gas follows: 
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B = 002905; A = 001537; k = 125° 15’ 40”, k’ = 108° 38’ 40” 
and A’ = — 000661, and finally g = — 25-5756 
Hence we obtain, in the case of Saturn, 


tan @ == 0:08287 . “1 + 0°82665 . cos {21° 37’ — t x 255756 
and for Jupiter 
tan ¢’ = 0:02980 . 1 — 0438290. cos {21° 37’ — t x 25'"5756 


Also we have B + A = 0:04442; B — A =.0°01368, so that the maxima and minima of the inclinations of 
Saturn's orbit are 2° 32’ 40” and 0° 47’, and its test deviation from the mean state will not exceed 52’ 
50”. In Jupiter's orbit the maximum is 2° 2’ 30”, and the minimum 1° 17’ 10’, and the greatest deviation 
from a mean state 0° 22 407. 

The longitude of the node, w, has a maximum and a minimum in both orbits, because B 7 A; and the 
extent of its librations will be, in the case of Jupiter's orbit, 18° 9’ 40”, and in that of Saturn's, 31° 56’ 20” 
on either side of its mean station, on the plane of the ecliptic supposed immoveable. 

The period in which these changes take place, or the whole time in which the inclinations vary from their 
greatest to their least values, and the nodes from their greatest to their least longitudes, and back again, is 

360° 360 
equal to —— = o575756 
idea of the extent to which the Newtonian theory, assisted by the refined methods of the modern analysis, 
enables us to carry our views of the past and future condition of our system ; as this, though subject of course 
to some subordinate corrections, is perhaps one of the least uncertain of the results of perturbation. 

Let us now consider the secular variations of the eccentricities and aphelia. Our first object, agreeable to 
the theory of the variation of the arbitrary constants already exposed, must be to obtain such an equation of 
the ellipse of curvature as shall be adapted to our purpose, by containing these elements (or convenient func- 
tions of them) in a state sufficiently disengaged from the variables z, y, z, and their differentials. Now if we 


= 50673 Julian years; an immense period, and which may serve to give some 


differentiate the quantities =, =, =, noticing that r* = x* + y* + 2z*, we get 


2 rdx—xzdr_ rdxr—a.rdr_ ridzr— fxd (r*) 


sa” aa ac” ia rs 
_ (A +9 4+ 2%) dr—(rdertydy +zdz).2 
Gp ett ete see ee a ee 


_y(ydr —axdy) +2z(zdz —2d2z) 
Ra eg aoe eee gag rez cas aa 


That is, substituting for yd zx— xdyandzdz — xrdz their values hd t, h’ dt, 








a (=) =" a na (=) = (ete tute )as 
similarly, = (+) = tet rat or 2 pd (4) = (-14i+w4t)at 
a (=) ser tae pa (2) = (wee wt )as 
Now, in the case of elliptic motion, “= = — <; —- = —~<t and > = ~ 5, consequently 


substituting these, we obtain 


z\ dy dz y\ _ dz ~ az 
pa(=) =a} -s eh ma = {a = TH 

















rez) male szee at} 
and integrating, 
faniit+ (stew); 1261) 
r dt dit | 
porhs(-s = 4-H a (196, 2} 
frap—+ (-¥ =F — Wr ot ; 2265'S) 


These equations will serve our purpose, as the arbitrary constants f, f’, f”, are completely disengaged ; but 
before we proceed to employ them, we must determine the values of f, f’, f”, in terms of the elements, and 
vice versa; and for this purpose must first eliminate the differential co-efficients, which (from the peculiar 
form of the equations) is practicable, by merely multiplying the first by z, the second by y, and the third by 


Physical 
Astronomy. 
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Astronomy, z; and adding the results, when we get Physical 
— dzr—xd a2 Astronoay 
pen ady _w.2 r—xdz _ yr. 24y ydz =feppye fs : 
dt dt dt 
or, by reason of the equations (4) (5) (6), . 
erafi te fy t+ fle t (+h? + hk”); (197) 


This equation expresses the general property of the conic sections, in virtue of which a line drawn from the 
focus to the circumference is always in a given ratio to a perpendicular let fall from that point on the directrix. 
If we multiply (196, 1) by h”, (196, 2) by — h’, and (196,3) by h, and take the sum of the results, 
(observing that h” x — h’ y + hz = 0) it will be found that all the variable terms will destrov each other, 

leaving simply the equation of condition, 
WS Wf + hf” =o (198) 


Suppose X, Y, Z, the co-ordinates of the perihelion. At this pointdr = 0,orrdz+ydy+2dz =a, 
but if for A, h’, kh”, we write their values in (4) (5) (6) we have 





dy a d y* + dz? ydy+2zdz 
h dt +h dt — a gg oe ae ag (199, 1) 
dz , a2 _ dx* + dz rdix+2zdz 
a ala cs mes laa aes ae 
dr dy _ dx* + dy? xrdz+ydy : 
CT hag ae ee ee) 


At the perihelion therefore, substituting for ydy + zdz, rdx+zdz,rdx + yd y, their equals — Xd X, 
— YdY, and — Zd Z, respectively, these quantities become 





7 x e+e Ve +ae 
er | dt | 
_y dX? +dY* +d Z* 
, dt 
dX* +d Y*+dZ* 
—2.——— 
d i? 
2 1 : 
Consequently we have, putting a aoa = V*, X* + Y* + Z? = R¥ 
ee v); = (£- ): ” (£- +); 
f=ex ($-v ; f=y.(£-v); paz(4-v); (200) 
Hence it is easy to obtain the following equation, 
2 
pape (t—v)\ (201 


Now R is the perihelion distance, R = @ (1 — e) and V being the velocity at the. perihelion, we have, by 
2 l 
(33) V* = uw ( _ =) Hence we get 


fi +f" + f"= R Se 


a? 
pes Vf 4 fa 4 fre; (202) 
Moreover we have 
i i oe tt (208) 
ff & FX Rip” Fee 


Y. | 
But x is the tangent of the longitude of the perihelion, or of the angle which the projection of the perihelion 


distance makes with the axis of the z: also, x is the longitude of the perihelion reckoned on the orbit; and if 
its plane is but very little inclined to that of the z, y, this angle differs from its projection on that plane only 
by a very small quantity of the second order; so that if we disregard, as we have hitherto done in this 
research, the squares of the eccentricities, inclinations, and disturbing forces, we have 

‘ 4 


tne =, (204) 


These three equations, viz. tan 7 = = pes vo f2 + f2 + f%, and hf” — Wf? + kh” f = 0, determine 
Sf’, f", in terms of the elements of the orbit. The variations of the eccentricities and longitudes of the 
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omy. perihelia, e and +, may be immediately determined from those of f and f’, so that it is to these we shall now Physical 
turn our attention. Resuming then the equations (196, 1, 2,3) let us differentiate them on the supposition Astronomy. 
of f, f’, f”, being variable quantities, their variations being such as to express the effect of the disturbing —\—” 
forces only. To express this we have used the characteristic 6, and we shall continue to do so, to keep the 
principle on which the process is founded distinctly in view. No inconvenience can arise from the confusion 
of two symbols, 6 and d, in the same investigation, when we bear in mind that any expression such as 3 f 
denotes, strictly, the whole amount of the momentary change which the quantity f undergoes while the planet 
passes from one elementary portion of its unknown curve to that immediately consecutive to #, while such expres- 
sions as dr, dy, &c., denote the changes which xz, y, &c. undergo while it passes from one end to the other of 
the same elementary portion. In both points of view, the accumulated effects during a finite time are obtained 


by the same rules of integration ; the whole variation of f is legitimately expressed by fe f just as that of x 


a 
is by S dz, and when 8 f is expressed in terms of d ¢, the integration must be performed in the usual man- 
ner, as on a function of é 


r z 
We have therefore, since = Os é = =o, 6 =e 





























dy dz ; dy rp, a2 
= —— a 6 fs 
éf a éh+ aa SW +hS oF +h a 
) d dz - 
Substituting therefore for 6h, 3 h’ their values in the equations (168) for é 7 - , 6 ee — m 7 and 
dxr—zxd dz— 
| — m’ = respectively ; and for A, hk’, their values a and aeaaee we get . 
| 
| dQ aa dQ dQ 
| ayty ie ag OA ae ae 
! f= — a ee ae (205, 1) 
tae ea tease ety ae 
| and similarly, - 
| as{s dQ toh asl dQ y 49) 
| dy "d dy "d 
afi= — y . y . XM veeeeeee (205, 2) 








dQ dQ 
ae + (zdy —ydz) ae 


These are the rigorous values of 6 f, 6 f’, and their integrals regarded as fonctions of t, express the total 
variations of these elements produced in that time. But, as we have done in the less complicated theory of 
the nodes and inclinations we shall neglect, in developing them, all their periodical terms, at least such as 
depend on the configurations of the planets, as well as all terms containing the squares of the disturbing 
forces, eccentricities, and inclinations, and take the primitive orbit of m for our fixed plane. This will sim- 


+ (rdy —ydz) 





plify them greatly ; for in this ease z, and — 


fore, when multiplied by m’, may be rejected. Moreover, on this supposition, it is indifferent whether we 
reckon the longitudes on the orbit or on the fixed plane, since the difference is of the order z*; consequently, 
representing that of m by 9, we have 


are quantities of the order of the disturbing forces, and there- 


z=r.cos0, y =r. sind; 





whence we find 
142-448 yenen (Z-3) 
= r-'.sin @-0.(4-% =<; (206) 
afa—dy To hae 
Miwewenhave 7 as- Gt eee 
| Bat since j= Vrt — Qrr. cos (6 — 0) + r* 
ante 2 


dQ _ cos (06 — &) r—r.cos(@ — &) 
a =“ (207) 
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dQ .sin (0 — ry’.sin (6 — & 
oi sin ( ¢) i. ( ) (208) abn 
d@ rf r ree ae 
Consequently 
qQ _1f aQ ., dQ . 
soaelr ae tine t a .cos 0 | (209) 


and as we have dy = dr.sin? +rd06@.cos0, andhdt='1r'd8, 





dQ dQ 
a —_ ( : | ean mS 1 e 
éf= (dr.sin 0 + 2rdO. cos Gj 2d qr . sin @; (210) 
In like manner we should have found ; 
‘ dQ dQ 
of’= + {dr.cos@—2rd@. sin 0}——— + dO —— . cos 0; (211) 


Now, if we neglect the squares of the eccentricities, we have 
r= a{l —e.cos(6—7)}, dr=ae.sin(0—7)d0, Fd0 = nat dt, 
whence we have 
d@=ndt(l+2e.cos (9 — 7) anddr=naedt.sin (@ — 7) 








and consequently, 
dQ —— ——— ; _———} dQ 
ésf= — nadt.——{(%—2e.cos@—7)(1 + 2e.cos 0 — 7). cosd+e.sind .sin@ —r;—naidt.———3 
which reduced, rejecting e*, becomes 
8f=—mndt fa a (2 cos 8 + = Arcos ee (20—s)) + a® di sino} (212) 
dé 2 2 dr 


In order to find the secular part of the variation of f, we must develope this expression, retaining only such 
terms as are not periodical. Now, recurring to the notation of Sections 3, 4, 5, Part II. we have 


=nt+e+2e.sinV=V +7 + 2e.sin V 
therefore sin 6 = sin (V + 7) +2e.sin V.cos (V + =) 
= sin (V + 7) +e.sin (2V + 7) —e.sinz 
2 cos 0 = 2 cos (V + 7) —4e.sin V. sin (V + =) 
= 2cos (V + 7) +2e cos (2V + 7) —Ve.cosr 


= +008 (20 — ) = —. cos (2V + 7); ao cos r= eS 8s 











2 2 
neglecting e* &c. Again we have 
ada dQ dQ 
2 =—- gt @ 
: dr od a este dr ‘ 
When this therefore is multiplied by sin 0, the term — e . sin will combine with the constant term a’ = 





iq dA 
f at —— — ate. 
oO qa? and produce — a* e 7 


0 
Ta” because every other term ‘contains W, and therefore both V and V’; while the value of sin 0 con- 
tains only V, and, of course, V’ cannot be destroyed by their combination. Again, with respect to 


d@ eo 
& aa it has been proved, that (regarding only the first powers of the eccentricities,) this is resolvable 


dQ 
into a series of terms of the form A .cos (i W + V), A.cos(iW+V’). Now, since A as is of the order 


of the eccentricities, we may disregard the term of sin 6 multiplied by e, and take it simply equal to sin 
(V + 7). If we multiply this into the series = A.cos (iW + V) since W = V — V’ + x — =, only one 
term can produce a constant argument, viz. that into which V’ does not enter, or in which t = 0; that is, the 


Q A 
term multiplied by cos V. The co-efficient in this term in A is — ae a (as appears from (147), 


. sin 7, and this is the only constant term which can arise from 





q* 














dr 
a dQ dA ON aM Nai e ot Qo . er 
writing aa for Q, and of course Ja? &c. for A, &c.) Hence the term so originating in a ae sin @ will 


s d? 
be equal to the constant part of — a’ e = .cosV .sin (V + 7), that is, to — > ; <*> .sin. Again 


the multiplication of sin (V + 7) with the series = A .cos (i W + V’) will produce a constant term by the 
combination of sin (V + 7) with cos (W + V’) = cos(V + *—*#’). The co-efficient of cos (W + V’) in 


0D f : 0 
the developement of A — is — £(0 ss +2 = ). Hence the constant part of a* — . sin 0 g0 


add ‘da 
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So originating, will be — “< (os +2 3‘) x (the constant part of sin (V + 7) a (V+7—7) Asrowomy. 
=— 0. Ssinele Mpg Oe} 
Let us next consider the constant terms which can originate from the part multiplied by a = . This 
quantity is equal to a 5 — . ss =a s* =a — +aA =~. But we have 
= —A.sin W —@2 A’.sin2 W — &c. 


and as all these contain V’, and this arc does not enter into any of the terms multiplying in the expres- 

sion of 8 f, it is obvious that no combination not containing V’, can arise in this way, i.e. no constant term 
Q Q 

can occur in the part of the developement depending on > . With regard to A = being already of the 


order of the eccentricities, it need only be combined with the first term, 2 cos 9, and this term may be regarded 
as equal simply to 2.cos (V + 7). We have only then to investigate the constant part of 
dQ @fQ @Q OQ 
ie” Gaaw anawo wis} 
Now Ar = —ae.sinV, Ar =—adéd.sinV’,, Aw =@e.sinV — Ze’. sin V’ 
$ , 4 
Ist. The combination — 2 a®e . cos V.cos (V + 7). 2 —i = sin’ W 


| can contain no constant term, because the terms sin V and cos (V + 7) cannot eliminate V’ from sin i W. 


sin « W 





2a.cos (V+) }A 








é 

Qdly. —2ad cos (V + 7).cosW 2 —i 
will contain a constant term, for taking i = 1, cos V’ x sin W = } sin (W + V’) + dsin (W — V’), the 
last term of which does not contain V’, being equal to + 4 sin (V + + — 2’). The combination now under 
consideration, will therefore contain the term 


, 
faded. 5%, cos (V+ m). sin (V +r — 2’) 
which, developed, will produce a constant term, : 
e ae 
—aa’,. >’ ag ne 


Lastly, the combination 
| 4a.cos(V + 7) fe.sinV —e’.sin V’}. = i®. Ab. cos i W 
: will produce a constant term ; viz. that arising from 
— 4ae’.cos(V + 7).sin V’ x — 1° A’. cos W 
for sin V’. cos W produces a term free from V’, viz. 4 sin (V + 7 — 7’) which again combined with cos 


(V + x) produces sin x’; so that the complete result of this combination will be 
—aeé.A’. sin 9 
Assembling therefore all the constant terms so found, we get 





(213) 


dA a dA 
tf =m andt.esine {a Wa 9 rai 


da 2% dad 4 ~ dadd’ 
The value of 3 f’ may be derived by a similar process, but without executing the whole process, we may obtain 
it more readily by considering the expressions (210) and (211) we then see that 6 f changes to 6 f’ simply by 


, , , 
+m andtésine {a +2 oN 4 2 mit ail ee \ 


— and “= unchanged. Now Q, = and “ remain manifestly 

unaltered, whatever direction we assume as that from which we reckon the longitndes. Suppose then that 

we shift this direction 90°, then will each of the angles 0, @, «, ¢, 7, 7’, be diminished 90°, and this wi!! 

produce no alteration in r, because 6 — 7 will remain unchanged. Hénce, the effect produced by this change 

on é f will transform it into 6 f’. The value of 6 f” theréfore will be had at once by changing sin 7 and sin + 

into — cos 7, and — cos 7’ in that of $f; and this will be found to be confirmed by the direct process. 
Suppose now we denote the constant co-efficients within the brackets for brevity by — I and K, so as to nave 

VoU.. BIT. . 4° 





changing 9 to 9 — 90°, but leaving r, 
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dA a dA 
—_ [=«a-—- O° dat (214) 
—y, @ ald a ad @e 
Ber ee de 9° dw” «@ “dade (215) 


Then it will be observed, that K is obviously symmetrical with respect to a, a’, because the co-efficient A is 
so; and the same will be found to hold good with I; for if we write it as follows,— 








_. 1 4d , aA 
TS tare, i cI (216) 
and for A substitute its value given in (137, 1) it will be found that the execution of the operations here 


indicated will lead to precisely the same result as those denoted by — ie zo} : consequently J and K 


are both symmetrical functions of a, and a’, and do not alter when these aaa are mutually transposed. 
With regard to I, it may be easily shewn to be identical with the function — S’ which we have already 
denoted by the same symbol. To see this, we need only write for A and S’ their values in (136, 1) and 





(173, 2), and executing on the former series the operations indicated by — 3 — (« ac) ( remembering 
a da a da Qa rae <e a ‘ . 
that « = a” eae =— 7? ada = + =) and multiplying the latter by 4” the result will be iden- 


tical. We have then 
sf=—m.na.Idtxe.sine +m .na.Kdix ¢ singe 


8f/= +m’ .na.Idtxecosr—m .na.Kdt x ecos#’S ’ 
Now, if we recur to the values of f, f’, f’, we find 
Lf f? hf! — uf 
—— = tans; = sinz7, {4 = —— 
TR ar a: 
Sut A’ and h” are of the order of the disturbing forces when we take the plane of m’s undisturbed orbit for our 
fixed plane; consequently, f” is so, and therefore /f? +f” = v i + f* + f™ = pe, neglecting the 
squares of the disturbing forces. Hence we have f= we. cos 7 and f’ = we.sin =. 
In imitation of what we did in the theory of the nodes and inclinations, let qg and p represent these quantities ; 


then dq and d p being the momentary variations of q and p, will replace 6 f and 6 /f’; and if in like manner 
we put ¢ and p’ for pw’ e’ . cos 7’ and p’ e.. sin 7’, the corresponding quantities in the orbit of m’, we shall have 


(putting — >> for na, n’ a ; and supposing « = 1, and «’ = 1, which is allowable since the squares of the 
a 
disturbing forces are neglected, and the quantities under consideration are all of the first order of these forces,) 





dt V4 
- T= Fel te- £F} See (218, 1, 2, 8, 4) 
= Foe 8} 


Thus we see that the problem of the secular variations of the eccentricities and aphelia, depends, exactly as 
in the case of the nodes and inclinations, on the simultaneous integration of four differential equations of the 
first order with constant co-efficients. If we compare these, however, with those of (177), we shall observe 
that the former research is rather more complicated than the latter, by reason of the two co-efficients, IJ and K, 
which it involves, while the system of equations on which the nodes and inclinations depend, involves only the 
first. However, this circumstance does not render the integration more difficult ; the same substitution suc- 
weeds, and the integrals have a form almost exactly similar; we have only to take 
p=A.sin(gt +k) + B.sin (At + J) 
q =A.cos(gt +k) + B.cos(ht + J) 
p= A’.sin (gt + k) + B’. sin (At + 2) 
df = A’.cos (gt + k) + B’.cos (ht + Y 
Jf these be substituted, the equations will be satisfied, provided the following equations hold good between 
the constants, 
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m’ m 
A= IA — KA hB=—— (IB — KB’ 
8 7 ‘) a 7 | ) 
g Ai = (IA — KA) hB’ = —- (IB — KB) 


It is obvious that the elimination of A’ from the first pair, and of B/ from the second pair, will lead to 
equations of exactly the same form for g and h, which are therefore the two roots of the quadratic, 


mVatmvd m nv 
gt — Ig.“ = + 
Vv aa Vad 
and g and h being found, and A, B, k, l, remaining arbitrary, A’ and B’ are easily found. 
To adapt these values to any particular case, the general values of p, q, p’,d, at any assigned epoch, must 
be made to coincide with the observed values of e . sin 7, e . cos 7, é. sin 7’, and &. cos x’; which condition 


will furnish equations to determine all the arbitrary constants. 
For example, in the case of Jupiter and Saturn, we shall find on computation g = 21”9905, h = 3”-5851. 


A = 004877; B= 008532; A’ = — 001715; B’ = 004821; k= 3806°34’ 40”; 1 = 210° 16’ 40” 
Now, since p = e. sin 7, and q = e.cos wr, we have 


tne =, ande = vpit gi = VA + BFF TAB cos [@—AE+E—T 
which gives, by substituting the numbers already found, 
e = 0'06021 . V1 — 095009 x cos (83°42 — 187-4054 x #) 
which is the eccentricity of Saturn's orbit ; and similarly, 
e = 004649 . /1 + 068592 . cos (83° 42’ — 1874054 x t) 


for that of Jupiter, after any number ¢ of years since 1700. 
The longitudes of their respective aphelia, will also be known by the formule 


A.sin(gt +k) + B.sin (hi+D_ 





(I? — K*) = 0 (220) 


tan = cos gt +k) + B.cos(hi +i)? (221) 
o a 3 e 
va Xin (gt + k) + BY sin(ht + 2) (222) 


™~ A’. cos (gt + k) + B’. cos (ht +l)” 
and the maxima and minima of these, or their greatest deviations from their mean places will take place, when 
g A° + hB* + AB (g + h) .cos {(g — hk) ¢+ (kK—1)} =o 


A? + h Be 
cos {(g— A) E+ (k-D} = — FA, (223) 


If this fraction be less than unity, the aphelia will librate, as in the case of the nodes about a mean position, 
if not, they move in one direction continually. In the case of Jupiter and Saturn now before us, g A? + h B® 
7 (g + h) AB, so that the aphelia go on for ever in one direction. 

The period in which the eccentricities go through all their evolutions, and return to the same state, is 


that is, when 


360° 360° ‘ 


The greatest and least values of the eccentricities are respectively A + B and A’ + B’, for the two planets ; 

and in the case before us . 
for Saturn, .... 0°08409 and 0°01845 ae maximum of the one corresponding to the minimum of 
and for Jupiter,.... 0°06086 and 002606 § _ the other planet. 

Finally, we may derive relations between the eccentricities, masses, and semiaxes, similar to those obtained 
between the inclinations, &c. in equations (182, 183, &c.) for since p* + q* = é it is easy to see that we 
must have _ 

md JSa+m.& Si =m Va (A* + B) + m Va (A® + BY) (224) 
+2 (mV a. AB +m / a .AB) .cos {(g —h) t+ (k—D! 
Now we have, from the equations of condition, 


A(e- id t)=-K m_K 














Ja a ses 
_ sa — wn! By desis racer mers le otaleeceala atsoades ) 
(i een 
m’ m’ nig ms 
so that B(g- =1) (A 3=1)=43.> 38 | 
4z2 
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Astronomy. but g and h being the roots of (220), we have 


—\—_ mm’ 


Fig. A. 


mVatm Va 
Jad 
Consequently, our equation, on executing the multiplications indicated, and substituting, reduces itself to 
mVa.AB +m Vad .A°B =o 

so that the equation (224) becomes simply 

me. Ja +m & Ja = mV a (A* + B) +m Vad (A® + B®) = constant, (226) 
because the major axes are constant; and had we considered a greater number of planets than two, we 
should, in like manner, have arrived at the equation 

meVatmW&Vd +m'&V a + &a= constant ; (227) 





gh = ——— (I? — K*) gth=lI. 
/ ad 


PART III. 


Or toe Tueory or tHe Moon. 


Section I. 
Rigorous investigation of the differential equations of the moon's motion, and general expression of the disturbing forces. 


Tag extreme minuteness of the masses of the planets, as well as their great distance, renders it allowable in 
the theory of their perturbations to neglect altogether the squares of the disturbing forces, and affords such 
facilities to the whole investigation, as to permit us to express at once the true longitude and radius vector in 
explicit functions of the mean longitude or the time. This is not the case in the lunar theory, in which one 
of the most remarkable of the inequalities depends for nearly half its value on the square of the disturbing 
force, and in which the whole investigation. is so delicate, as to render it necessary to abandon the direct 
process followed in the planetary theory and adopt a route, apparently more circuitous, but possessing advan- 
tages of a peculiar kind. It consists in expressing the radius vector and the time or mean longitude in 
functions of the érue, and thence by the reversion of series deducing the true longitude in terms of the mean. 
The advantage of this is, that we are thus enabled to set out from differential equations in which nothing has 
been neglected, and consequently have it in our power fully to appreciate the influence of all the terms we 
may afterwards neglect in their integration on the final result. . 

Our directing principle in this investigation will be to follow out, step by step, with the proper modifications, 
the same system of transformations, by which the differential equations 1, 2, 3, of undisturbed motion were 
converted into (9) and (11) expressing the radius vector and time in terms of 6. 

Our first step will consist in the investigation of an equation corresponding to (9): to this end (as we 
have supposed d ¢ cunstant) multiply the first of the equations (94) by y, and the second by — x, and add, 


and we get ; 
_yPr—azdy ; dQ | 
a= aA =i 7 dz dy 
and integrating, 
ydx—axzdy | f} dq. dq 
age ae =h+m "dy Yas dt; (228) 
but ydz —xdy = p*d 9, so that this equation becomes 
dé ; ee 
if we assume dQ dQ 
"dy de 


P 
The function T is the measure, and m’ . T the quantity, of what, in the lunar theory, is called the tangential 
force, or that part of the disturbing force acting on m, which is perpendicular to the direction of the radius vector. 


Sasa acct : : Q 
This is evident, if we consider that m’ Tr and m/ — representing the disturbing forces in the directions QP 


and PM (fig. A) if we resolve these each into the direction K Q perpendicular to QM they will become 





respectively ,xr aQ. yy @Q 
m A dy ee ae 


so that their aggregate, or the whole tangential force, will have for its expression the quantity above repre- 
sented by T in equation (230). 
The equation (229), if m’ were zero, would coincide with (9), and would express the proportionality of tLe 
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ee, areas to the times. The term w f T pdt then expresses the momentary effect of the disturbing forces in astronomy. 


deranging this proportionality ; and since 


Sodom ner cons) +m fas To at (231) 


the term m’ fe t { Tp dt expresses their total effect after the lapse of the time?; and we see that this effect 


takes place solely in virtue of the tangential force, agreeably to what Newton has advanced in the 11th section 
of the Principia. 

Our next step is to investigate an equation for the disturbed motion, corresponding to (11) in the undis- 
turbed. The process we followed in the deduction of (11), it will be remembered, consisted 

Ist. In making @ the independent variable. 

2dly. In eliminating ¢ and its differentials. 


Now, if in the equations (94) instead of supposing d t¢ ea we regard it as variable, we must change 
az bee l d dz ad x dz dt d so f 
q@ dt dt. d@ dt ap? O™ 2 


(94) be multiplied by x, and the second by y ; their sum will be 


&c. This done, let the first of the equations 





dt l 
= {ers + yey) (edz +ydy). atl dF 
zg + y* dQ dQ 
a i aaa aa paietbes I 
but since x = p.cos 6, and y = p.sin0, r = V 2? + y* + 2% 
=VF pe 


this equation will become (supposing d 6 constant), 
dt } 

0 [ote — fae pdp. ey aha A 

aQ dQ \ 


+ nfl 2 ty 
aay 


on the ais of d@ being invariable, and substitute it mn 


+p. (232) 


Orr 

We have only now to find the value of qt 

this equation ; and for this purpose we must employ our equation (229) which gives (multiplying it by T pd #) 
Tp! d0=h.Tpdt +m .Tpdt. f Teas 


frp doar frras™ (fred) 


from which we get, by the solution of a quadratic equation, 


mf Teat=— ae Vetem (T pao 


and differentiating, and dividing by m’ T p 





and integrating, 


pdé 




















di= SS I (233) 
Vie +9 m f T pd 
If we take the logarithmic differential on both sides of this, supposing d @ constant, we get 
a ¢ d T pi dé 
“at t = 2—. p pF eR ; 3 (234) 
. he + 2 at f T pae@ 
‘ 2 
| : 6 S T pd 0 
° ° ° ® ° eae e , e 
Substituting this then in equation (232), and for Te writing its value dO + 2m’: sae given by 
(238), it becomes 
1 ({@p d p* d 6 ne ff 
a = — ——};(h* T 6 
° ras p* : p* re ey 
fe dp 
* cr ae (a ae}? en 
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Astronomy 1) this equation let Ss 8, or z = ps8, so that s = tan heliocentric elevation of m above the plane ot he Asean: 


zand y, = tan m MQ fig. (A). Moreover, let 


dQ dQ 
7 da ry d 
v= —— (236) 
then will V be the measure, and m’. V the quantity, of that part of the disturbing force which operates to 


increase the gravity of m towards the central body. For if we resolve the forces m’. << and m/ — 


y 
which act in the directions of the co-ordinates z and y into the direction of the distance p, they will become 
respectively he ee eid ay etyes jee 

p dz p dy 
whose sum is m’. V. 


These substitutions made, and p being put (as in the elliptic theory) equal to — the equation will become 


when multiplied by — = ; 
pe Se ee (287) 
d & he” (1 + &)¢ 


m{V TT du F eu ) =, 
Blue us do d 6 lf ; 
which equation is rigorous, nothing having been neglected in the previous process. But if the squares of the 


disturbing forces be neglected, we have = 1 because s or a is of the order of the disturbing forces ; 


1 
(1 + s*)# 
and since, in virtue of this very equation, 
d* 4 fe 1 
, —oD — ——_ ———— , e 
m (5 +u) wi * a¢psyt™ x &e \ 
= ml, +m* x &c. 


the equation becomes 


oe aug a m’ (V T du Qe Td 0 
0 ae ww lt ww de 
Now » = 1 + m, and if we neglect the powers and products of the disturbing forces and the mass m, the 
equation becomes 


; (238) 


ue us dO) OS we Of? 
It is on this equation, (or the rigorous equation (237)) that the perturbation of the radius vector is made to. 
depend in the lunar theory. It remains to derive an equation from which the perturbation in latitude van be 
obtained. For this purpose, all that is necessary will be to regard x and y as Known, and to employ the third 
of our general equations (94) to obtain a value of z, or, which comes to the same, of s, since z = ps, and p is 
given by the previous theory. 

Now, if in our equation (94) we change the independent variable from ¢ to @, it becomes 


du »p wmW(V T du 2 Tdé 
77. 2 (289) 














dz d*¢t z , @Q 
o= fa 88g TP TE eS 
2 j 
but since I i +a (Tedo, 
dt” pide J ee pecevecceees (240) 
Gti 1 f2de,,, ; i. 
as appears from equations (233) and (234) ; if we substitute these, we shall get 
1 d*z Qdp =) 
= < ft f - oo Oe 
0 { tem fr pao} (- 10 ~ d6 do 
3) 2 , aQ T = 
$e TOe ge TS as 


Now we havez = ps, dz=pds+sdp, @z=mpd*s + 2dpds +s8d* p, whence we tind 
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az V@dp dz_ ds pis (dp a eee 

“de” ptd6'd0 d& | pd@\ p? p oy 
1 (dp 2d p* 

@ 3 ees 

(A tam [Te a9 x I= }= 


=5(" +2m [TP d0) ~4.8—wlev+ ret 











But, by (235) we have 


d@ 
so that, by substitution we obtain, 


0 =(h tam ['Tpd0)(T se ) 


dQ : aq sdpy 
+m p | —1v hw rp) def 





b = e —— we ees SS ; 
ut dz pds+sdp; so that—— 16 Jo? and we met 


o= {i+ am (T46} (+ ++) bm pt AT 5 —sv+—o| 


this equation ( writing u for —) becomes 











ds dQ 
T——- — s ¥ + 
om Se tet, — Oo ee ee (250) 
vl wraw fr} 
u 
and when the square of the disturbing force is neglected, 

ds m’ (,, ds dQ) 

= et ttt ae Yt ass oe: 


Such are the fundamental equations on which the problem of the moon's motion depends. They were first 
investigated by Clairaut, in a piece which gained the prize of the Petersburgh Academy for 1750, and have 
been deduced by almost every writer since his time, as the groundwork of the lunar theory. The method 
we have followed shews how the expressions of the tangential and centripetal disturbing forces peculiar to this 
theory, originate in the general equations of the problem of these bodies ; and thus connects the modern with 
the more ancient methods followed by Newton, Clairaut, &c. 

Hitherto we have only considered the rigorous equations of the moon's motion. It remains to apply to them 
the methods of approximation appropriate to the case, and deduce in succession the equations of the disturbed 
motion. The great length to which the details of this complicated process would lead, will preclude our 
entering minutely into it. We must content ourselves with leading results and general principles. One great 
peculiarity of the lunar theory consists in this—that the mass of the disturbing body, instead of being, as in 
that of the planets, small in comparison with the disturbed and central bodies, exceeds them both several 
hundred thousand times. Its vast distance, however, makes up for this, and renders its disturbing effect 
small in comparison with the attraction of the central body. In the foregoing equations then the quantities 
m, and m’, are not to be our guides in regulating the orders of the corrections. The very small quantitics, 
whose powers determine the convergency of our approximations are T and V, or rather m’ T, and m’ V, for m’ 
never occurs unmultiplied by one or other of these quantities. Let us therefore, first of all, consider the 
nature and magnitude of these forces. 


Expression of the centripetal atsturbing force, m V. 


age (== g<*)=% v (4-3) ee 
mv pda tp ay) = Et a B) te 





I 1 m 
= mf cos (0 — #7) {5,— =} +3 


Now, if we neglect the inclination of the moon's orbit, and take the plane of the ecliptic for our fixed 
plane, we have 
z=t0, 2 =0, rap, r~ pf’, 8= 0, 


and 
—={r Qrr’.cos(O—H%) +r * ea es 
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ji (erme-o- (5) J 
7 _— (2 5 cos — (5) )} 


=a {1+ (37 cow 5 (5)') + $5 (25. cosw - (5) ) 
=a {1+ 3 Seow 4 SF OEIY (5) + beh 


[- y= 


+ 


3 rr 4 7 
putting w = 6 — 0’, and developing in powers of a Hence, we obtain (writing 7 for p in the expression 


for V) after all reductions, 


m’ (l+S3cosQw r 9 cosw + l5cos3w /r\?2 
4 — =— oe EEE —————— =— e 
mV= = { ; 7 “4 (=) + &e. (242) 


m’ : : ; ; 
Now “a is the accelerating force exerted by the sun on the earth, whose intensity, as we have shewn in 


Section 1. Part I., is represented by 2:17399 (in its mean state) on the supposition of the earth's attraction on 
r 60°23799 


. 1 2 1 
the moon being unity. Also, pn este oe Gan: nearly, and (=) =Tissw' © that we may safely 
r mr 


2 
neglect ( =) &c. The constant, or non-periodical parts of m’ V is therefore equal to — 4. ao 4 





Tr? 1 L 1 

7 a ee ies cake ee. 
m (=) xX nearly 3575 xX = 

Let a and a be the actual mean distances of the moon and sun from the earth, and supposing 

a\3 
/ EET 
a= m/ (—) 

a will be nearly a , and the mean effect of the centripetal disturbing force will be — a indicating a 





diminution of the moon's mean gravity, amounting to >4,th of its whole quantity. 

The moon’s mean gravity being diminished by the action of the sun, and the velocity remaining nearly the 
same, the centrifugal force which would be balanced by the centripetal in a circular orbit without the sun's 
action, will obtain the preponderance when the sun acts and carry the moon farther out; thus the disturbing 
force has the effect of increasing the distance and periodic time above what they would be in the undis- 
turbed orbit. 

Let us next consider the tangential disturbing force m’ T. Now we have 





ppam (2.f2_ 4 £2 

mw T= m iG ae : as) 
= , ry —yr 1 I ae : te 
= m’, ; (5-55) = mr. sin w (5, xv) 

m’ r r\% . 
= +5, (35 cosw + (5).8e.) sin w 
° 4 
that Is m T= Fry sin 2 w; (243) 


The tangential force therefore vanishes both in syzigies and quadratures, and is a maximum in octants, or 
at 45° of elongation. Now we have seen, that the description of areas would be equable, were it not for this 
tangential force. Hence, at the former points, the equable description of areas still holds good ; while, at 
the latter, an acceleration or retardation takes place. This, of course, produces an equation in the moon's 
longitude, whose period is semimenstrual, as during the first quarter of its synodic revolution, the moon is 
continually retarded in its orbit (supposed circular) : at the first quadrature the momentary retardation ceases 
and changes to an acceleration —and here the effect accumulated through the whole of the quadrant has 
reached its maximum. In the next quadrant, the moon is gradually accelerated ; and at the full moon, its 
motion has regained all it had lost, and is restored to its mean state, so that here the equation is nothing, and 
so on. This is the origin of that equation of the moons motion to which astronomers have attached the 
name of the variation. 
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Section IL. 
Approximate integration of the equation of the moon's orbit. 


In this inquiry we will commence with the equation (238), in which the square of the disturbing force is 
neglected. Now, the obvious mode of beginning the approximation, would be (in analogy with what we did 
1 + e.cos 0 

a (il — e) 
obvious that the more nearly vur first approximation approaches the truth, the more rapid will be the conver- 
gency of all the succeeding ones, we may take ee of what observation has taught us respecting the 
form of the lunar orbit, and assume, for our first value of ., an expression representing that form, more nearly 
than the ellipse. Now, we learn from observation, that during a single revolution, it is true, the orbit does 
not deviate materially from an ellipse, but that in a very few revolutions the elliptic radius vector differs 
very sensibly from the real one, by reason of the rapid motion of the lunar apsides, which perform a whole 
circuit in little more than nine years. Instead then of representing by u the inverse radius vector of a fired 
ellipse, we will give it such a form, in terms of 9, as shall express that of an ellipse in motion, and revolving 
in its own plane in the direction of the moon’s motion, as observation informs us it does. 

Let us then take c, such that 1 : 1 — c;; the moon's motion in longitude to the motion of the apsides, 
then will 6 (1 — c) be the angle described by the apsis, while the moon describes 8; and, consequently, sup- 
posing (as we may) that the origin of the time ¢ is fixed at the epoch when the apsis coincided with the axis 
of the z, we shall have @ — (1 — c) 9 = 6 for the moon's true anomaly, and in the place of taking 


in the theory of the planets) to substitute for u its undisturbed, or elliptic value, But, as it is 


1+ e.cos 0 1 +e.coscé eats 
s= wane” we may take u = wae) for our initial value of x. 


Although the idea of commencing the approximation with this value of u is, it is true, taken from obser- 
vation, yet, when once suggested, no matter from what source, we may look on it as a mere analytical arti- 
fice ; and the truth or falsehood, convenience or inconvenience of the assumption will be tried by actual substi- 
tution ; when, if we find that it reproduces the original expression with a train of small corrections multiplied 
by the disturbing force, or can be made to do so by a proper assumption of the constant c, we may rest assured 
that the assumption is (mathematically speaking) a legitimate one, and concern ourselves no farther with the 
way in which we arrived at it. 

Now, neglecting e*, we have 


w= —(1 +e¢.cosc6) 


l ] 
whence: weiget es =H (1 — Se. cose 8); —— = at (1 — 4e. cos c8) 
du ce 
— = — — . sinc 0 
10 : sin ¢ 
and, by substituting this in (238) which is equivalent to 
d x 1 , we 1+3c0s 2w 3m’ u3 ce 
SS —> om ——_ ~~ ee oo > i ‘6. i 
0 qett a + ™ Tas 3 haut 7 ne sin 2 wo 
3 u's 
+i m’ ~, sin 2w.dé 


s 
Now, if we neglect the eccentricity of the earth's orbit, «’ aS. so that ( recollecting that m’ . (=) = 








o= a tu-a+ sar (1 + $ cos 2 w) (1 — Se. cos c 8) 
— Foye 8in 8. sin Zu (244) 
3a ‘ 
+>. fa — 4ecosc 0) sin2w.d@ 


The only difficulty now in the way of integrating this, is to express cos 2 w and sin 2 w in terms of 6. Now 
we have w = 0 — &; and since we neglect the eccentricity of the earth's orbit, & is proportional to the time 
or & = n't; also we have 0 by the equation, hd t = r*d 0, or 


1 s°dé 1 a? Ze 
= —_—_ ome = —. — ——-. 8} 
i= ~f a ~ fia 2e.coscd)a i G : ine @ ) 


Hence, sinceh = “a very 1erly, and the motion of the apsides being slow in comparison with that of 
the oioon itself, c is nearly unity, at least sufficiently so for a first approximation ; consequently, 
VOL. Hl. 5 a 
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nepnony: t = at (6 — Ze. sinc 0) Physical 
or ntitzO—2e.sincd@ oo 


and eliminating ¢ between this and the equation & = n/t, we have 
n 
— Y= 60—2e.sined 
n 


and therefore, o 
o-7=0(1 ~— ~) +2e.—.sined 
2 n 


putting n and n’ for the mean motions of the moon and earth. Hence we find, putting m= =z k 


cos 2w = cos2 (l — k) 8 — sin? (1 — h) 8. sin} 4 © — -sin eo 
= cos 2 (1—k)9 + 2@ke j cos (2@—2k +c) O — cos (2 —Vk — c) Ot; (245) 
and similarly, 
sinQw = sin? (l—k)0+2ke {sin (2 —2k + c) O— sin (Q2—Vk —c) 6} (246) 
It only remains to substitute these values in (244) where it becomes, after reducing all the products of sines 
and cosines to simple multiples, and rejecting e?, 
du l a 3e 
om SS tu ot -S) — sre eee (247) 


+a {A . cos (2 — 2k) 64+ Be.cnos (2 —2k —c) 0 + Cecos (2— Vk + c) 6\ 
where A, B, C, are co-efficients easily expressed in functions of k and c. If we integrate this, we get 


1 a 3e a ‘ 
=e ( ~s) - Se st) cos c 8 (248) 
+ a!A’.cos (2 —2k) 6 + Ble. cos (2 —@k —c) 0 + C’.€. cos (2— 2k + c) a} 
l 
Let us now consider the nature of this result. We set out with u =— + — .cos c@ for a first ussumed 


value of u; and having substituted this, have deduced another value, which ought to be a nearer approxima- 
tion, and which ought to coincide with the former, if a = 0. 

Now, the terms within the brackets being all multiplied by a, vanish as they should do when a = 0, and 
the two first terms of this expression will coincide with the uncorrected value of u, provided we take 


: (1-<)=— orh = Va. Vi-s= va (1-4) 
3e a 


he 

and e 3 a 

te ise et CRO rg es 
a1 3 a 3 a 3 ‘ 
eg a aha ae eae 

~ @Q 
ae le: ules 
ge. egg ee "4 


] 
1787 
of the subject, the progression of the apsides in one revolution of the moon is 0:0042 x 360’, or about 1°31’. 

Now, it is remarkable that this progression of the lunar apsides, as determined by a first approximation, 
is only half the quantity actually observed ; and this is the conclusion Newton had arrived at, where, after 
going through a process capable of being identified with that now under consideration, he remarks (in the 
9th section of the Principia,) ‘‘ Apsis lune est duplo velocior circiter.’’ Every attempt to obtain a nearer 
coincidence, by taking into account the higher powers of the eccentricities, the inclination of the moon's 
orbit (which is pretty considerable, and materially modifies some of its inequalities) &c, failed; and this 
difficulty, which Newton evidently felt, though he had passed it in this apparently negligent manner, as 
being at that time beyond his reach, or deferred for farther consideration, became so great a stumbling-block 
in the way of succeeding geometers, as to shake their faith in the theory of gravity, till Clairaut shewed that 
it would vanish on pushing the process to a second approximation, and that, in fact, the value of c depends, 
for nearly half its quantity, on a term containing the square of the disturbing force. 

To shew this, we have only to substitute the approximate value of u (248) back into the original equatiun 


dad? u } mT du m V d® u °m' T ’ 
ee e=7n eam eae Gee a eee oe \Gecigeenetinasinniommaca! 6 
°= Te t*-et ra d6” Wut +2 (55 +0) [Fa 4 


, ¢ = 0'99580, and 1 — c = 0:0042. Hence, according to this view 





neglecting a*; that is, since a = 
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facegas Supposing now we represent the first assumed value, or - (1 + e.cosc @) by u and by és all the terms hee aoa 
added by the first approximation, then will the value resulting from a second approximation be had by sub- ~ 
stituting u + 6u for « in all the part of the above equation within the brackets, and integrating. As we only 
require at present to know the terms introduced by this second approximation, let us call them 6* y and the 
value of 2? « will be had at once by integrating the equation 


& f é 
Mahe e+ du + Ie sap ta t2(5 +n) [540 


























d hel °w dé d @ 
a T So Seated (249) 
% 
Now. since h* = a very nearly, and a = m’ 5 we have 
m’ (< du sera sin2@w du 
h? ud dd/J” (au)* dé 
a du Ea déu 4q 22% du és 
~ Q (aus dO. (au)* dé (au)> dé 
m Vv @ 1+3cos3wo Sa See ets 1+ 3cos2w, 
he ut” a (a u)s ~ Qa (a u)° (a w)* 
ae a 3a sintw 
htus Ss (a s)* 
mn T cos 2 w sin 2 w 
abe ears —_ caueigelitl 
$d se f'| aa 29 aap bulae 
Let these values be substituted in the general equation (249), and it becomes 
js 4 a. Zcos2w du sin®wdadu q ze du 3 
~ @@ 2 (au)* dO (au)* aO (au)> dé ut 
3 2 sin 2 w 1+ 3 cos 2w 
+ 3 » eens dw + ane” au} (250) 
su sin 2 w 
+30(2F +x) (au)* d@ 


d? x cos 2 w sin2@w. ) 
+ 6a (Sa tu) [Yar te 80 EP aula 
To reduce this equation to the degree of approximation required, let us agree to neglect all terms which 
contain a* multiplied by any power of the eccentricity ; or in that part ofthe approximation which depends on 


the square of the disturbing force, to regard the orbits as circular. We shall have then « = = au= 1, and 


supposing 6 u = — . g, where ¢ is the sum of any number of terms of the form A . cos i 0, we have 


I d 6 —l 8 u 2 a* 
pee fea fe oes — AE fsa0 
h 


s.nt=—20 fgdo 


consequently, since w = 6 — 6 = 0 — — =6—k.nt, weget 





1 


or sincen = — = 
at at 


w=O(1—k), andéw=>—k.dnt=2ka f odo 


du 1 
We have also 79 =? and ——-- = 1; s0 that the equation (250) reduces itself to 











0 (a u)® 
o* 4 3a® , d 6Gkha® . S$ « 
0 — + Fut So sinew. 2 4+" sinew. [pao +s% (1 + $3 cos2w).¢ 
3a* (&@¢d j 
+ : (Seto) 40. singe (283) 





12 a* o 
+ = [0082 w $d0—sinew.glde 
5a 
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—~—™ A.cos BO. This gives y. 


Cee eee 
¢@=A.cos BO, sf = — AB .sin B @, oe = —ABY.cos BO; [pao = > ,sin Bo, &e. 


and the @quation will give, on substitution and reduction, 














d® 2 x Ghat A 3 a? 
=» g oe : : 
o= 16 + 6 u+] ae oa AB} sing w .sin BO 
S$ a* S$ a® cos 2 w 
4 \ 2a See 
er (1 + 8.cos2w) + (B*— 1). Srp fA 008 BO 
6 A a® ( k—B k+B 


_ cos (B +2—Zk)O+ cos (B—2 +24) 6} 


a (|(B(iB+2—2k) B(B—2+2k) 
or resolving the products of sines and cosines by the formula (A), page 690, 


























d & yu 8Aa® /2k BN , 
0= 5 + out =~ (ZF — Z) {cos B—2 + 2k) 0— cos (B+ 2— 2h) 6] 
3 
ee . cos BO 
Qa 
3 A a? B? — 1 
= = \ 
time {3 +} {cos (B 2 +2k) 9 + cos (B+2—2k) 6! 
6 A a? k+B k+B 
: SO Peay 0m B+ 82h) 0+ se TO cos B— 24 2H)0} 
That is, assembling together the co-efficients of like terms, 
d® & y SAade k B38 B~!] 2 (k + B) 
eS ee ee { Ba 4 ao) BGS eel 
3 A a? k B 3 B? — 1 2 (k — B) \ 
a rat ata tagee” PETIA cee ne 
Ee Sane 
Za 
Which equation, integrated, gives 
3 _ S8Aa?* (cos BO BE i ew Be—1 4(K+B) cos (B —2+42k)0>5 
ee Oa Be 1 B 2 "20 —k) BB -2+2h/B—-e+amHe—-1( 
+( ek S+B, BR 4(k—B) \cos(B+2—2kh)0( ~” 
B 2 2(i—k) B(B+2—2k)/(B+2—2%)*—1 


Such is the value of that part of 6° u, which originates in the term A. cos B@ in the value of © or in the 
term = . A cos B@ in u itself. A similar set of terms, having for their arguments respectively, 


B 6, (Bb —24+2k) 0. (Bo +2—2k)0 
and B’ 0, (B’—2+2k) 0, (BY +2—2k) 6; &. 


will arise from the other terms — A’ . cos B’ 6, — A”. cos B” @, &c. Consequently, by substituting 


for B, B’, B”’, &c. the several values which they actually have in the first approximate value ot u (equation 
248), or2—2k, 2—Wk —c, 2—2Wk + c, we shall obtain the arguments of the several terms in the 
second approximation, and soon. These are then as follows :— 

From c @ arise the arguments c 0, 2c90 

From (2 — 2k) @ arise the arguments (2 — 2k) 9; c@; (4— 4k) 6 

From (2 — 2k —c) O arise (2 —2k —c) 9; cO; (4—4k—c)@ 

From (2 — 24 +c) @arise (2 —2@k + c)9; cO; (4-4hk +c) 0 


Thus we see, Ist. that each term which in the expression of u is multiplied by the first power of the dis- 
turbing force a, reproduces itself on a second approx’mation, multiplied by the square of a, and thus the 
co-efficient of every term in the general expression of 1, consists in fact of an infinite series of powers of a; for 
what takes place at the second approximation will, of course, do so at every succeeding step ; and, in fact, 
the very same analysis, and the same resulting formula, may be applied to deduce the terms depending op 
a’, at, &c., in all of which the same arguments will occur. 
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1 
Hence, it follows, that if we set out, as a first hypothesis, with « = a (l1+e.cosc6@) the process of eee 
er ee 


approximation leads us to a value of u, of the form 
w= — {A+ Bat Co + Da + ke} ~a 
+ cosc@{A’a + Bat + C a + &e.} 
+ cos (2—2k) 6. {A’a + Tr” at + &e.} 
+ cos (4 — 4k) 6. {BY a? + &e. } 
+ cos (2 —2k +c) {Ava }- Brat + &e. | 
+ cos (2—2k—c) {A‘a + BY a® + &c. | 
+ &e. 


We have therefore only to take care that this shall not contradict the original hypothesis, and therefore we 
must have 


1=A+Ba+Ca? + &e. - (253) 


a 
h? 
<= A’a + B a® + C’ a 4. &e. (254) 


These equations established, the two first terms of u agree with the original value, and the remaining ones 
are the equations due to the effect of perturbation, not capable of being expressed by the hypothesis of a 
revolving ellipse. 

The equation (253) expresses a relation between aand h, which we shall consider presently ; the other 
(254) gives the value of 1 — c, or the velocity of the motion of the lunar apogee. We have already seen 


(248) that the value of A’ is , and if we break off the equation (254) at the first power of a we 


3e 
2 h* (1 — c*) 
have also seen that the resulting value of 1 — c is ?. 2, amounting to only half the value given by observation. 
If we make B successively equal to2 —2k —cand2 2k + cin (252), we find for the co-efficients of 
the argument c 0, respectively, 
1 ye es (2—2 k—c)*@—1 4(2—k—c) r 
cf—1 Ba 2(2—2k —c) 2(1—k) c(2—2k—c)) 
and 





1 Sate ee (2—2@k + c)?—1 4(2—k +c) 
e—1° 2a 2(2—2k +c) 2 (1—k) aoa ah 
wken B’ and C’ are the co-efficients of e. cos (2 — 2k —c) @ and e.cos (2—2%k-+ c) 6 within the 


parentheses of equation (248). 
Thus our equation (254) carried as far as a*, will become 


B’ SSS (2—WVk—c)*—1  4(2—k—e) 


3. 8 2(2—2k —c) 2 (1 — k) c(2—2k—c) 

1—c?§ =—a+ — a’, (255, 
2 2 Cc CS (Q—-Vk+e)—1 4(2Q—k +0) 
2(2—2k+c) 2(1 — k) e(2—2k+c) 


This equation is to be resolved by approximation, so as to find c; and asa is a very small quantity, the 
3 
approximation may be performed easily ; for we have only to rescind a*, and take c = 1 — 7° for a first 


approximation = 0°9957, and then substitute this for c in the co-efficient of a*, which will then become a 
given number (B’, C’, being previously computed, and k being known,) after which, if this co-efficient be 
called 8, we have 


1-@=S (e+ fey) om Vi- Sete) =1-Ta— SPF he 


and, again substituting this for c, we find a nearer approximation, and so on. 
Now, it is a remarkable circumstance, that when this process is executed in numbers, tke term 


3 
oe + 4 thus added to the value of cis found to be very nearly equal to the term — a introduced by 





the first step of the approximation ; and on pushing it still farther, the subsequent corrections are found to 
be inconsiderable. Now the velocity of the apogee of the lunar orbit is expressed by 1 — c, or by 


= a + on) a? + &c. We have already seen that the value of this, as deduced from a first approximation 


8 


ical 
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ae (or the part — a) came out only half what observation has assigned as its real amount, and that this was Astronomy, | 


M =fie +3A’a.ae {cos (2 —2k +c) 9 + cos(2—2k—c) 9} 
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Physical 


regarded as a great difficulty in the way of the full admission of the Newtonian law of gravity. Wenow see ~ “ 


ea a’ arising from a second approxi- 





the reason of this ; the remaining half is accounted for by the term 


mation ; and the fact, so far from being an objection against gravity, is thus converted into a most cogent 
argument in its favour—its effects being thus shewn to correspond not merely to general results and first 
approximations, but to the refinements and niceties of theory. 


Secrion III. 


Expression of the moon's mean longitude in terms of the true, and vice versed; and of the variation and evection 
of the moon. 


Tae purposes of astronomy require us to know the moons true longitude and latitude at any assigned 
instant, or to know the angle @ in terms of the time ¢. For this we must have recourse to the equation. 


, p?d@ » dQ 
bie cet apenas 
+n! f Tp ao uw Vinten fae 
If we develope this, and retain only the first power of the disturbing force, we get 


1 dé m (°T 1 dé m (°T 
TSS Bet aS oe tH Sey 


because h? = a, if the disturbing force and square of the eccentricity be neglected. Now, in this for u let us 
substitute 











w= —. (1 +e. cosed) +0 {A’. cos (2— 2k) 0+ Bre. cos(2—Zk— 6) 0+ C’e.cos (2— 2k + <) 4} 
m’ T . 3a /*sin 2 w 

and for m/w d @ its value 5 (auy* | 
Sa : 

=p fi sin ew (1 —46.00800) 40 

= AS f {sing 20) 0— (2-28) esin (@— Bk +0) 0— (2 + Bh) esin (2 —2k— c) 61 de 


Q2(k + lye 


abe (2—@k —c) 0} 


cos (2—2k +c) 6+ 





3a (cos(2—2k)@ W(k—1)e 
2 { Q(k—1) 2—@kt+e 
whence we find 

1 — We .cosc 0 —2aa{ A’.cos (2 — 2k) 6 + Be .cos (2—2k —c) 0 + C’ ecos (2—Vk +c) 4} 
cos2(1—k)@ 2(k—l)e (356) 
2(k—1) %Rk+e 


Q(k+l1)e 


ae ee 2— 9k — 
5 ohne 8 Qk 0) 


= . (1 —2ecose)( cos (2—2k-+c)6+ 


A? 
or putting az =e 


nt=0———. sinc@ + Pa.sin (2 — 2k) 0+ Qae.sin(2—2k+c)0+ Rae.sin(2—2k—c) : (387) 
A’, B’, C’, being as in (248) | 


where r 
a A’ 8 
P=" {=e t30a—m 
_ a(—2C+ 8 3 (k — 1) 
C= Grerte T7@—=)@-aktqt Rok or, ee (258) 
_ 2(A’—2B) | 8 __8(k+)) 


2—Wk—ec 4(k—1)(2—2k—c) (2—2k—c)* 
In order to have the value of 0 in terms of nt, we must revert this series, and the simplest mode of accom- 


plishing this will be to follow the steps by which we resolved the equation n é = » — e.sin 0 in the elliptic 
theory (vide page 656, col. 1, equation 26). Putting it therefore into the form 
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Se , : Physical 
O=snt + ——.sine @ — Pa sin (2 —2k) @ (259) Astronomy 
c an 


— Qae.sin (2 —2e +c) 0 
— Rae. sin (t—2k—c) @ 


« ¢ appears to be the first approximate value of 0, neglecting e and «. Let this be substituted in the whole 
of the second member, and we get 


Qe 





O@=nt+ .sinent— Pa.sin(2—2k)nt (260) 
— Qae.sin(2—2k +c) nt 
— Rae.sin(2 —2k—c)nt 
for a second approximation carried as far as the first powers of e anda. If we now substitute this value in 
(259) the terms multiplied by e and a only will of course remain; but in addition to those multiplied by ae, 
others will be introduced ; and if we reject e° and a*, and retain only a e, these terms will be, (putting c = 1) 


—2@Pee.sin (2—2k) nt.coscnt 
—2Pae(l1—k).cos(2—Zk)nt.sincent 
whose sum, after the usual reductions, is 
— P(2— k) ae. sin (2~2k +c) nt — Pkae.sin (2—2Qk—c)nt 
Consequently, if we push the approximation only to such terms, we get 


2 


6=nt + ——.sincnt — Pa. sin (2—2k) nt (261) 


c 
—{Q+(2—k) Phae. sin(2—2k +c)nt 
—{R+kP}ae.sin(2—2k—c)nt 
The variation of the moon is that inequality which is represented by the term — Pa. sin(2—2k)nt. The 
numerical magnitude of the co-efficient being considerable, (2146’) it, (as well as the inequality represented 
by the term, whose argument is ( — 2k — c) nt, which is called the evection, and whose co-efficient is still 
greater (4830”) was long observed before its cause was known. If we observe that n¢ being the mean longi- 
tude of the moon knt will be that of the sun, and if we put ) for the former, and © for the latter, the 


argument of the variation will be 2 }) — 2 ©, or simply }) — O, and its period, half a synodic revolution 
of the moon = 14° 765. The argument of the evection is in like manner 


2)p—-2O—e 


where c is the longitude of the moon's perigee, and its period is nearly that of the variation, a little longer, 
however, on account of the progression of the perigee during a revolution of the moon. The term depending 
on the argument (2 —2k +c) nt,or2? ) —2© +¢, is found on calculation to have its co-efficient very 
small, and has no particular name. 

In the theory we have now investigated we have been only anxious to simplify and curtail as much as pos- 
sible the developements, it being far beyond our design to enter into minutiz on so complicated a problem. 
It must suffice to have shewn in rather more than a general way the origin of the principal inequalities, and 
traced them from the differential equations to their final expression in the value of the longitude. In so 
doing, we have purposely neglected the inclination of the moon's orbit, and its effect both in modifying the 
disturbing forces which act in the plane of the orbit, and in altering the longitudes by reducing them from 
their actual values to their projections on the plane of the ecliptic, or by,what is called in astronomy, the 
‘“‘ Reduction to the ecliptic.’ The effect of the inclination, however, will be briefly touched on in the next 





section. 
Section IV 
Of the effect of the inclination of the plane of the moon's orbit—Of the motion of the nodes, and the precession of the 
equinoxres. 


In determining the effect of the inclination of the lunar orbit to the plane of the ecliptic and the motion of 
its nodes, we shall suppose the orbit circular, and neglect the square of the disturbing force, the cube and 
higher power of the inclination, and the product of the disturbing force and inclination. Thus our equation 
(£37) will become simply, 


_ &y 1 1 m x af ast ie 
o— aea"** he(1 +8%)3 A? Lu? he us j° (262) 
The value of the part depending on the disturbing forces mm’ V and m’ Tin this equation remains unaltered, if we 


neglect a s*; and therefore the part of u arising from perturbation is not altered when we only push the 
approximation to the extent now proposed. The only new terms arising in the value of « from the introduction 
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of the inclination, are those introduced by the term ; and to obtain them, we have only to 


1 
h? (1 + s*)4 
integrate the equation 
Pu 1 3 
ja t*— ge (l- ge) =e 
neglecting s*. Now, in this we must put for s its undisturbed value, which is given by the equation 
ad . oe 
— + s = o (making m’ = 0, in equation 240) und which is 
s=y.sin(@ N) (263) 
where y is the tangent of the inclination, and N the longitude of the ascending node. This gives 
— @—N 
= 9. Se = ; ( 
d* u 1 3 yy? 3 y* 
pasties aie ( eee) a, 6@—N)= 
713 + 4 Q ) cos 2 ( N) =o 
which integrated, gives 
1 3 ¥ , 
= 8 ah age eee (264) 
Thus we see that the effect of the inclination is to add to 
l l y? 
= = =. o— 
usp, oru - the terms th (3 + cos 2 ( N)) 


Now, in approximating to u, we assumed in the foregoing pages an expression for a first value derived not 
a priori from theory, but from the observed motion of the lunar apsis. It is equally a matter of observation, 
that the node of the lunar orbit does not remain fixed, but is continually retreating on the ecliptic, in a direc- 
tion contrary to the motion of the moon in its orbit. Let us then introduce this modification into our expres- 
sion for u above found, and taking for the origin of the time, the moment when the node coincided with the 
axis of the z, we have only to write g 9 in place of 9 — N, when we get 


1 3 y?* 
= — = , —- . 6 
w= {1 a a * cos 28 } (65) 


Let us next investigate the effect of the inclination on that part of « which arises from perturbation. Now 
this may be done at once, by merely taking in 250, 251, 


a ] 3 l 
=—O=s> —- — (— of + — 6 
su=—¢ ~ (zt +z veo 2 60) 


or 


a |, 


3 1 9 
=— — ; 0 ——cos2g 0 
yp ; COs 0 Tw C0828 


2 2 
tnat is, supposing in 252, Ilst.A = — =~, B=o0, and@dly, A= — —— and B = 2g 
a 


The first supposition gives 





.. 9 f 1 cos (2 — 2k) @ 
tua at} i-(3-s > oi (266) 


and the second in like manner introduces into the value of u the new arguments cos (2 g — 2 + 2k) @ and 
cos (2g + 2 — 2k) 9 with co-efficients affected with a ¢°. 
These arguments existing in the expression of u will in like manner be introduced into the value of ¢ or 





6 
Ss = and thence, by the process of reversion before explained, will arise terms of the form a 4’. sin 


(2g—2 + 2k) nt and a q*. sin (2g + 2 —2k) nt in the longitude, of which this mention must suffice, as 
their co-efficients may easily be calculated from the principles above laid down, and nothing very remarkable 
in the lunar theory depends on them. Other terms also will arise from the part of (250) multiplied by 


du Seta a : : es 
To which in this case is not = 0 as was supposed in (251) but is equal to a sin 2g 9. 


Let us now examine the manner in which the disturbing forces affect the moon's latitude. For this purpose 


its value 





d 
we must take the equation (241) in which writing for s the expression y .sin (gv — N), for qa 


@y.cos (gv — N) for m’ T and m’ V their values a = sin 2 (1 — &) 9 and — 3 mae + Scos 2(1 —k) 6) 
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Astronomy. dQ, m’ z m’ ps mas m’as a : Physical 
ome Od for m’ Be value =,- eT age = yw (Q: +3 v cosw) (see page 718, line 4,) Aatronauig 
P a, y 
or, neglecting the product s x 7 simply 
mn’ dQ mas a 
dz as q@’ 
we shall find 
je sare in @ (1 — k) cos 8 (g9 —N 
== s+ 3 e7-g sin (1 — k) cos 6 (g¢ 6 —N) 


+ $8 (1 +3 cos (1~ k) 6) + as 


and resolving the products of sines and cosines into simple sines, 








d@ 3 ed LT 
! o= + e+ oy. {sin (@—2h + g.0—N) + sin @—Bk—g.0+N)} 
+4. sin (g@ — N) + ay {sin @—2k +E. 0 —N) —sin(2—2k—g.0+N)} 
or d* s 3 : 
Oo= Te te + 3 27-8i0 (go — N) (267) 


+ Sen (I + g) .sin(2—2k + ¢.0—N) 


“ <4 (1—g).sin(@—Bk—¥.0+N) 


The integration of this gives 
=o 3ay : ; 9. Qgkto —= 
‘—sge=y N) + aysin(2—2k+g.0 N) x &e. 


+ aysin(2—2k—g.6+N) x &e. 
Now the process of approximation ought necessarily to reproduce the original value s = y. sin (g9 — N). 
Hence, exactly as in the case of the apogee, we ought to have 
Say ‘ 
—_—_—_————. . si — =. 0 — 
7@—1) sin (g 9 — N) = 4. sin (g N) 


and Sa 3 


Thus we obtain the motion of the node, for g — 1 os a expresses the ratio of the retrograde velocity of the 


node to that of the moon in its orbit. If we execute the calculation, we find this ratio to be that of 0:0042 ;: 1 
! (see page 720, line 15 from bottom,) and it is remarkable, that it is exactly the same as a first approximation 
gives for the direct motion of the apogee ; but there is one remarkable difference, that in the present case, this 
first approximated value is very near the truth as given by observation, and is little altered by a second 
approximation ; whereas, in the other, the repetition of the process doubles the value. 
The regression of the moon’s nodes is a circumstance in their theory which admits of avery easy and fami- 
liar illustration. 
The part of the disturbing force which acts in the direction of the z, or which tends to draw the moon out 





rS 
tends to draw the moon in a direction at right angles to the plane of its own orbit, we must assume that 
plane for the plane of the x, y; then will z = 0, and 


of the plane of its orbit is m’ = =m’. (5 = ). If we wish to know the whole force which 











dQ 1 1 
/ — sie, Maggie Seema 
n= nm’ x ( Ah 
1 l 3m’ r 3a : j 
Now 1 (= is =) = —— cos w = nearly — a7 cos w, and z being a perpendicular let fall 
from the sun on the plane of the moon’s orbit is equal to r’ or @ multiplied by the sine of the sun's aoe 
distance from the node (sin (& — N)) and by that of the inclination or by y. Hence, the expression of this 
t e 
sia _ sdk x cose .sin (& — N) .sin J 
a 


w isthe moon s angular distance from the sun as seen from the earth, and therefore cos w is equal to sine of 
VOL. III. = BR 


728 PHYSICAL ASTRONOMY. 





Astronomy. ('s dist.from quadratures. So that we have Phrsical 
yo 3a : i , cae on > testes Astronomy 
ler x sin C's dist. frou: quadrat. x sin ©'s dist. from §& x sin. inclin. ; (268) + — 


for the value of the force in question. Let us now examine how this force tends to produce a motion in 
the node. ‘To this end, suppose the moon to set off from its ascending node, and at any point in its orbit 
(supposed circular) to describe an infinitely small arc which will be a portion of a great circle seen from the 
earth's centre. If the disturbing force at this moment ceased to act, this arc would be a portion of the 
undisturbed orbit, and being prolonged backwards would cut the ecliptic in the ascending node, &, whose 
position therefore would be the same at the beginning and end of this infinitesimal instant. ‘l’o limit our ideas, 
let us conceive the moon to be within 90° from the §&, and therefore its motion is from the plane of the 
ecliptic. Now, let the disturbing force act, and suppose its direction to be such as to draw the moon 
out of its orbit towards the plune of the ecliptic, then will the elementary arc actually described by the 
moon in virtue of its own inertia combined with the new impulse given by this force, be less inclined to the 
ecliptic than the last described portion ; and therefore being produced backwards, will cut the ecliptic in a 
point behind the former place of the node. ‘This point ig the new or consecutive place of the node, which 
therefore has retreated on the plane of the ecliptic by the action of the disturbing planet. 

On the other hand, had the disturbing force been directed from the plane of the ecliptic, the new path of 
‘the moon would be more inclined than in the preceding instant; and therefore, produced backwards, would 
cut the ecliptic in a point more forward than the previous place of the node, so that under these circumstances 
the node advances. 

Thus we see that when the moon moves from the ecliptic and the force acts to it, the node retreats ; but 
when the force acts from it, the node advances. 

Again, let the moon be approaching the ecliptic ; then, if the force act to that plane, it will approach it 
more rapidly, and will cut it in a point nearer than the node to which it is approaching. This node (and of 
course both) will then move to meet the moon, or in a direction contrary to its motion, i.e. will retreat ; and 
vice versd, if the force act from the plane, the node advances. 

From this analysis of all the cases, we see that whenever the disturbing force tends to elevate the moon 
from the plane of the ecliptic, the node advances, and in every other case retreats. Now, it is easily seen, that 
the former condition never holds good unless the moon is between the node and the quadratures ; and as the 
extent of the angle in which this can happen during a whole revolution of the moon in its orbit, is necessarily 
less than two right angles, the preponderant tendency of the node on the average of a whole revolution is always 
in favour of its retreat. In fact, when the node is in quadratures, it retreats at every instant of the lunation; 
and in the most unfavourable case, when the node is in syzigies, its retreat is barely counterbalanced by its 
advance, and the node only rests for an instant; the sun being then for a moment in the plane of the 
lunar orbit. 

The general tendency of the node tu recede on the ecliptic is thus clearly made out ; but we may go further 
on these principles, and make the quantity of its recess a matter of calculation. For, let us denote bv 


= the force expressed in (268). Then, since the lunar gravity (=) draws the moon in the instant of 

a a 

(a d6)* 
2a 





, the force = will 
a 


time d ¢ through the versed sine of an arc = ad or through a space equal to 
(a d 0)*% 


2a 





draw it in the same time through the space K. The inclination therefore of its new path to its old 


will be represented by the infinitely small angle 
K (a d 0)2 
9 2a 
adé@ 
Let the new elementary portion be prolonged till it meets the ecliptic in 8’, & being the former place of the 
node, then we shall have & 8’ for the momentary change of the node's place. Now thisis the side of a sphe- 


rical triangle opposite to the infinitely small angle Kd 90. The included side is the arc of the moon's 


= K do 


orbit between the moon and node, or the moon's distance from its node, while the included angle is I the 
inclination. Hence, if we call L the longitude of the node, we shall have, by spherical trigonometry, 


sin (0 — L) 
sin I 
but K = — 8a.sin(€( — ©).sin(© — Q).sin I. Hence, we have 


—dL=Kdée@ex 


dL = 3a. sin (@—k6).sin(k@ —L) .sin(@ —L)d@ 


from which differential eqaztion the relation between L and 6 may be deduced. 

If we assume L as constant during one lunation in the second member, we get by integration the whole 
change of L in that interval approximately, or the mean motion of the node in a lunation, which we will 
eall A L 
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‘enormous distance of the sun and the smallness of the earth (whose radius being only 
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AL= 38a . f 49.sin (1 — &) @. sin (4 @ — L) .sin (9 — L) 


This is in principle the method followed by Newton in that part of the third book of the Principia, where 
he treats of the motion of the moon's node ; the most elegant and satisfactory instance of the application of 
his geometry to the lunar theory. 

The precession of the equinoxes is explicable on the same principles as the motion of the moon’s 
nodes. The centrifugal force at the earth’s equation throws out a portion of the matter of which it consists 
into the form of an oblate or flattened spheriod ; and we may conceive this redundant matter, as a spherio- 
dical shell investing an inscribed sphere. Suppose now every particle of this shell at liberty to obey any 
impulse, unfettered by the others, or conceive it to consist of an infinite number of infinitely small moons : 
each of these will describe an orbit, whose nodes have a tendency to recede on the plane of the ecliptic, and 
though some (those which happen to lie between their quadratures with the sine and their nodes,) will have 
their nodes in a state of advance ; all the rest, which constitute the greater number, will have theirs in a 
state of recess. Conceive now the particles to cohere and form a solid ring, unconnected with the central 
globe, the motion of this ring will be a mean among all the motions of its parts, and the nodes of the ring 
will in consequence continually recede, with a certain velocity. Now, let the ring adhere to the sphere, then 
must all its motion be divided between itself and the whole mass of the earth, which alone has no such ten- 
dency. ‘The redundant matter at the equator, however, bears a very small ratio to the whole mass of the 
earth ; so that owing to this cause, the retrogradation is exceedingly diminished in rapidity ; and owing to the 


th part of the 





23405 


a quantity quite insensible,) is rendered too small to 


, 


m 


‘ a $ 
distance ; sm that here, a = m’. (=) = (@3403)> 
be distinctly perceived. 

But the moon also exerts a disturbing force. That luminary is to our imaginary moons, or terrestrial mole- 
cules, what the sun is to the moon itself in the theory ofthe lunar perturbation. If we reduce these principles 
to calculation, assuming such a mass and distance of the moon as we know to be near the truth, we shall 
find that a retrograde motion of the earth’s equator on the ecliptic of about 50” per annum will actually 
result. Now this is the very phenomenon known by the name of the precession of the equinoxes; and 
though its strict theory is much more complicated and difficult than the general view here taken, its accord- 
ance with observation is perfect, and affords one of the most refined verifications of that admirable law which 
holds the frame of nature in the harmony we are now so well able to appreciate. 
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Table of proportional logarithms - - - - 
for the latitude by the pole star - - - 
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FIGURE OF THE EARTH. 


Since Astronomy first assumed the form of a Science, 
the inquiry into the Figure and dimensions of the Earth 
has always excited the interest of Philosophers. It can 


comparative density of the superficial and the interior fistory. 
parts of the Earth, The whole may be considered as ‘<a —_/ 
a collection of various classes of observations which 


. gratify his curiosity. 


hardly be doubted that in the mind of a reflecting man 
there would always be a desire to know the nature of 
the Planet upon which ue existed ; but without Science 
of an exalted order, it would be impossible for him to 
For the Astronomer, however, it 
was absolutely necessary to know something of the form 
of the Earth; and Astronomy alone gave the means of 


have been made for the examination of that part of the 
Principle of Gravitation which asserts that “ the attrac- 
tion of a mass is the sum of the attractions of every one 
of its particles.” 


Section 1.—History. 


It was probably by observation of the form of the General 
Earth’s shadow, as seen in eclipses of the Moon, that Principle of 
the Figure of the Earth was first ascertained to be Meridian 
nearly spherical ; and the necessity of an allowance for ™°*4"e 


‘letermi:.ing it. While the only observations of the 
heavenly bodies consisted in watching the rising and 
setting of the Sun and Stars, the form of the Earth was 
a matter of indifference; but when an attempt was 


made to reduce to a system the motions of the lumi- 
naries and Planets, it was necessary as a preliminary 
step to assume, and even to establish by something ap- 
proaching to demonstration, a hypothesis on the Figure 
of the Earth. 

At present the determination of the Earth’s Figure 
possesses an interest of which formerly it was altogether 
destitute. The Astronomers of antiquity knew that the 
Earth is nearly spherical ; they had also some not very 
correct ideas of its magnitude ; and this was sufficient for 
their purposes. But the sphericity of the Earth, when 
thus established, was an isolated fact. It was proved 
by the impossibility of explaining certa‘n phenomena on 
any other hypothesis; but it was not connected with 
any general theory which made this Figure a necessary 
consequence of the properties of matter. But by the 
discoveries of Newton the Figure of the Earth was shown 
to depend on the same theory which explains with such 
wonderful accuracy the motions of the Planets and their 
satellites. The investigations of the most profound 
Mathematicians have since been directed to its determina- 
tion, from the Principles.of Gravitation; and the labours 
of the most able experimenters have been employed in 
ascertaining it from actual observation ; and the com- 
parison of the results of theory and of observation shows 
that their agreement, though not perfectly exact, is 
sufficiently so to enable us to assert with confidence, 
that the Principle of Gravitation is well founded. 
Indeed, for one part of that Principle, (viz. that the 
attraction of a Planet is not a torce directed to its centre, 
but is the resultant of al) the forces directed to every one 
of its particles,) it may be considered as affording the 
most satisfactory pr of that we can expect ever to have. 

Under the head of the Figure of the Earth we pro- 
pose not only to consider the theoretical form, and to 
give an account of the principal measures and their re- 
sults, but also to explain the most remarkable pheno- 
mena depending on its Figure; namely, the variation of 
Gravity on its surface, and the disturbances in its own 
motion, and the motion of the Moon, occasioned by its 
d°viation from the spherical form. And in connection 
with this subject we shall give a short account of the 
experiments which have been made to determine the 

VOL. V. 


parallar in the Moon's declination would very soon 
teach Astronomers that the place of observation was 
not the centre about which the lunar revolutions were 
performed. But there remarks would in no degree 
enable them to form an idea of its magnitude. The 
method of determining the dimensions by measuring an 
arc of the meridian has been employed with no altera- 
tion of Principle from the time of the Alexandrian Astro- 
nomers to the present day. Let A, B, fig. 1., be two 
places of observation; AC, B C, lines perpendicular to 
the surface at those points : suppose these perpendicu- 
lars to intersect in C; let AF D, FB E, be horizontal 
lines; GA, HB, parallel lines, representing the direc- 
tions of the visual rays from the celestial Pole, or from 
some very distant object, as the Sun or a Star. By 
observation of the angles H B E, G A D, (the altitudes 
of the Pole, or the Sun, &c.) their difference is known ; 
that is, the difference of H B E and H K D, or KFB, 
which is equal to AC B. The length of the arc AB 
can be measured; knowing then the length of A B, and 
the angle AC B, and assuming AB to be a circular 
arc, the length of AC or B C can be immediately cal- 
culated. Instead of calculating the length of A C it is 
rather more convenient to calculate the length A M, 
which corresponds to an angle AC M of one degree; 
and this is usually called the length of a degree on the 
Earth’s surface. It is plain that this process can be 
applied only when the vertical plane which passes 
through the two places, passes also through the body 
observed; and the observations must either be simul- 
taneous, or must be of such a nature that a small error 
in the time (which in practice is inevitable) will pro- 
duce no sensible error in the body’s altitude. From 
these considerations it appears that A and B moust be in 
the same meridian. If we assume the Earth to be 
spherical, we shall by this method find its radius; or if 
we perform the same operations in different parts of the 
Earth, and always find the same value for the radius, 
we may infer that the Earth is spherical. 

This is the method pursued in the earliest measure of 
which we have any tradition, that of Eratosthenes. For 
we cannot hold with some writers that any real measure 
is alluded to by Aristotle, De Calo, lib. ii, when he 
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speaks of the circumference of the Earth as being 
400,000 stadia, according to the opinions of the Mathe- 
maticians of his time. Eratosthenes, about 231) B.c., 
observed that at Syene, in Upper Egypt, the Sun was, 
as far as he could discover, exactly vertical at noon, on 
the day of the summer solstice ; and that at Alexandria 
the Sun's zenith distance at the same season was 7° 12’. 
The former observation (according to Cleomedes) was 
made by remarking that the edges of a deep well threw 
no shadow on the bottom, the latter by the use of the 
oxagy, a hemispherical bowl with a vertical style. 
These circumstances will be represented in fig. 1 , if we 
suppose B H to be in the same straight line with C B, 
and G A parallel to B H, and the angle N A G = 7° 12’. 
He supposed Alexandria and Syene to lie in the same 
meridian, and reckoned their distance at 5000 stadia, 
which gave the Earth’s circumference = 250,000 stadia. 
The length of the stadium here used is unknown, and it 
is unnecessary to point out the sources of error in this 
operation. 

An estimation was also attempted (as the same author 
informs us) by Posidonius, who was contemporary with 
Pompey the Great. It appears to have been intended 
only as a rough guess, and is, in fact, much inferior in 
accuracy to that of Eratosthenes. He observed that 
the star Canopus was seen at Rhodes to just touch the 
horizon; at Alexandria he estimated its meridian alti- 
tude at 74°: the distance of the places was supposed to 
be 5900 stadia. This gave for the circumference of the 
Earth 240,000 stadia. In this measure it is merely 
necessary to observe that refraction was neglected, not 
being known ; and that no accurate estimation could be 
formed of the distance of two places separated by the 
Medite:ranean. | 

In the Astronomical Works of Ptulemy (who flourished 
about a. p. 187) we find no notice of the Earth’s 
dimensions. He assigns as reasons for believing the 
Earth to be spherical, that eclipses of the Moon, as seen 
at different places on the Earth, take place at different 
times with reference to the noon of the places of obser- 
vation; and that the differences of apparent times are 
proportional to the distances East or West. This, we 
helieve, is the earliest notice of the Principle of deducing 
terrestrial longitude from the difference of the appurent 
times at which an eclipse of the Moon is observed. He 
remarks also that on going Northward, the number of 
circumpolar stars is increased, appearances which could 
not exist if the Earth were plane, or cylindrical. But 
in his Geography he tacitly assumes the Earth to be 
spherical, and uses constantly as the length of one 
degree 50U stadia. This estimation seems to have been 
made by Marinus the Tyrian, from observations of the 
latitude of very distant places, and from the rough mea- 
sures of the distance made by sailors and merchants. 

The dark Age which followed the overthrow of the 
Alexandrian School, put a stop to all speculations on 
the Figure of the Earth. It was uot till the Empire of 
the Caliphs had extended over the greatest part of the 
civilized World, and the Works of the Greek Astrono- 
mers had been translated and studied by the Arabs, 
that another attempt wa; made to measure an arc of 
the meridian. Abulfeda relates that Abdalla Alma- 
moun, who begun his reign at Bagdad a. p. 814, having 
fixed on a spot in the plains of Mesopotamia, ordered 
one company of Astronomers to go Northward and 
another Southward, measuring the distance hy rods, 
till each should find their alteration of latitude, or alter- 
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ation in the altitude of the Pole, to be one degree. 


One party found the distance 56 m les of 4000 cubits, —— 


the other 56} miles; the latter was adopted as prefer- 
able to the former. The length of the cubit, however, 
is not known. 


Seven hundred years elapsed before another estimation By Ferre. 


was attempted, and the scene was then shifted to 
Western Europe. Fernel, a Parisian, born in 1485, 
(according to Lalande, Mém. Acad. 1787,) published 
in 1528 the account of a measure made in the neigh- 
bourhood of Paris. On August 25, he observed the 
Sun’s meridian altitude at Paris; he went Northward 
one degree, as nearly as he could judge, and on August 
29 again observed the Sun’s meridian altitude. His 
observations were made with a triangle, (not a qua- 
drant,) of which one side, eight feet in length, was ver- 
tical ; another side of the same length was movable 
round the point of connection with the first, and carried 
sights; the third side measured the distance between 
the other two, and was graduated as a line of chords to 
every minute of the quadrant. (This is the instrument 
which Ptolemy describes as proper for the observation 
of the Moon’s parallax.) On applying to the Sun’s alti- 
tudes the proper correction for change of declination, he 
found that his latitude had increased one degree. The 
distance was calculated from the number of turns made 
by the wheel of his carriage. The length of an arc of 
meridian of one degree, thus found, (56,746 toises,) 
agrees very well with the length given by modern ob- 
servations, (about 57,060 toises.) 


The next measure (that of Snell) is distinguished by By Snel 


a very great improvement in the manner of ineasuring, 
—the substitution of trigonometrical operations fur the 
actual measurement of the whole distance by the appli- 
cation of rods or perambulators. This method is partly 
described in our Treatise on TRIUONOMRTRY, section 9 ; 
and will be illustrated more fully in a succeeding sec 
tion of the present Essav. ‘The account of Snell’s measure 
was published at Leyden, in 1617, under the quaint title 
Eratosthenes Batavus de Terra ambitds veri quantitate, 
&c. @ Willebrordio Snellio suscitatus. He measured a 
base of 326.4 Rhinland perches, and two bases of verifi- 
cation of 348.1 and 166 perches, (each perch of 12 feet.) 
The length of the first base was, however, in reality con- 
cluded from a base of 87.05 perches ; for the calculated 
length is used, though it differs a little from the mea- 
sured length. His angles were observed with qua- 
drants and semicircles. ‘Thus he found the meridian 
distance between Alcmaer and Bergen-op-Zoom 
= 33,930.2 perches. Their latitudes he found to be 
52° 40' 30”, and 51° 29’. From this he found one de- 
gree of meridian = 28,473 perches. Between Leyden 
and Alcmaer he found 1° = 28,510; finally he fixed 
upon 28,500. As he was careful to compare his stand- 
ard with the standards of other nations, this measure | 
was readily reduced to French toises, and it gave 
1° = 55,100 toises. A recalculation and reobserva- 
tion of.the latitudes by Muschenbroek in 1729, gave 
1° = 57,033 toises. Another measure was effected (we 
believe in nearly the same locality) by Blaeu, or 
Cesius; it was said to agree in its results with Picard's, 
but we are unacquainted with the details. 

In 1637 was published, The Seaman's Practice, con- 
tayning a fundamentall Probleme in Navigation expe- 
rimentally verified, namely touching the Compasse of 
the Earth and Sea, and the Quantity of a Degree in our 
English Measures, &c. ; by Richard Norwood, Reader 
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of the Mathematicks. In this Work most of the older 
measures are mentioned. It is stated, also, that a Mr. 
Edward Wright had observed the dip at Mount Edge- 
cumbe, and had inferred the semidiameter of the Earth 
to be 18,312,621 feet. The author then states, that oa 
June 11, 1633, with a sextant of more than five feet, 
he observed the Sun’s meridian altitude near the Tower 
of Londen to be 62° 1’; and on June 6, 1635, he 
found the Sun’s altitude at York to be 59° 33’; the dif- 
ference of latitude 2° 28’. The distance was measured 
with a chain of 99 feet ; the bearings of different parts 
of the road were observed with a cireumferentor, and 
the measures reduced by a Table. Part of the distance 
he paced, in which he says he came through custom 


‘ very near the truth. The number of chains was 9149 ; 


By Riccioli. 


Br Picard. 


from which he found 1° = 61,199 fathoms. 

About the same time a trigonometrical measure was 
attempted in Italy by Riccioli. Beginning with a base 
of 1094 Bolognese paces, he found the meridional dis- 
tance from a point near Bologna to Modena 20,439 
paces ; the difference of latitudes he found to be 19/25”. 
The angles were measured with an instrument nearly 
similar to that of Fernel. From this it appeared that 
1° = 68,159 paces, = 61,478 toises, or 65,521 fathoms. 
This measure has been universally condemned. The 
Geodetic part was not well conducted, and the Astro- 
nomical observations were far below the general 
science of the Age. It has been remarked, also, that 
Riccioli was persuaded of the accuracy of the Greek 
estimations, which (in his interpretation) were consider- 
ably greater than the later measures seemed to show. 
The part of his Works (Geographia) which compre- 
hends this measure, contains an interesting account of 
all the methods of determining the Earth’s dimensions 
which were known at that time, and of all the estima- 
tions which preceding Mathematicians had formed. 

The method which he appears to have thought supe- 
rior to all the others, is that of observing from each of 
two stations the depression of the other; and he in- 
stances some observations of his own whicli give nearly 
the same value for a degree as that which we have 
cited. The principle of this method will be readily 
understood by supposing P and Q, fig. 1, to be two 
elevated stations, and remarking that if the angles 
C PQ, CQP, be observed, PC Q will be found by sub- 
tracting their sum from 180°? ; and the distance P Q being 
measured, the lengths C P, CQ, are easily calculated. 

In 1669 the trigonometrical measure of Picard was 
commenced ; and it was in every respect superior to 
all that had preceded it. It is true that it was not free 
from errors: an error of six toises was committed in 
the measure of the base ; and his differences of latitude 
were vitiated by his ignorance of aberration, &c.; but, 
by a happy chance, these errors almost balanced each 
other. ‘lhe extremities of his are were Sourdon, (near 
Amiens,) and Malvoisine, (near Paris.) His base was 
5663 toises; his base of verification 3902 tuises. The 
difference of Jatitude of Malvoisine and Sourdon was 
found to be 1° 11/54”; and when the measure was 
extended to Amiens, the difference of latitude of Mal- 
voisine and Amiens was found to be 1° 22’ 55”. The 
corresponding arcs were 68,430 and 78,850 toises ; the 
first gave for the length of an arc of 1°, 57,064 toises, 
the second 57,057 ; the mean is 57,060 toises .= 60,812 
fathoms. The Astronomical observations were repeated 
in 1739 by Maupertuis, Clairaut, &c.: they found 
1° = 57,183 toises. 
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In 1673 appeared the Work of Huygens, entitled 
De Horologio Oscillatorio. In this, for the first time, 
were found correct notions on the subject of centrifugal 
force. It does not appear, however, that these were 
applied to the theoretical investigation of the Earth's 
form before the publication of Newton’s Principia. 

In 1666 Newton appears to have first entertained 
the idea of Gravitation. It is remarkable that, at this 
time, he seems to have been unacquainted with the 
measures of Norwood and Snell; and considering the 
length of a degree, according to the usual estimation, to 
be sixty miles, he was induced, by the disagreement of 
his calculations from this estimation, to lay aside his 
theory of Gravitation. For the Moon’s parallax being 
known, that is the proportion of the Earth’s radius to 
the radius of the Moon's orbit (supposed a circle) being 
known, the force of Gravity on the Moon was found by 
Newton’s law ; and the periodic time was ulso known ; 
and from these data, and the theorems of Huygens 
and Newton relating to motion in a circle, it was easy 
to calculate the radius of the circle in which it moved, 
and consequently (from the proportion above mene 
tioned) the radius of the Earth: if this were not the 
same as the radius given by the measures, Newton's 
law could not be true. The measure of Picard enabled 
him to establish the theory; and it is this measure that 
is used in the Principia published in 1687. In this 
wonderful Work a prodigious step was made towards 
the theory of the Earth's form. Combining the theory 
of centrifugal forces with the properties of fluids, New- 
ton showed that the Earth must be not spherical but sphe- 
roidal ; that its equatorial diameter must be longer than 
its axis of revolution; and he actually calculated the 
proportion of the diameters, on the supposition that the 
Earth had been in the state of a homogeneous fluid, to 
be 229: 230. With regard to this astonishing inves- 
tigation we shall merely state, that though defective, it 
is not erroneous; it is one of the many instances in 
which Newton has obtained a correct result by means 
apparently quite inadequate. He showed, also, that 
Gravity must be less at the Equator than near the Poles; 
and this served to explain a very remarkable fact that 
had lately been observed. In 1671 Richer, who had 
been sent by the French Government to Cayenne for 
the purpose of conducting a series of Astronomical ob- 
servations, found that his clock, which had been regu- 
lated to mean time at Paris, lost more than two minutes 
every day. Similar facts were afterwards observed by 
Varin and Deshayes on the coasts of Africa and Ame- 
rica; and in all cases the alteration of the clock’s rate 
was much greater than any that could be caused by the 
change of temperature. 

But the most remarkable of Newton’s inferences is, 
perhaps, his explanation of the precession of the Equi- 
noxes, This motion of the Earth’s axis was discovered 
by Hipparchns, (3. c. 150 ;) and all succeeding Astro- 
nomers had recognised its existence. Eighteen cen- 
turies after its discovery, it was shown by Newton to be 
a consequence of the attraction of the Sun and Moon 
on the Earth’s equatorial protuberance. Having shown 
that the attraction of a distant body on a satellite 
would produce a retrograde motion of its nodes, he 
observes that if we first suppose a number of satellites 
to revolve in one plane, and then suppose thein to be 
connected in such a manner as to becume a solid ring 
revolving in its plane, we shall still have a retrograde 
motion of the nodes: and if the Earth be fixed withia 
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the ring, the motion of the nodes, though less than 
before, will still be retrograde: and the transition from 
this ease to that of an oblate spheroid is sufficiently ob- 
vious. The calculation which Newton has attempted 
to found on this reasoning is in some respects erro- 
neous; but the explanation is, perhaps, one of the 
strongest proofs of genius. Indeed, if at this time we 
might presume to select the part of the Principia 
which probably astonished, and delighted, and satis- 
fied its readers more than any other, we should fix 
without hesitation on the explanation of the precession 
of the Equinoxes. 

In 1690 was published Huygens'’s Treatise, De Causd 
Gravitatis. It contains an investigation of the figure 
of the Earth, supposing the attraction upon every par- 
ticle to be directed towards the centre, and to be 
always the same at equal distances from the centre. 
This supposition, it will be remarked, is directly opposed 
to one part of the Principle of Gravitation, namely, that 
which states that every particle attracts every other par- 
ticle. The ratio of the axes is found in this manner to 
be 578 : 579. 

In 1684 J.D. Cassini (second of that name) com- 
menced a trigonometrical measure of an arc of meri- 
dian in France, taking Picard’s base as a foundation 
and proceeding Southward. It was intended that this 
should serve as a basis for a map of France; and the 
more accurate measure which was afterwards executed 
on the same line was used for that purpose. Some 
interruption took place, (ou the death of the Minister 
Colbert,) but it was at length finished in 1701. The 
series of triangles was then extended Northward to 
Dunkirk, and this part was finished in 1718 <A base 
of 7246 toises was measured near Perpignar, and one 
of 5464 toises near Dunkirk. The difference of lati- 
tudes of Paris and the Southern extremity, Collioure, 
was found to be 6° 18' 57”, and the distance 360,614 
toises; whence 1° = 57,097. The difference of lati- 
tudes of Paris and Dunkirk was found to be 2° 12’ 9.5, 
and the distance 125,468 toises ; whence 1° = 56,960. 
lt appeared, then, that the degrees shortened in going 
from the South to the North; and this seemed to indi- 
cate that the Earth was a prolate spheroid, the ratio of 
its axes being nearly 95:96. A conclusion in such 
direct opposition to Newton’s theory, now extensively 
received, excited a great sensation among the Muthe- 
maticians of Europe. The accuracy of the measure 
and the certainty of the conclusion were sustained by 
Cassini; who, as well as his father and his son, seem 
to have been firmly convinced that the Figure of the 
Earth was elongated. To settle the point, a degree of 
@ parallel was measured in 1734, extending from Stras- 
burg to St. Malo. This, also, when compared with the 
others, seemed to lead tothe same conclusion. It was 
alleged, however, that the difference of longitude of 
these stations was determined only by some ancient 
eclipses of Jupiter's satellites, and that no reliance could 
be placed on them. To escape from this state of doubt, 
it was determined that an arc of meridian, and if neces- 
sary, one of parallel, should be measured near the 
Equator, in the comparison of which with the are mea- 
sured in France, the inevitable errors of* observation 
would produce a smaller effect; and this is the origin of 
the celebrated expeditions of the French Academicians. 

Every facility being afforded by Louis XV., in May, 
1735, MM. Bouguer, Godin, Lacondamine, and others, 
sailed for South America; they then crossed the Isthmus 
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of Darien, and sailed to Peru. The difficulty of mea- 
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suring an arc of parallel, and its inutility, (as on any ——~\-~— 


hypothesis it would differ little from an arc of meridian 
in France,) were so strongly represented by Bouguer, 
that it was laid aside. But the great valley between 
the two principal chains of the Andes was found so 
favourable fur operations in the direction of the meri- 
dian, that they effected, with the assistance of some 
Spanish officers, the measure of an arc of three degrees. 
The Northern limit was a place called Farqui, 24/ 
North of the Equator; the Sonthern extremity, Col- 
chesqui, was in South latitude 3° 4)’. A base of 
6272 toises was measured in the neighbourhood of 
Quito, and near the Southern extremity; and a base of 
verification of 5259 toises near the Northern extremity. 
No other measure* has been conducted under such 
extraordinary circumstances of locality. The lowest 
poiut of their arc was at an elevation ofa mile and a half 
above the level of the sea; and, in some instances, the 
heights of two neighbouring signals differed more than 
a mile. “At some places the danger was considered by the 
inhabitants to be so great, that public prayers were put 
up in the churches for their safety. The indolence and ill- 
will of the natives troubled them much; they were even 
in danger of losing their lives in a popular tumult ; and 
to crown the whole, the instruments by which they were 
to determine their difference of latitude were found to 
be not trustworthy, and the corrections of the places of 
the stars were not to be relied on. The former difli- 
culty they overcame by an ingenious reconstruction of 
their instruments, the latter by simultaneous observa- 
tions at the two extremities of the arc. Their final 
result was that the whole length of the meridian arc, 
reduced to the level of the lowest station, was 176,945 
toises, corresponding to a difference of latitudes of 
3° 7/1”; and, therefore, that the length of an arc of one 
degree was 56,767, ur reduced to the level of the sea 
56,748. The arc was extended about twenty minutes by 
Godin ; but this addition is generally supposed to have 
been less accurately measured than the other parts.” In 
this expedition an attempt was made by Bouguer to 
observe the effect of the attraction of Chimborazo ; of 
this we shall speak hereafter. For the complete details 
of this very interesting measure we must refer the reader 
to Bouguer’s and Lacondamine’s accounts ; the former 
is the more amusing and more interesting to speculative 
Mathematicians, but the latter will be found by practical 
Astronomers to be the more instructive. 

Before the return of this party (who, in consequence 
of their dissensions, separated as quickly as possible, 
and regained Europe by different ways) another mea- 
sure had been imagined and completed. Maupertuis, 
Clairaut, Camus, Lemonnier, and Outhier reached 


the Gulf of Bothnia in July 1736. They had expected Measure o! 
to be able to make use of the islands in the Gulf for an are is 
the stations of a trigonometrical measure; but they Swede. 


found them so low, atd so near the shore, that they 
were obliged to give up this part of their plan. But 
the valley of the river ‘lornea, which passes by the town 
of the saine name, seemed to offer a favourable line of 
country ; and this was accordingly chosen. The sta- 
tions (as in the Peruvian measure) were on the hills on 
each side; and the river gave them some facilities for 





* From this remark we ought, perhaps, to except a part of tne 
survey of an arc of parallel made in the present century, in which the 
principal chain of the Alps was passed. 
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the conveyance of their instruments. In the prosecu- 


the Earth. tion of their work great inconvenience was sustained 
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all from the tormenting flies and gnats. The fogs also, 
with which some of the hills were continually en- 
veloped, increased the difficulties of the observations ; 
in some instances they waited ten days on the top of a 
hill before they could see one of their signals. After 
sixty-three days of great fatigue they reached the moun- 
tain Kittis, which was fixed on for the Northern extre- 
mity. The latitudes were observed with a sector made by 
Graham. On their return to Tornea, the river being 
frozen, a base was measured on the ice nearly in-the mid- 
dle of the arc, but no base of verification was measured. 
The result being somewhat different from what they 
had expected, the latitudes were reohserved, and some 
angles of the triangles, whicl had before been omitted, 
were observed. ‘The final conclusion was that the dif- 
ference of latitudes was 57’ 29.6, and the length of the 
arc 55,028 toises; whence an arcof 1° = 57,422. In 
this expedition, as well as in that to Peru, observations 
were made to ascertain the length of the pendulum 
vibrating seconds ; and they all agreed in showing that 
Gravity increased in going from the Equator towards 
the Pole. For a complete account of this measure we 
must refer the reader to Maupertuis, La Figure de la 
Terre. 

Before the return of Bouguer and Lacondamine, the 
whole of the French arc of meridian was remeasured by 
J. Cassini, his son Cassini de Thury, and Lacaille. The 
operations of this measure are the subject of the Work 
entitled La Méridienne vérifice. On measuring new 
bases and making new observations of every kind, the 
cause of the original difficulty was soon discovered. 
The measure of ,Picurd’s base was erroneous by about 
tescth part of the whole, and this error had affected one 
part only of the arc. Some inaccuracies both Astrono- 
mical and Geodetical were found to exist in Cassini’s 
measure. The late improvements in Astronomy, par- 
ticularly the discovery of aberration and nutation, 
enabled the new observers to give much greater exact- 
ness to the Astronomical observations. They observed 
the latitudes of five points, and thus obtained, in fact, 
four arcs of meridian. Between Perpignan and Rodéz 
the length ofan arc of one degree was found = 57,048.5 
tises; between Radéz and Bourges 57,040; between 
Bourges and Paris 57,071; and between Paris and 
Dunkirk 57,084. In the course of this measure an 
arc of parallel was measured across the mouth of the 
Rhone. From a station near Cette in Languedoc, and 
from Mont St. Victoire in Provence, the explosion of 

npowder on a church between them was observed ; 
and from the difference of apparent times the difference 
of longitudes was found to be 1°53'19”. The length 
of the arc of parallel in latitude 43°32’ included be- 
tween the two meridians was 7,599.6 toises. The 
comparison of this arc with the arc of meridian from 


Perpignan to Rudéz gave an ellipticity — 


The comparison of any two of the three arcs in Peru, 
in France, considering the whole as one arc, and in 
Sweden, showed that the degrees increased ‘in going 
towards the Pole, and that, consequently, the Earth‘s 
Figure was flattened at the Poles. But when all three 
were considered, a singular difficulty occurred, which 
we may be permitted to say is not yet wholly removed. 
The comparison of the Peruvian and French arcs gave 
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an ellipticity of nearly sa that of the Peruvian and J. 


as for its value. If, then, the mea- 
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sures were accurate, it was impossible that the Earth’s 
Figure could be elliptic: and Bou,uer actually proposed, 
as the only hypothesis which would satisfy observations, 
that the increase of the lengths of degrees was propor- 
tional to the 4th powers of the sines of latitude, and 
that the proportion of the axes was 178: 179. This 
would indicate a Figure projecting at middle latitudes 
above the elliptic spheroid with the same axes. 

To avoid interruption in our account of several im- 
portant measures, we have omitted to mention some in- 
teresting deductions from the theory of Gravitation made 
about the same time. These we shall now describe. 


Swedish arcs gave 


The first important addition to the theory of the Maclaurin’s 


Earth was made by Maclaurin. 


The Academy of Paris investiga. 


proposed as a subject for the Prize Essay in the year ‘on 2 the 
1740, The Tides. ‘Three admirable Essays were sent, oe . 


hy Euler, D’Alembert, and Maclaurin : the last is gene- 
rally considered as one of the most elegant Geometrical 
investigations that was ever made. Most of the opera- 
tions can be applied, with very slight alterations, to the 
investigation of the Figure of the Earth, supposing it a 
homogeneous fluid ; and the author has indicated the 
principal results which can be obtained by this applica- 
tion. In this Treatise it was proved for the first time, 
that the oblate spheroid is a form of equilibrium ; and 
the equation was given by which the ellipticity can be 
found when the proportion of the centrifugal force at 
the Equator to Gravity is known. This equation is 
transcendental ; but by an approximate solution when 
the centrifugal force is small, it was shown that the 
ellipticity (that is the proportion of the excess of the 
equatorial diameter above the polar diameter to the 


5 
latter) is z”* the ratio of the equatorial centrifugal 
force to the equatorial gravity; which in the case of 


. 5d 

the Earth is < © Sep. bap 
the Pole is greater than Gravity at the Equator, by 
the same proportion of the whole; and, also, that in 
going from the Equator to the Pole, the increase of 
Gravity is as the square of the sine of the latitude. 
These results are the same as those of the imperfect 
theory of Newton. 


; and that Gravity at 


In 1743 was published Clairaut’s Figure de la Terre. Clairaut's 
This is the most valuable Work that bas been written investigs- 
upon this subject. The same theory has since engaged ""- 


the attention of the most distinguished of the modem 
Mathematicians, and finaily of Laplace; and though 
the form of the investigations has been much varied, 
very little has been added to the results. The nature 
of the equilibrium of fluids is first explained. The only 
condition which had formerly been assumed as sufficient 
for the equilibrium of fluids was, that the force at the 
surface should be perpendicular to the surface, or that 
the pressure produced by the fluid in two canals of given 
form, terminated at one extremity in the same point, and 
at the other extremity in the surface, should be the same. 
Bouguer first showed that both of these conditions were 
necessary, or something equivalent to both. Clairaut 
has shown upon what the possibility of equilibrium 
depends; and he has applied these principles to the 
discovery of the form of equilibrium of a fluid on the 
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Figure of lowing suppositions: Ist, that the Fluid is homogeneous, 


fe with a sphervidal nucleus of different density; 2dly, that which the angles of the triangles were observed, was —"\==/ 
the whole mass is fluid and heterogeneous. The form repeatedly examined in all possible ways; the sector, 
which makes equilibrium possible in all the variety 0. for observation of latitude, (which we shall afterwards 
cases which these suppositions include, is, approxi- describe,) was on the most improved construction; the 
mately, an elliptic spheroid; the ellipticity is different observations of latitude were sufficiently numerous ; in 
according to the law of density, &c., but in all cases every triangle, except one, Liesganig assures us, that 
ieee: the following theorems are true: Ist, the increase of the three angles were observed ; and all the calculations 
theorem, the length of degrees and of Gravity, in going fromthe were reexamined. The base (between Neustadt and 
Equator to the Poles, is as the square of the sine of Jati- Neunkirch) was of 6238 toises; the base of verification 
tude; 2dly, the sui of the ellipticity, and of the ratioof in Marchfeld was of 6388 toises. ‘The concluded meri- 
the whole increase of Gravity to the equatorial Gravity, dional distance of Sobieschiz and Varasdin (the North 
is ; x the ratio of the centrifugal force at the Equator s eee ee ee neerenneaet 
to the force of Gravity. Thelast ofthese theorems (one = 58,655 Vienna fathoms = 57,077 toises. Yet in spite 
of the most important that has ever been discovered) is of all these apparent securities, there appears reason 
usually called by the name of its inventor. Itisevident for rejecting this ener. The principal objections to 
that, in conjunction with the former, it gives the means it may be seen in Zach's Correspondance Astronomique, Reasons fa 
of determining the Earth's ellipticity from observations ‘¢. Vol. vii. In the first place, it is certain that the star "eH ™ 
of the comparative force of Gravity at any two places. which Liesganig has put down as + Draconis is not 
Nutation In 1747 Bradley discovered the nutation of the Draconis, but some other star; possibly 85 ¢ Herculis, 
discovered Earth’s axis. This had been alluded to by Newton as Which Zach mentions, This would occasion no error, 
hy ee a consequence of his theory, but no notice seems to (a8 the same star was observe | at different stations) 
slained oe have been taken of his theoretical prediction. Assoon, ¢xcept in consequence of taking erroneous reductions. 
theory. however, as the fact was established, it was treated Inthe next place, Zach (who possessed some of Lies- 
theoretically by Mathematicians: among the best of the ganig’s manuscripts, and who recalculated some of the 
Treatises upon nutation may be reckoned D’Alembert’s Observations) affirms, that many of the observations 
Recherches sur la Précession, &c. had been altered to produce greater apparent agree- 
Measure of | In 1750 Boscovich and Le Maire, two Jesuits, ment. And, lastly, it appears from a repetition of part 
Boscovicn. measured an arc from Rome to Rimini. Theirmeasures Of the survey by the Austrian officers in the beginning 
were made with the pace, the measure of the Country; Of the present century, that in one of Liesgauig’s 
but it was carefully compared with the French toise, so triangles it was impossible, and appareutly had always 
that their results could be expressed in terms of the same been so, to observe one of his stations from another ; 
standard which had already served for so many mea- Nd, in fact, when the value of one of the angles, as 
sures. A base of 6139.5 toises was measured on the given by him, was compared with the sum of two angles, 
Via Appia; and a base of verification of 6037.6 toises Which ought to be equal to it, observed by the.Austrian 
by the sea-side near Rimini. The meridian distance officers, a difference of 8° was found. This triangle is 
was found = 161,253.6 paces = 123,221.83 toises; and the last but two to the Scuth; up to this the surveys 
the difference of latitude 2° 9/ 47”, whence 1°=— agree within a few toises, but after this they sometimes 
56,966.38 toises. This, when some corrections were ap- differ in the situation which they assign to a station by 
plied, was reduced to 56,979 ; the mean latitude 42°59’ more than 2500 toises. It would seem that a signal 
The whole of this measure passed over a mountainous was mistaken; a similar aecident happened to Snell; 
country. and there is reason to think that it has also occurred 
Meature of | In 1752 Lacaille, who had been sent to the Cape of in the survey of England made under the direction of 
Lacaille. Good Hope to make Astronomical observations, find- the Master-General of the Ordnance. Another arc 
ing the circumstances of the country favourable for a was measured by Liesganig on the plain of the Theiss, 
trigonometrical survey, measnred an arc of 1° 13/17".3, from Kistelech in the North to Czuroch, near Peter- 
which he found — 69,669.1 toises ; whence 1° = 57,037. varadin, in the South. The length was 59,990 Vienna 
The length of his base was 6467 toises. See Mém. de fathoms; and the difference of latitudes 1° V 34%; 
Acad. 1751. This are presents a remarkable anomaly. whence 1° = 58,453 = 56,881 toises. Several circum- 
According to this measure, a degree in the South hemi- stances prevent us from attaching much value to this 
sphere, whose mean latitude ig 33° 2U', is equal to a measure; one is, the great number of small triangles 
degree in the North hemisphere, whose mean latitude which the nature of the country compelled him to use. 
is about 45°. The known ability of the observer almost | About the same time Beccaria, a Jesuit, assisted by Beccarss 
forbids the supposition of an error in the observations; another of the same Order, measured a degree in the measure, 
and we have no grounds for conjecturing the cause of plain of Lombardy. The measure of Boscovich crossed 
such a deviation from the law which seems to apply to the Apennines, and its extremities were on the sea- 
the other arcs. coasts; this of Beccaria (undertaken, as we have men- 
The measures described in the next three paragraphs tioned, at the suggestion of Boscovich) was carried over 
were undertaken, we believe, at the suggestion of Bos- a flat country, and terminated at both extremities at the 
covich. foot of lofty mountains, It was supposed that if the 
-iesganiy’s In 1762 Liesganig, a Jesuit, began the measure of inequality of the country produced in the measure of a 
measure, an arc of meridian passing through the Observatory of degree any sensible irregularity, the effects, in these 


Vienna, See the Dimensio graduum Viennensis et Hun- 
garici. Every care apparently was taken to ensure 
the correctness of this measure. The Vienna fathom 
was compared with a French toise furnished by Lacon- 


two measures, would be of opposite kinds, and that the 
ditf2rence in the length of a degree would be such as to 
give a good idea of their magnitude. An iron toise, 
which had been compared by Lacondamine and Lacaille 
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Figure of with the toise used in the measure of the arc in Peru, 
we Earth, (commonly called the toise of Pern,) was Beccaria’s 


——-~ standard. 


Doubts of 


similar to those of Buscovich. The length of the base 
was 6501 toises; the meridional distance from Andrate, 
the Northern extremity, to Mons Regalis, (Mondovi,) 
the Southern extremity, was 64,890 toises, The differ- 
ence of latitude was found to be 1° 7’ 44”.7; whence 
1° = 57,468 toises; aquantity much greater than other 
measures would have led us to expect. The mean lati- 
tude is 44° 57’. An account of this measure was pub- 
lished under the title of Gradus Taurinensis. In the 


ils accuracy surveys made by the French officers during their occu- 
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pation of this Country, and in the repetition of the obser- 
vations for the latitudes of the stations by MM. Plana 
and Carlini, some discrepancies have been found, which 
would seem to show that the credit of this measure is 
rather doubtful. 

In 1764 Messrs. Charles Mason and Jeremiah Dixon, 
who had-before been engaged by the Royal Society for 
some important Astronomical observations, were em- 
ployed in settling the boundaries of Maryland and Penn- 
sylvania in North America. The line which they 
traced out in the peninsula between Chesapeak Bay 
and Delaware Bay seemed so favourable for 3 meridian- 
measure, that, on their representation, the Council of the 
Royal Society furnished them with standards and in- 
structions, and procured the loan of a sector belonging 
to Mr. Penn. An account of the measure is given in 
the Phil. Trans. for 1768. This measure differs from 
all others made sitce the time of Norwood in this re- 
spect,—that no triangles were used, but the whole line 
(about 100 miles) was measured with rods. These rods 
were compared with a five-feet brass rod made by Bird. 
The whole length was found to be 538,067 feet, and the 
difference of latitude 1° 28! 45”; whence 1° = 363,768 
feet = 60,627} fathoms. It had been found by a com- 
parison of standards (Phil. Trans. vol. xlii.) that the 


107 ; 
— > French toise; whence one 
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degree was inferred to be 56,904} toises. But after a 
new comparison of the toise and fathom, made under 
the inspection of Dr. Maskelyne, and after applying 
some small corrections, this was reduced to 60,625 
fathoms, or 56,888 toises. The mean latitude was 
39° 12’. 

The anomalies in these measures were so consider- 
able, that it appeared highly desirable to discover 
whether the attractions of mountains could have a sen- 
sible effect in altering the direction of Gravity. Ifin cons 
sequence of the proximity of a mountain the plumb-line 
was drawn from the position which it would otherwise 
have maintained, itis evident that the point of the heavens 
which corresponded to the zenith of a station, as deter- 
mined by Astronomical observations, would not be the 
same as if the mountain did not exist. Jf, for instance, 
@ mountain were at L, near the point A, in fig, 1, and 
drew the plumb-line towards L, the apparent direction 
of Gravity, instead of A C would be Ac, and the appa- 
rent horizontal line instead of A D would be Ad; the 
difference of latitudes, or the angle AC B, would be 
changed to Ac B, and the length of the radius of cur- 
vature of the meridian would be changed from A C to 
Ac. On account of the influence of these effects on 
the determination of the Figure of the Earth, as well as 
for the important confirmation which might be given to 
the Principle of Gravitation, it was to be wished that the 


English fathom = 


His instruments were in almost every respect’ 
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attraction of a mountain might be ascertained by direct 
experiment. 


History. 


This had been atteinpted by Bouguer <—™~\—~ 


and Lacondaminein Peru; but the cold was so intense Attempt to 


that it was difficult to make the observations with suffi- 


ascertain 
the attrac 


cient accuracy, and other circumstances were not favour- tion of a 


able. Instead of observing the zenith distances of a 
star on opposite (North and South) sides of the moun- 
tain, they could only fix on two stations on the South 
side, one close to the mountain, the cther at a distance 
of 3570 toises from the first, and 505 South ofit. The 
effect of attraction appeared to be 7”.5; but they con- 
sidered the conclusion almost unworthy of credit. In 
1772 (see Phil. Trans. 1775) Dr. Maskelyne proposed 
to repeat the experiment. He pointed out Whernside 
in Yorkshire as a mountain on the opposite sides of 
which the attraction would be sensible ; or he thought 
that the defect of matter in the valley between Hel- 


- vellyn and Skiddaw, (or rather Saddleback,) in Cumber- 


land, producing an effect of the opposite kind, might be 
sensible in the same kind of observations. Mr. Charles 
Mason was sent out to examine these, or to look for a 
hill proper for the purpose: these were finally rejected, 
and Schehallien was chosen. This is a mountain near 
Blair Athol, in Perthshire ; it is a narrow ridge running 
East and West, in a comparatively flat country, and 
about 2000 feet higher than the general level In 1774 
the observations were made. The meridional distance 
of two stations on the North and South sides was found, 
by survey, to be 4364.4 feet, which on any estimation 
of the Earth’s dimensions would give for the angle 
A CB, fig. 1, (C being considered as the centre of the 
Earth,) a quantity differing very little from 42”.9. The 
apparent difference of latitude, from Dr. Maskelyne’s 
observations, given either by the 40 observations calcu- 
lated by Maskelyne, or from the whole mass of 337 cal- 
culated by Zach, (L’ Attraction des Montagnes, §c.) is 
54/6. The difference, or 11”.7, is the sum of the 
attractions which the mountain exerted in opposite 
directions on the plumb-line, when placed on opposite 
sides of the mountain. The mean density of the Earth, 
calculated on the theory of Gravitation from this attrac- 
tion, and from an accurate survey of the mountain, was 
fuund by Dr. Hutton, (PAil. Trans. 1778, 1811, and 
1821,) to be about 1.8 x density of Schehallien, or 
about 5 x density of water. 

The are of meridian which had been traced so accu- 
rately through France, served for a foundation to the sur- 
veys for a very accurate mapof France. Nothing of this 
kind had been done in England, excepting a survey of 
part of the Highlands, commenced in consequence of the 
Rebellion of 1745. The disastrous wars of the last cen- 
tury prevented our Government from extending the map. 
In the year 1785, Cassini de Thury presented to the 
Royal Society a memorial on the uncertainty in the 
difference of longitude of Greenwich and Paris ; and pro- 
posed that the English and French Mathematicians in 
concert should determine, by Geodetic operations, the 
distunce, measured along an arc of parallel. This was 
assented to, and the English survey was placed under 
the superintendence of General Roy, the French under 
that of Count Cassini,(fourth of that name,)Mechain, and 
Legendre. We believe it may fairly be said that in this, 
as in other grand experiments, though we began later 
than our continental neighbours, we conducted our 
operations with a degree of accuracy of which, till that 
time, no one had dared to form an idea. For the measure 
of the first base on Hounslow Heath, in 1784, deal rods 
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(which had been used in all preceding measures) were 
rejected, and glass tubes were used. These were after- 
wards laid aside, and a steel chain was employed in the 
measure of a base of verification on Romney Marsh. 
In 1791 the base on Hounslow Heath was remeasured 
with the chain. The description of the mode of measur- 
ing the bases (Phil. Trans. 1785, and Account of Trigo- 
nometrical Survey, vol. i.) was translated into French 
by M. Prony. The angles of the triangles were observed 
with a large theodolite, made by Ramsden; and this 
is the first instrument with which the spherical excess 
ofthe sum of the three angles above 180° (a quan- 
tity that rarely exceeds 3” or 4’) was observed. ‘The 
French part of this survey is remarkable also, as the 
first instance in which the newly-invented repeating- 
circle was used in extensive operations. Whether 
this invention has contributed to the accuracy of Astro- 
nomical determinations, we may be permitted to 
doubt; but it can hardly be doubted that it is an 
excellent instrument fur Geodetic operations. The 
chain of triangles formed by the English observers, ex- 
tended from the neighbourhood of London to Dover, 
and across the channel to Calais, and some neighbour- 
ing stations; the French triangles joined these with 
the chain of triangles formerly observed in the meri- 
dian of Paris, in the neighbourhood of Dunkirk.* 

The object originally proposed in this survey was now 
attained ; but it will readily be imagined that advantage 
was taken of such an admirable commencement for an 
equally excellent extension. An accurate survey of the 
whole Kingdom was commenced ; several bases of verifi- 
cation were measnred, and in the course of the survey, 
an arc of parallel between Beachy Head and Dunnose 
was measuredin 1794, (by reciprocal observations of 
azimuth, a method which we shull hereafter describe,) 
and an arc of meridian from Dunnose to Clifton in 
Yorkshire, in 1802. The latitudes were observed with 
a large zenith sector made by Ramsden. The first 
of these arcs gave for the length of a degree of fongitnde 
in the parallel of 50° 37'7”.3, $8,818 fathoms; the 
second gave for the length of a degree of meridian in 
latitude 52° 2', 60,820. ‘This arc of meridian was 
divided into two parts, nearly equal, by the station of 
Arbury Hill; the arc from Dunnose to Arbury gave for 
one degree in latitude 51° 25’, 60,864; that from 
Arbury to Clifton gave for one degree in latitude 52° 
50', 60,766. These partial arcs present the same 
anomaly as those in France; the degrees appear to 
diminish in going towards the Pole. (See Account of 
Trigonometrical Survey, and Phil. Trans. for various 
years.) 

In 1791 the National Convention of France wishing 
to fix on a new standard of linear measure, determined 
(in the true spirit of the Revolutionary Philosophy) to 
select one which could not be considered as belonging 
to one nation rather than to another, but which might 
claim to be esteemed a standard for all the World. The 
length of the pendulum vibrating secends at a given 
place had been pointed out by Picard as the best prac- 
tical standard; but this did not suit the expanded ideas 
of the French legislators. They considered that the 
length of the seconds’ pendulum varied on varying the 
place of experiment; but that, assuming the Earth's 
SE See nea se ne einen 0s eats ee nna LD 


- © The whole of this measure has been repeated; the English part 
under the direction of Captain Kater, the French under that of 
M. Arago. See PAil. Trans. 1828. 


surface (at least the Geometrical surface at which if ilistory. 
channels were made communicating with the sea the .—._ 
water would find its level) to be an exact surface of 
revolution, the length of the quadrant of meridian 
passing through every place would be the same. The Measu:e of 
length of the quadrant of meridian passing through the are from 
Observatory of Paris was therefore to be ascertained, Dunkirk to 
and one ten-millionth part of this was to be called the fermenter. 
metre. It is almost unnecessary to add, that the idea 

of replacing a lost standard by means of an extensive 
Geodetic measure is perfectly chimerical ; and that the 

only practical method (still subject to some uncertainty) 

is by ascertaining the length of the seconds’ pendulum, 

which it is presumed, in the same place, dues not vary 

from one Age to another. The measure was un- 
dertaken by Delambre and Mechain, and is described 

in the Base du Systéme Meétrique ; a Work which cannot 

be too strongly recommended to the perusal of all who 

wish to be acquainted with the methods pursued in an 
extensive survey by the ablest general observers and 
practical Mathematicians of the Age. The difficul- 

ties with which they had to struggle were very 

great, arising principally from the disturbed state 

of the Country, and, as they approached to a termina- 

tion, from the depreciation of the assiqnats. Fire- 
signals at night are preferable to all others for the ope- 

rations of a survey; but these it was impossible to 
employ, as the people would have supposed them to he 
counter-revolutionary signals. In the choice of day- 
signals, and in procuring permission to erect and to ob- 

serve them, they experienced sometimes the most serious, 

and sometimes the most ludicrous obstacles. It was 
generally necessary to receive the sanction of the popu- 

lar assembly of each town through which they passed ; 

and in many cases Delambre found himself obliged 

to give to the collected inhabitants a surt of Lecture on 
Geodesy. When a great part of their labour was com- 

pleted, they were dismissed from their office for not 
having sufficiently distinguished themselves by their 

hatred of Kings. They were, however, allowed to com- 

plete the are which they had originally intended to mea- 

sure ; following the course of the former measures, and 

using, in many instances, the same signals from Dun- 

kirk to Barcelona. The part South of the Pyrenees 

was measured by the permission and with the assist- 

ance of the Spanish Government. As soon as the de- 

tails of the measures could be collected, they were laid 

before a committee consisting of scientific deputies from 

several continental nations. It was there determined 

to proceed on the assumption, th:t the Earth is an 

exact elliptical spheroid, and to calculate its ellipticity, 

its dimensions, and the Jength of the quadrant, trom a 
comparison of the arc newly measured with the arc 
measured by Bonguer and Lacondamine in Peru. ‘The 


ellipticity adopted wus siz and the métre was fixed at 


443,296 lines. The latitudes were observed at Dun- 
kirk, Paris, Evaux, Carcassone, and Montjouy, near 
Barcelona. The arc was thus divided into four partial 
arcs, of which the middle latitudes were 49° 56’, 47° 31’, 
44° 42’, and 42° 17’, and which gave respectively for 
the leneth of one degree, in toises, 57,082.7, 57,068.8, 
96,977.8, and 56,946.46. This survey was afterwards 
extended by Biot and Arago to the Island of For- 
meniera, near Minorca; the mean latitude of the addi- 
tional arc was 4U°1', and the length of one degree 
96,956.4. The mean latitude of the whole arc, from 
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Formentera to Dunkirk, is 44° 51’, and the mean length 


the Earth. of the arc of one degree 57,v06.6. 
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In 1798 a beautiful series of experiments was insti- 
y Mr. Cavendish, for determining the attraction 
of metallic balls, ‘The observations on Schehallien had 
shown that the attraction of a mountain was certainly 


laden balls. appreciable : but it required much artifice, and great ex+ 
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perimental delicacy, to make the attraction of a sphere 
of lead, eight inches in diameter, distinctly sensible, This, 
however, was effected, and so completely that the com- 
parison of the effects of this attraction with the effects of 
the attraction of the Earth, enabled him to infer the 
proportion of the Earth’s mean density to the density 
of lead ; and of course to the density of water. The result 
is very nearly the same (Phil. Trans. 1798 and 1821. 
as that given by the Schehallien experiment. 

Nearly at the conclusion of this century the investi- 
gations of Laplace (Mécanique Celeste) furnished us 
with a curious method of determining the ratio of the 
Earth’s axes. He showed that, in consequence of the 
Earth’s oblateness, the Moon’s motion would not be the 
same as if the Earth were spherival; and that two of 
the resulting irregularities would rise to such a magni- 
tude as probably to be sensible. From the accurate 
observations of the Moon, made at Greenwich, the ex- 
istence of these inequalities has been detected, and their 
magnitude (about &” each) has been ascertained with 
tolerable certainty, They indicate an ellipticity of nearly 
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We have mentioned that the ellipticity of the Earth, 
(assumed to be an elliptic spheroid,) given by a compa- 
rison of the degree in Peru with that in France, was not 
the same as that given by the comparison of the degree 
in Peru with that in Sweden. The only inference to be 
drawn from this was, that the assumption was false, 
and that some such form as that stated by Bouguer 
must be the true one. No new measures had since 
been made which could be considered as decisive on this 
point: the measure in Peru was made with very great 
care; the accuracy of that in France had been confirmed 
by the late measure; and, as the only possible expla- 
nation, it was thought that the circumstances under 
which the Swedish measure was made, were not perhaps 
so favourable to accuracy. To set this at rest the arc 


arc in Swe- WaS remeasured, and extended in both directions by 


den. 


Svanberg, in the years 1801, 1802, 1803. The details 
will be found in his very elegant Work entitled E.rposi- 
tion des Opérations faites en Lapponie, &c. In this 
survey the peculiarities of the new Astronomical School 
of France were pushed to an extent to which the boldest 
of their proposers had hardly ventured. The French 
standard and the French graduation alone were used ; 
no instrument but the repeating circle was employed ; 
the labour which English observers would have used in 
making good single observations was oy Svanberg be- 
stowed on the infinite repetition of angles; the imagina- 
tion was taxed to discover the best manner of combin- 
ing the observations in order to obtain the result which, 
according to the theory of chances, would be most pro- 
bably correct. The methods of calculation were princi- 
pally taken from Delambre. ‘The base was nearly the 
same as that measured by the Academicians; the 
triangles, as far as the survey of the Academicians ex- 
tended, were the same; those which Svanberg added 
were not so favourably circumstanced, The latitudes 
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of his extreme stations, Malloru and Pahtavara, were 
65° 31/ 30%.265, and 67° 8’ 49.83; the distance 180,827 
metres = 92,778 toises; whence 1° = 57,196 toises. 
(Maupertuis had found J° = 57,422 toises.) The re- 
sult of this measure seemed at once to destroy the diffi- 
culty which had so long troubled Philosophers ; in fact, 
the arcs already mentioned agreed pretty well with the 





l 
3UD" 
But how is the difference of the two measures to be ex- 
plained? The geodetic measures. as fur as they went 
together, agree very well; the latitude of Tornea, as 
determined by Maupertuis, agrees perfectly with the 
observations of Svanberg ; the latitude of Kittis was not 
observed by Svanberg. 't is much, very much, to be re- 
gretted that the Swedish astronomer did not repeat the 
observations at the only place where an important error 
could be feared. 


new arc in giving an ellipticity rather less than 


History. 
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In 18]0 an attempt was made by Baron de Zach to Zach's ob- 
show that the attraction of a mountain called Mimet, %¢'vatioas 


near Marseilles, was appreciable. (See his Work, L’A- 


on the at- 
traction of 


traction des Montagnes, &c.) He observed the latitude yimet. 


of a station on the Southern face of the mountain, and 
that of the small island Planier: and he calculated the 
difference of latitudes from the distance found by survey, 
The attraction of the mountain appeared to produce in 
the latitude an error of 1.98. It has been shown, we 
think satisfactorily, by Arago, (Conn. des Temps, 1819, 
Additions,) that the repeating circle used by Zach (as 
appears from other observations made with it) was 
not good enough for an operation of such extreme deli- 
cacy. We may add, that as the stars observed were all on 
the same side of the zenith, a change in the constant. 
error of the circle would produce «n error in the result 
without affording any means of discovering its amount. 


In the present ceutury an arc has been measured by Are of meri- 
Colonel Lambton in the Peninsula of India, which, for dian mea- 


leneth and accuracy, must:be considered, we think, as 
exceeding those of ull the arcs yet measured. (See 
Asiatic Researches for various years, or Phil. Trans. 
1818.) The instrumeats and the methods of calcu- 
lation were similar to those used in the English 
survey. The latitude of Punne, the Southern station, 
(near Cape Comorin,) was found to be 8° 9’ 33.39 ; that 
of Daumergidda, the Northern extremity, 18° 3’ 23.58 ; 
the meridional distance 598,609.98 fathoms, or 680 
miles. By observing the latitudes of two intermedi- 
ate statious, this arc was divided into three partial 
arcs, whose amplitudes weré 2° 50’ 10.54, 4° 6’ 11°28, 
and 2° 57’ 23".$2; and whose lengths were 171,516.8, 
248,188.5, and 178,9U4.7 fathoms; which give respec- 
tively for the length of a degree 60,472.8, 60,487.6, and 
60,512.8 fathoms. A comparison of these values with 
those determined by the French, English, or modern 
Swedish measures, gives for the ellipticity a quantity 
rather less than sau An arc of parallel was also 
measured in the same manner as the English arc be- 
tween Dunnose and Beachy Head; but the geogra- 
phical situation of the place is highly unfavourable to 
the use of this method. 

The first instance, we believe, in which instantaneous 
fire-signals were used to determine the difference of 
longitude of two places, for the purpose of comparing 
it with the distance measured on an arc of parallel, and 
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Figure of thus determining the radius of the parallel of a given 
the Rarth. Jatitude, was that in which Cassini de Thury and 
coer Lacaille measured an arc across the mouth of the Rhone, 
ae and observed the explosion of gunpowder at one inter- 
rallel meae Mediate point. In the years 1821, 1822, and 1823, 
sured in the difference of longitude of Marennes (near Bour- 
Europe. deaux) and Padua was determined by this method. 
This extensive arc was divided into six partial arcs, and 
the difference of longitudes* of the extremities of each 
was ascertained independently of the others. The ob- 
servers were MM. Brousseaud, Nicollet, Plana, and 
Carlini. The geographical distance of both extremities 
from the frontiers of Savoy aud Piedmont, had been as- 
certained by a survey conducted by the French engi- 
neers. Considerable difficulty was found in connecting 
these parts of the survey, as it was necessary to select 
several stations on the very crest of the Alps. This 
was at last effected in that part of the chain which lies 
between the passes of Mont Cenis and Mont Genévre ; 
accessible stations were found, though one was more 
than 11,000 feet above the sea. These triangles of 
junction were surveyed by a mixed commission of Aus- 
trian and Piemontese officers. The result (Conn. des 
Temps, 1829, Additions, and Opérations Géodésiques et 
Astronomiques en Piémont et Savoie) is that the length 
of a degree of parallel in latitude 45° 43'12", is 
77,865™-75. A comparison of this arc with the prin- 
cipal arcs of latitude seems to show that the ellipticity 


: l 
is about 550° 


Remeasure~ Beccaria was remeasured, and the latitudes of the sta- 


At the same time the arc measured by 


oe of tions reobserved. The result differs from Beccaria’s, but 
vc. HOt so much as to remove the anomaly in that measure. 


The arc of parallel between Beachy Head and Dun- 
nose, measured by General Roy, was used to fix a scale 
of longitudes in the Ordnance map of Englaud. It was 
suspected that the scale was erroneous, but it was only 
in 1823 that this was clearly established. Dr. 'Tiarks, 

Correction by carrying several chronometers backwards and for- 
of the mea- wards between Dover and Falmouth, found that the 
sure of P& difference of their longitudes was incorrect, to the 
rallel in seus ‘ ; . 
England. amount of 4” of time; the difference of longitudes given 
by the map being smaller than that given by the chro- 
nometers. It was necessary, therefore, to diminish the 
value of a degree of parallel, as determined by Roy’s 
observations ; and the degree so diminished agrees 
much better with those obtained from other measures. 

Besides these measures which have been undertaken 
expressly for the purpose of ascertaining the Earth’s 
dimensions, others have been made in which the prin- 
cipal object was the mapping of the country, and from 
which the Earth’s dimensions have been incidentally 
deduced, when the latitudes of extreme stations as ob- 
served, have been compared with the latitudes as_cal- 
culated on assumed dimensions. We have great doubts 
of the aecuracy, in general, of the observed latitudes ; 
aid we have not, therefore, thought these operations 
worthy of a particular mention. Several, undoubtedly, 
ought to be excepted from this remark; we may men- 
tion in particular the survey lately made connecting 
Gottingen and Altona, in which we believe that the lati- 


* The English reader who wishes to be-acquainted with the best 
method of determining differences of longitude by fire-signals, is re- 
ferred to an admirable paper by Mr. Herschel, Phil. Trans. 1826, on 
the determination of the difference of longitude of Paris and Greer- 
wich. 
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tudes were observed with Ramsden’s sector, but of History. 
which the details have not reached us. ae 
In the present century, and at the termination of the Modern ex- 
last, a great number of expeditions have been under- Pom" 
taken, of which one of the principal objects has been to peadulum 
determine the length of the seconds’ pendulum at for the ra 
different places We cannot here give any detailed ac- Tiation of 
count of them, and shall merely mention the followiog. Grany: 
Observations at places in a great extent of latitude in 
the Spanish expedition of 1789 ; (Conn. des Temps,1816, 
Additions ;) observations by the French at various places 
in France and Englund ; (Base du Systéme métrique ;) 
observations made in the voyages of Captains Ross and 
Parry ; (see the accounts of those voyages, and Phil. 
Trans. ;) observations by Captaine Sabine at a number 
of places in almost ail practicable latitudes, undoubtedly 
the beat series of observations yet made; (Account of 
Experimenis, &c.;) observations made in the voyages 
of Freycinet and Duperrey ; (accounts of the voyages, 
and Additions to the Conn. des Temps ;) observations 
raude by Captain Kater at several places in Great 
Britain, and by Captain Hall, Sir Thomas Brisbane, 
Mr. Goldingham, and others, in various parts of the 
world. (Pad. Trans. various years.) The pendulum 
experiments, especially those of Captain Sabine, appear 
to indicate a greater ellipticity than is given by the 
measures. 
In our account of the various measures and experi- 
ments which ure used to determine the Figure and con- 
stitution of the Earth, it is possible that we may have 
omitted some of inferior note. We believe, however, 
that we have included all upon which any reliance can 
be placed for aiding us in a most difficult and delicate 
inquiry. 


Section 2.—Theoretical Investigation of the Form 
assumed by @ Revolving Fluid on the Principle of 
Gravitation. 


(1.) It will be proper to commence this investiation Physical 
by a repétition of the explanation given in our Treatise tbeory. 
on Hypropynamics, of the conditions of equilibrium of 
a Fluid of which different points are acted on by different 
forces acting in different directions. 

(2.) We shall suppose that some point is taken as 
the origin of a system of rectangular coordinates, and 
that the coordinates of any point are called z, y, z; and 
that the force R, which acts on the Fluid at that point, 
is resolved into three forces parallel, respectively, to 
the three axes, (see Mecuanics, § V.) which are called 
respectively X, ¥,Z. These forces (or the single force 
of which they are parts) are of the kind called accele- 
rating forces ; they are not pressures, but, like Gravity 
and all kinds of attraction, they produce pressure by 
acting upon some mass, and the pressure so produced 
is proportional to that mass. We ought, in strictness, 
to state it thus: the force which we call R acting on the 
mass dm produces the pressure Rdm, and this is 
resolved into the pressures Xdm, Ydm, Zdm, pa- ‘ 
rallel to the three coordinates 2, y, z. 

(3.) Now if the Fluid is at rest, we shall not disturb Cygditione 
its rest by enclosing a part of it in tubes. Suppose the equili- | 
then that in the fluid mass, fig. 2, we place several briumofs 
tubes extending from the surface to the small quantity | 
of Fluid enclosed in a box at the point A: and now let 
us consider the state of the Fluid in these tubes, &c. as 
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Figure of if the surrounding mass did not exist. The action of 
the Barth. the forces on the different parts of Fluid in the tube 
‘aye’ CD A will produce a pressure on the Fluid at the place 
A; that in the tube E A, or C BA, will also produce a 
pressure there. Now the characteristic property of 
Fluids (Hyproprnamics, § II.) is, that the pressure pro- 
duced by the Fluid in E A, will he transmitted by the 
Fluid at A, in such a manner as to cause the same pres- 
sure upwards (estimated by the pressure on a given 
surface) at the bottoms of the tubes C BA, CDA. If. 
then, the pressures produced by the Fluids in these tubes 
be less than that produced by the Fluid in E A, the Fluid 
will be forced up them ; if greater, it will descend, forcing 
@ portion of the Fluid up AE; both which conclusions 
are inconsistent with our supposition of rest. It is 
necessary, therefore, that they be equal; and thus we 
obtain as the condition necessary for equilibrium; the 
pressure produced by the Fluids in all imaginary canals 
from the surface to any given point of the Fluid must 
be equal. 

(4.) This condition is also sufficient for equilibrium. 
For if we take small tubes as F G, H G, to any part of 
the tube E A, the Fluids in these, in consequence of this 
condition being satisfied, will have no tendency to dis- 
turb the Fluid in EA; from which it appears, that the 
equilibrium of the Fluid in E A does not depend on its 
being enclused in a tube: and the same applies to any 
other point of the Fluid. 

(5.) The condition can now be reduced to a mathe- 
matical form, for which purpose we must find an ex- 
pression for the pressure produced by the Fluid in a 


isla tube. Take a very small portion of the tube, as Bt, 
le Fluid, ld construct a parallelopiped of which B 6 is the dia- 


gonal, and whose sides Bc, cd, d b, are parallel to the 
coordinates 2, y, 2, respectively. As these sides are the 
differences between the coordinates that correspond to 
the point B, and those that correspond to the point 6, 
let them be called dz,dy, dz; and call B 4, the in- 
crease of the length of the tube in proceeding trom B 
to b, ds; call the section of the tube, expressed in 
square units of surface, K; and the density of the Fluid 
in that part of the tube, expressed by the weight of one 
cubical unit, p. Then the solid content of the tube Bd 
is Kds; the weight of the Fluid contained in it is 
K pds: the action of the force X upon this causes the 
pressure K p X ds in the direction Be. Resolve this 
(Mecuanics, Art. 29.) into two pressures, one of which 
is parallel to B 2, the other perpendicular to it. The 
latter of these will only cause a pressure on the sides of 
the tube, and therefore is to be neglected; the former 
will cause a pressure in the direction of the tube, and 
will therefore add to the pressure of the Fluid. Its 


value is Kp XdsxcosbBec=KpXds xe 


= KpXds x = =KpXdz. This is the pressure 


which it causes on the surface K; and therefore on a 
surface 1 it would cause the pressure pXdz. Simi- 
larly it would appear that the pressure caused by the 
action of the force Y would be p Yd y ; and that caused 
by the force Z would be pZdz. ‘The sum of these, or 
p(Xdz2+ Ydy + Zd2z), is the quantity by which the 
pressure of the Fluid is increased between B and 6; and 
therefore it is, in common language, the differential of 
the pressure. The whole pressure is the integral of 
this, and is therefore oh p(Xdx+Ydy + Zdz). 
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(6.) Now the condition of equilibrium requires that Physical 
the pressures produced by the Fluids in the tubes CBA, Theory 
C DA, should be equal, or (since this is to be the case “"“""" 
for tubes of any form) that the pressure should be in- 
dependent of the form of the tnbe. Now the form of 
the tube will be defined by two equations, one of which 
will express y in terms of x and the other 2 in terms 
of 2; so that, assuming at pleasure a value of 2, we 
ean find corresponding values of y and 2. For every 
different form of the tube, y and z will be expressed in -——s, 
different functions of f. And since the density at any 
point is known from a knowledge of its situation, p is a 
function of # On substituting these values in the 
quantity p(Xdz-+Ydy-+Zdz) it will have the 
shape Q(z) dz, the integral of which is of the form 
y (xr); putting @ and e for the values of 2 at A and C, 
and integrating between these limits, the pressure will 
be y (a) — ¥-(e). Now this expression clearly is not 
the same for all forms of the function y, that is, it is 
not the same for all formins of , or it is not the same 
for all figures of the tube; and therefore when it is 
necessary to integrate 9(Xdze+Y¥du+Zdz=) in 
this manner, the equation of equilibrium cannot be 
satisfied. 

(7.) But there is one case in which p (Xdx-+Ydy 
-+-Z dz) can be integrated without expressing y and 
z in terms of z; it is when p(Xd2z+ Ydy+ Zdz) 
is explicitly a complete differential of some function of 
2,y,andz, In this case, supposing the integral to be wathematie 
x (x,y, 2), and putting a, 6,c for the values of 2, y, 2, cal condi- 
at the point A, and e, f;g for those at the point C, the tion of equi 
pressure will be x(a, 6,c)—x(e,f,g). Here the librium. 
expression is the same whatever be the form of the 
tube; and thus we get for une condition of equilibrium,’ 
that p(Xdz2+ Y¥dy+Zdz) must be explicitly a 
complete differential. 

(8.) Here we have compared the pressures produced 
by the Fluids in two tubes drawn from the same point 
of the surface C. If, however, we take another tube 
E A from another point of the surface, and call 1, m,n 
the coordinates of E, the expression for the pressure 
which the fluid in it produces will be x (a, 6, c) 

— x (l,m,n). This must be the same as the former 
expression; hence x (/,m,m) must be the same as 

x (c.f, g). Applying this to all points of the surlace Form of ex. 
we find that, J, m,n being the coordinates of any point ternal eur- 
of the surface, x (/,m,7) must be constant; or put- ‘face a 
ting x,y,z instead of 4, m,n, and observing that equilibria 
x (2, y, 2) is the integral of p(Xdr2+Ydy + Zdz), 

the external surface will be defined by making this dif- 

ferential = 0, or Xdr+Y¥dy+Zdz=0. And 

this is the second equation of equilibrium. 

(9.) Suppose the Fluid to be homogeneous, or p, the Relation of 
density, to be constant and equal to 4; then we must forces when 
have k(Xdr-+YVdy-+Zdz) a complete differential, he Fivid is 
or Xdzr+Y¥dy+Zdz a _ complete differential. ee 
Now it is remarkable that this condition, is satisfied 
by the only attractive force (Gravitation) whose laws 
are accurately known to us, as well as by the cen- 
trifugal force of which we shall presently speak. For, 
let the mass of one attracting point be dm, its coordi- 
nates a,b,c, the coordinates of an attracted point 


Z,y, 2, the distance between them r, so that Satisfiea by 
; Gravitation 
—— 1 Te Oe) and centri- 
raVo—altty —ot+2— I fugal force. 


Then the attraction in the direction of r on the pnn- 
Z2az2 
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me se ciple of Gravitation, will be represented by sb that in 
an en 
the direction of zx will be x dmx 
those in the direction of y and z. dm x os Zz and 
oes Sg =" vegn 
dmx 7 Hence X =dm. = »>Y=dm. a 
Zadm.——~,andXde+Y¥dy+Zdz 
aga RUE tt ty bey s—c.dz 


(2—alt+y— de +2 —dl')$ ° 
which is a complete differential (the iutegral is 
—dm 


Jiz—a pjenas oa) The same will 


be true for the forces produced by the attraction of any 
other attracting point; and therefore for the forces pro- 
duced by the sum of all the attractions of different 
points. The centrifugal force (as we shall show here- 
after) is proportional to the distance of the point on 
which it acts from an axis, and acts in the direction of 
a line perpendicular to the axis, and passing through the 
point; whence it is easily found that, supposing the axis 
of z to be the axis of rotation, and the force to he m x 
distance, the force in the direction of x will be mz, 
and that in the direction of y will be my, that m the 
direction of z,0; therefore Xd1+YVdy+Zdz 
=m(zdz+ydy), which is a complete differential, 


its integral being = (2* + y’). 


(10.) If o be not constant, and if Xdz+YVdy 
+ Zdz be a complete differential, and = dq, then 
the quantity in Art. (7.), which must be a voaplete dif- 
ferential, is pdy. This can only be true when p is a 
R function of q ; and, consequently, so long as g dues not 
crm or ° ° e ae a 
surface of V@ry. Pp Must remain without variation. ‘That is, if the 
equal den- fluid be heterogeneous, the surface which limits a 
sity whea stratum of any given density is defined by the equation 
ee 'sq==c, Let p be the pressure; then dp=pd4q, and 
oe p=f pdq, which is some function of g, as @ (q); 
and if q’ be the value of q at A, and g” the value at the 
surface, p at A= (q') — $(q”). From this (as in 
Art. 8.) it appears that ¢ (q”) must be constant, or q’ 
must be constant, at the exterual surface; and thus it 
appears that the external surface, as well as any sur- 
face which separates strata of different density, is de- 
fined by the equation g= constant. It appears, also, that 
Pp =  (q’) — constant, whence q/ is a function of p, and 
p, which is a function of g', is also a function of p; 
that is, where p is the same, pis the same. Con- 
versely, where p is the same, 7 is the same, provided * 
that the Fluid consist of indefinitely thin strata of den- 
sities varying from any one to the next in contact 
with it. 
indy _ (11) From this conclusion we derive this remarkable 
holds if the Inference, that if we suppose the density to depend on 


density de- the pressure, the equations of equilibrium will not be in 
pend on the 
pressare, 





* If the strata of homogeneous Fluid were thick, ¢ would be the 
same where p was the same, yet p would not be the same where 
was the same. For between the upper and lower surface of the 
stratum ¢ would not be altered, but p would have hed all values 
between the value at the upper and that at the lower surface. 
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any degree altered. For that supposition would only Physical 
require that p should be the same where p is the same, Theory. 
which is already secured by the conclusion just men- “““™ 
tioned. 

(12.) Example. Suppose the only forces which act Attraction 
on each particle of a heterogeneous Fluid to be these ; entirely dé 
an attraction (not to every other particle but) to the Jie 
centre, varying inversely as the square of the distance 
from the centre; and the centrifugal force resulting from 
rotation round an axis passing through the centre. 

(This is nearly the same as Huygens’s supposition.) 

Let ACB, fig. 8, be the axis, C the centre, C M, 
MN, NP, the three coordinates of a point P, one of 
which (N P or 2) is para''el to the axis ; join C N, C P, 
and draw P Q purallel to N C, which will be perpendi- 


cularto ACB. The force Z 


presented by P C, may be resolved into PN, NM, MC, | 
that is, the resolved parts parallel to z, y, and z are | 


J? dS J? 
= 


in the direction P C, ree 


ee 
forces are considered negative because their action tends 
to move the particle in such a direction as to diminish 
z,y, and 2. The centrifugal force, if T be the time of 


; where r s put for PC, and the ! 


4 x2 
revolution, isequal (Mecuanics, § XIV.) to a QP, 


4 or es < : 4 zs | 
or 7. CN; which may be resolved into 7 CM, | 
4-s* 4n* 4n* ae 
and 7a MN, Ora 2 and 7p Yin the directions of 


sand y. These are positive, because their action tends 
to increase the coordinates 2 and y of any particle. 
When the rotation is taken into account by this applica- 
tion of centrifugal force, we nay consider the conditions 
of eyailibrium the same as if there were no rotation. 
Then 


fa dnt 
Xo - oo a, 

ty , 47° 
Ye- Vt 
Fe 

r 


From which dg=—Z(eds-+ydy+ed2) 
dr 


a 2 x* ; 
+52 edetydy =—-T + de ty 





and g = I a = (2* + y*). The equation to the ex- 
r 
ternal surface will, therefore, be 
tae a 
r + cs (x7 ++ y*) = C. 
Let a be the equatorial radius; at a point in the 
equator r = a, and s*-+-y* = a*; consequently C= = 
tS 2 = 
Si ty te 


If the centrifugal force at 


2 x* ee gts 
+ =e a’, and the equation is x 
of 8g 
Sta ase 


te Be 


of 


rib. the equatar { or 
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= a) be m*x whole force there 


4 x 4 =® m P 
(om x{a- Get} meme TE 


So m f 
and the equation is Sa yte + 2+m)a x 


=f OF 2 ere 
(Ot = Cte 4 ma 2+2m- a’ or 


oe eee Lee awe ~ Se 


The polar semiaxis, or 5, will be determined by making 
1 2+3m 1 
b° 2+2m a 
a. The proportion of the diameters is, 


randy = 0, and z= 6; then 
_2+2m 
~ 2+38m 
therefore, 2 -+- 3m.2+2 m, or the flattening at the Poles 
m 
2+3m 
the circumstances of the Earth. m (see MEckaNics, 


or 


b 








is x the equatorial diameter. If these were 


§ X1V.) would be x5 and the flattening would be 
1 


5st 


(13.) It must be observed that the determination of 
the form assumed by a revolving Fluid on the Principle 
of Gravitation is not so simple as the solution which we 
have just exhibited. In fact, one of the forces which 


, acts on each particle (the attraction of every other par- 


ticle) depends on the form ; that is, one of the elements 
necessary to the determination of the form depends 
itself on the form. The extreme difficulty which this 
introduces will prevent us from determining, analytically, 
the form; and will oblige us to confine ourselves to 
showing, synthetically, that an elliptic surface satisfies 
the conditions of equilibrium. For.a proof that the 
elliptic is the only form of equilibrium, we refer the 


reader to a paper by Legendre, in the Mémoires de ['A- 
cadémie, tor the year 1789. 


On the Figure assumed by a Homogeneous Fluid. 


(14.) We shall show that the surface formed by the re- 
volution of an ellipse will satisfy the condition of 
Art.(9.) (The condition of ,‘vt.(8.), as we have explained 
in (10.), is already satisfiea.) For this purpose we 
must find the attraction of a spheroid on a point at its 
surface. 

(15.) First it is convenient to premise the expression 
for the attraction of a pyramid on a point at its vertex. 
Let V P W, fig. 4, be a pyramid of which the base V W 
(to which the axis is perpendicular) is very small, its 
area being = A; call the length PV, 2; then the area 
of the section at a distance Pv (which we will call s) is 


Pal 
Ax p? and if another section v' w’ be taken at the 
very small distance ds from the former, the solid con- 


tent of the included frustrum is A . oo 


7 ; and if k be 


177 


the density of the matter, (estimated as in (5.) ), the 

fds ,. 
7 Now 

by the Principle of Gravitation the force of the attraction 


of this matter on P will be proportional to this quantity 
divided by the square of the distance, or ‘ 


mass of the matter in the frnstrum is A& . 





to “* ds. It is equal to this quantity multiplied by 


some constant ;* but as this constant must be the same 
in all parts of the investigation, we will omit it in every 
part, and consider the attraction of the matter in v 2’ 


on the point P, as represented by aes s. The integral 


Ake 
ze 


making it vanish when s = 0, and then making s = J, 


of this, or 





+ C, is the attraction of the pyramid; 


we have for the whole attraction =. 

(16.) Now let CM, MN, NP, fig. 5, be the coordi- 
nates 2, y, 2, of a point P in the surface; let the plane 
A.PB pass through C and N P; and refer the points 
uf the surface to three coordinates, r, s, and 2, of which 
r 1s parallel to A B, s perpendicular to A B, but in the 
plane A BD, and z the same as before. For the point 
P, therefore, ris CN, sis O, zis NP. Suppose the 
spheroid to be divided into wedges, (one of which is re- 
presented in fig. 6,) by planes passing through PN; 
let the plane PQO make with the plane APB an 
angle ¢, and Pq O an angle $-++d9. Again suppose 
this wedge divided into pyramids by planes, passing 
through PQg, PT ¢; and let QPN or gPN be called 
0; TPN ortPN,0+d0. Let PQ, the length of 
this pyramid, be 2. Then the area of a section of the 
pyramid, perpendicular to P Q, is Té x ¢v. But 
tv= Pt x d0=/d6 nearly; and Té (supposing ¢ wo 
perpendicularto PN) istw x d@=—1.sind.d?. The 
area of the section is, therefore, ®.sin?.d®.d9; and 
consequently, by (15.), the attraction of the pyramid is 
klsin§ .do. da. 

(17.) This is the ‘attraction of the pyramid in the 
direction of its length. We may resolve this into two 
parts parallel to PN and N L: the former will be kl 
sin 9.cos9.d0.d9; the latter kl. sint6d9.da9, 
This latter may be again resolved into two, one parallel 
to C A, and one perpendicular to it; their values are 
kl sin? 6cos@.d0.d0, andkisin*@.sino.do.d9. 

(18.) The first of these is in a direction contrary to 
that which tends to impress such a motion as would in- 
crease the value of z; and, therefore, 


Attraction of pyramid in direction of 3 
= —kilsin®@.cos9.d9.d0 
In a similar manner 
Attraction of pyramid in direction of r 
= —kilsint@.cos9.dQ.d9. 
And 
Attraction of pyramid in direction of s 
=+kisin®¢0.snQ.d9.d9. 
The last of these we shall neglect. For when we 


® The constant would be different according as we estimated the 
effects of the attraction by the pressure which it caused by acting on 


a given masse at rest, or the acceleration which it created in its 
motioa. 


Physical 
eory. 
2% 
posed ho- 
mageneous. 


Attraction 
of apyramid 
ona pointin 
its vertex. 


Sphervid 
divided inte 
pyramids. 
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Figureef take the attraction of the whole spheroid, there will be a pyramid of equal dimensions, and in a similar position, on Physical 
the Rarth. the opposite side of the plane A P B, whose attraction in the direction of s will have the same magnitude as this, _ Tey 
——v—" but will have a different sign: and, consequently, they will destroy each other. If we took the attraction of 8 posed a 

part only of the spheroid, this reasoning would not hold. wogeneous 

(19.) Now to get the attraction of the wedge in fig. 6, in the direction of 2, we must integratekd@ fl. wa 

sin @.cos@.d96. For this purpose we must express / in terms of @ and @. Let 17’, s’, z’ be the coordinates of 

Q; @ and d the major and minor semiaxes of the generating ellipse. Then (AnatyticaL Geometry, Art. 102.) © 

Bf (rt + of) + at 2* = ath, Nowr=r—tw.cos?=r—lsind.cos?; # =tw.sindO—lsind. sing; 

2 =s—Pw=—z-—lcosé@. Substituting these values b* (r*— 21 r sin 6 cos @ + sin? @) + a* (2A — 2lz 

cos 6 +. Fcos* 6) = atb*. But as P is a point in the surface, and sthere is 0, b¢r® + a*z* = a@"b*. Subtracting | 

this equation from the former, 5* /t sin® 6 +. a* /#cost@ — 2 bt/ rsin 6 cos 9 — 2 atizcos@ = 0; whence 


I __28rsin 6 cos d + 2 a" 2 cos 8 
a b*sint@-+-a*costo = * 
All the integrations must be performed between the values 8 = 0, and 6 = that value which makes 27 = 0; that 


—ae 
i g¢=0 = is ——_—__. 
is from , , to the arc whose tangent is ircord 
(20.) The attraction of the wedge, therefore, in the direction of 2 
°2 Bt rsin 8 cos? + 2a®zcosO . 
=" bd fe arg sin 8.0080 .d 
St —2b°rcos?.sin*@.cos9.d0 2a*zcos*é@.sind.dé@ 
=d¢ 3 ee 
6° sin® 6 -++- a* cos* 6 6° sin® 6 +- a* cos" @ 


Making 5* = a*(1 — ¢*), the general integral is 
cos@.d¢gd - See —~ : Sige J eer 








e* e° 1 —esin 0 








+2kzd¢h } os 0 Lee, -18 é : 
a a an Fro cos ot 
— g* — 72 
Taking this from 6 = Oto 0 = tan" Gas = sin” (—— = cos"! { — b* r-cos @ 
b* rcos @ Vat 2* + bt 7 cos D a* z* + 6* r£cos* D 


we have the attraction of the wedge 
l-é az 1-# ape 


2Qkreosodg ——_————— — )— ee —————oo 
e V at 2 +. bt r'cos* D e S Vata? + Or cos + aes 





+2k240}5 b* r cos > ee es bf ercos @ aol ye. e 
O Jat 28 + 7 cos* e Vi-@Vate+i*rcostg 8 l-e 


Now {ft may be observed, that all the terms, except the two Jast, are of such a nature, that upon increasing @ by a 
semi-circumference,, or x, their value is the same but the sign is different, and the addition of two such expres- 
sions, one eorresponding to the arc @, and the other to the arc x + 9, will therefore destroy both. As we shall 
shortly integrate with respect to 9, from @ = 0 to 9 = 27, we shall in reality effect that addition, We may as 
well then reject, at once, these useless terms; and thus we find for the effective attraction of the wedge in the 


direction of 2, 
— tan? : ) or 2209 eS ate ; 
v1 aes e° e? 


: 1 
2 =—=— Ee 
kzdQ ( 3 - a 
(21.) To find the attraction of the whole spheroid in the direction of z, we must integrate this with respect to 


—é. 


Q, from 9 = 010 9 = 2 x, and we get 4k ( = sine 5) ae 











(22.) The attraction of the wedge in the direction of r is 


Reasoue a 
: 68 sin* + a* cos* 6 "6" sin® @ 4+ atcostO SJ” 


The general integral is 








- 


e 


Ai —et 








cos é; and, similarly, for ether 





® We use the expression tan=2 ( Cos ‘) to denote the arc whose tangent is 


ée 
Vi —e 
‘anctions. 


: 
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l—@« Jia e cos 0 Physical 
3 aa . tan“ : Theory. 
2krco bad a cos 6 + 3 tan <a ei 
2kz cosgd {+ sin o— 51 J SS} mogeneous, 
Ammer Pe a 8 1—esin Oj ye 
—_— 7% 
On taking this between the limits 6 = 0, 6 = tan™' . Se ae and rejecting (as in (20.) ) those terms which 


ultimately produce no effect, we have for the effective attraction of the wedge in the direction of r 





2kreost?. do {-3* _ ae e sin7? eb 


(23.) To find the attraction of the whole spheroid in the direction of r we must integrate this with respect to 


Jl-e¢.., ) 
sin e7.f7. 


é 





from @= 0 to ? = 2m: we thus get 27k (= - 
_ 4x8 , 
(24.) Besides these forces of attraction there is the centrifugal force, which (as in (12.) ) is 7 rin the direc- 


l-@& WVl—-a.., 2 
a oe sin” e + Tk r. 
(25.) Resolving the force in the direction of r or CN, fig 5, into two in the directions of CM and MN, or s 
and ¥, we find that they are the same multiples of z and y which the force in the direction of r is of r. 
Thus we have the following expressiona: | 





tion of r. The whole force, therefore, in the direction of r is 27k ( 





a ‘ veer 
K=2rk (-5*— M1 = sia e+ 2 eaQer. kA. sz. ee 

eee the surface 
Y=2ek ae — AE sin 0 2% yxr2ekA.y aad 
Z=4ek(~ Fsinte- 4 )24e.k.Be 


(26.) The condition in (8.) now requires that the external surface be defined by the equation X dz + Y dy the elliptic 
+Zdz=0,or27kAaedr+2rkAydy+4rkBzdz= 0, or (integrating and dividing by 7k) A (x* + ¥*) form proper 
+2Bz22=C. But the equation to the surface has already been assumed to be bt (2* + y?) + atzt = a 68, for equili- 
(AnaLyticaL Geometry, Art. 102.) If these equations are compatible, the elliptic form is proper for equilibrium, brium. 
and a comparison of the constants will determine the degree of ellipticity. Nowthe form of the equations is pre- 
cisely the same, and, therefore, they will be compatible if the proportion of the coefficients of 2* + y* and 2° is 


the same (C being undetermined.) This condition requires that ae = = 1~ 4,orA — 2B(1 — 4) =0,or 


2B 
8(l—-@) 3-2@ ,— . |, 27 nation 
a 71 —@.sin™ e+ mE™ 0, a finding 
the ellip- 
an equation from which, when T?k is known, e can be found. 


ticity. 
(27.) Ifsin-' e =f, the equation may be put under this form, (which is more convenient for calculation,) 


f. cot f (1 + 8cot*f) — Scot? f — a 

If a curve be constructed of which the abscissa is f| and the ordinate the equation deprived of its last term, it will 
be found to resemble AE FB, fig.7. If we draw a straight line, C D, parallel to A B, and at a perpendicular 
distance equal to — the points in which it cuts the curve will have for abscisse the values of f, which satisfy 


== 0; 





the equation. From this it appears that if a does not exceed a certain limit (.22467), there are two values ot 


f and, consequently, of e, or two forms of ellipsuid, with which equilibrium is possible; if it exceed that limit, 
equilibrium is not possible. 

(28.) We have spoken here as if the velocity of rotation was independent of the form of the spheroid. This would 
not be the case, if in consequence of want of adaptation of the forces the form of the Fluid should change. Nothing, 
therefore, can be inferred with regard to the stability of the equilibrium. To investigate this we must make use 
of the following theorem of Mechanics, (known as the principle of the conservation of areas) If any bodies 
revolve round a centre, and are acted on only by their mutual attraction and by forces directed to the centre, the 
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Figure of sum of the products of the mass of each by the projection (on a given plane) of the area which it describes round Physical 

the Earth, that centre is constant. In the case before us the particles of the Fluid are acted on only by their mutual attrac- coe, 

“ay” tion, and therefore this theorem applies. Now (without making a complete investigation) it is easily seen that “8 
the sum of the products of the mass by the area described does not depend on the length of the axis of revolu- gogeneous 


tion, but is proportional to the square of the major axis directly, and the time of revolution inversely. ‘That is, ._/ 
’ au” 


r—at 





C= = orT = oe And since the quantity of matter is given, C" = atb = a /l—e; whence a = 





on on?g 
a= —_ ;} 40d TS 3 ed = stasioliy — rt =D.1- es for abbreviation. Substituting this 
1-4) c.I-j TT crt 


4 @ 
in the equation of (27.), and putting cos f]® for 1 — e|3, we have 


f.cot f. (1 + 3 cottf) — scot f— > cassit = 0, 
1 
cos f 


If we construct a curve of which fis the abscissa, and this expression deprived of its last term the ordinate, it 
will be found to resemble fig. 8, the ordinate becoming infinite when f= 90°, ore= 1. And, therefore, if we 


or 





{ feot f. (1 + Scot* f) — Scott f} — > =0, 


Agiven draw CD parallel to A B at the distance =, it will cut the curve at one point and at no more. It appears, 
eee then, that the equation above admits in all cases of one solution and of no more than one; and, consequently, if 
with agiven a fluid mass is revolving round an axis, there is always one elliptic spheroid, and only one, in which itcanremainin . 
ee equilibrium. It will very easily be seen that ifit be put in the form ofa less flattened spheroid, its angular velocity 
isch . one must be increased, and therefore it will return to the form of the spheroid of equilibrium; if it be made too flat, 
equilibrium, the angular velocity will be diminished and it will also return to that form. Heuce the equilibrium is always 
The equi- stable. We have given this proposition, perhaps, more attention than it deserves, because the preceding pro- 
librium is position has sometimes been stated in such a form as to imply that a mass of Fluid might have two forms of 
mpabies equilibrium, and might have one form of unstable equilibrium ; conclusions which are quite incorrect. 
(29.) With regard to the Earth considered as a homogeneous Fluid, we do not immediately know &, but we 
know the force of Gravity at the Equator, and we can calculate the centrifugal force there, and, consequently, 
know their ratio; let this be m. ‘The whole Gravity at the Equator, by (23.), making r= a, and changing the 














Ae l-@ , vi-é@#._ Qe . Qr 

sign, is 2 rk.(—-3*4 as sine — a7 .@; the centrifugal force is ak. 7a 
2r (Vl-@. . l-a Qe 25 .m (Mi-@, , l—-e 

hence zea ( e Sin co Sage - i) ™ = Tel sin ¢~ 3") 





e 

__m (ff.csf_, 
ars = ( int f cot f) 
The equation of (27.) is changed by this substitution into the following : 


fcot f(1 + 3 cot* f) — Sco f m 
Soot f (1+ cot f)—co®f l+m 
If we construct a curve whose abscissa is f, and ordinate the first term of this equation, it will have the form 
of.fig. 9, the ordinate being = 1 when f= 90°. If the line C D be drawn parallel to A B, and at the distance 


m ‘ mi ., gta : : ° 
ar sinee F a is less than 1, it will necessarily cut this curve at some point E, and only at one point. 





Only one Oue corresponding value of Sj and consequently one of e, and no more than one, may therefore be found for 
form core 280Y given value of m; that is, the ratio of the centrifugal force at the Equator to Gravity there being known, 
responding there is but one elliptic form, which will be a form of equilibrium. 

to a given 

oe seal (30:) Where m is so small as in the case of the Earth (ss) we may he satisfied with a first approximation, — 
force to 

Gravity. Let a = 6(1 + ¢): 6 is what is generally called the ellipticity. Then Zin (19.) is 








Approxi- 2rsin@.cos@ + 22(1 + «)* cos 0 
mate solu- >> —————— ; 
tion of the sin’ 6 + (1 + €)* eos? 0 

equatiun. 


and if we neglect the square of e, this is 


2rsinO.cos? +22 cos0 +4e.zcosé ; ' 
S —T+42<cost6. = 2rsin@.cos O+ 2 zcos 6 + ¢ (42 sin* @ cos 90—4 rsin 6. cos* 6 cos Q)s 
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Figure of The attraction of the wedge in the direction of = is, therefore,” Physical 
the Earth. _kdd f { 2rcosd.sin®O. cosd. d0+2z cost O.sin@.dO+e (4z.sin°O.cos*O.d0—4r cos. sin? @cos? 6d 6) }. ee 
The general integral is 1 ho. 
“0998 cos? O sins sinté mogeneous, 
= bdgG}5r cog. sin? — Fz cone +« (42 = -—= — 4rcosg . -—— {3 gees 


taking this between the same limits as in (20.), and selecting in the same way the effective terms, we fird the 
effective attraction of the wedge = —kdd@ Be + + € z}. Integrating this from @ = 0 tog = 27, we have 


for the attraction of the spheroid in the direction of z, 
Oe yee oe ees ) 
2k set ip t = w(t 5e)z 
(31.) The attraction of the wedge in the direction of r is 
~-kcosd .dgf { 2rcospsin®é.d0+2zsin?9.cos0.d0 + «(42 sin* 0 cos 0d 6-4 rcos Psin® Ocos*O.d 8) * 
The general integral is 











ie in? ‘ns cos®@. cos? 
—kcos¢d. dg {27 eos ¢ x —— — cos 6@+22 — +e (427 aD. = =i — \ 
3 
The effective part found in the same manner is 
4 8 
—kcosd.d¢d 1grcosd ——er cosy 
Integrating this from ¢ = 0 to @ = 2 z, the attraction of the spheroid in the direction of r is 
4 8 } 4a 2 
= rkiar— ser = - a (i-3 ).r 
4x° : ; ‘ : 
(82.) Applying the centrifugal force = 7 r, and resolving the force in the direction of r into two in the Bxprenticm 
direction of 2 and y, we get the following expressions, traction ol 
__ 4 (, 2 8 s point in 
x= ~ Fe (1—5e— Fa) ay 
4a 3a at . 


2 
4r 4 
The equation to the external surface must, therefore, be (omitting - 5*) 


(a -i+-tR) @+9+(1 +: )t=c. 


But it has been assumed to be 5° (7* +- y*) 4- O°. (1 -4+-2 6). A= 64(1 +2). Making the proportion of the 
coefficients of z* + y* and z*the same, 


4 
1 + -e 
: por + ae oR = 1+ ce5 whence e= oo, 


poten kT? kT 





ae (l +e) 


(88.) Using m to signify the same thing as in (29.), m= inv = ra 
3 * G —% ya +<)b 


nearly; whence 


8 


rm _ 5 : ‘ l 5 1 1 
iP = is and « = 4™ If the Earth were a homogeneous fluid, m being 559° ° would bez x 550 ~ds0° 
and the ratio of the axes would be 1 : 1 -+ e or 230 : 231. 
(34.) We have nothing remaining but to investigate the magnitude of Gravity (including the effects of attrac- Extression 
tion and centrifugal force) at any point ofthe surface. Since the forces X, Y, Z are at right angles to each other, for Gravity. 


the force compounded of them all is AV X24 Y? -++ Z*, (Mecuanics, § VI.) which, taking the expressious in 


(25.) =2ek JA" (= +¥) +4B' 2. Butby (26.) ss = _ : whence the force 
2 
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=2ek Ja 4 Bt (ty) +4 B92 = 47kB \/ a r*+ 2%. Let fig. 10 represent the section of the 
a | 
spheroid through the point P and the axis; draw PR the normal at P. Then (Conic Sections, Art. 84.) 


: freeeaeete 
RN= - CN= ZI r; and PN = 2; therefore PR = \/ -, rt 4 z*, and, consequently, the force is propor- 


tional toP R. 
(35.) An expression in terms of the angle PRN (or the latitude of P) may be thus obtained. Let PR N =A; 
2 
PR=2;PNorz=nsind; CNorr =4 RN = am cos \; and substituting these in the equation to the 
3 
ellipse, 7* b* +- a* 2@ = a* bs, it becomes n* G cos*) + a® sin’ = atb*, whencen = sees 
b lat cost®r + bt sin? X 


b 
V1 + 2ecos* dr 


If 


a-== 6 (1 -+ e) and powers of e higher than the first be neglected, this becomes n = =b(l-e 


cost\) := 6. i —e.(1-+ esin*)): and the force is, therefore, proportional to 1 + ¢sin*), or 1 + im . sin* \. 


On the Figure assumed by a Heterogeneous Fluid. 


(36.) The difficulties attending this investigation are so considerable that it would be useless to attempt a 
complete solution. We shall confine ourselves to an approximation including all terms depending on the first 
powers of the ellipticities: the reader who may desire to see an approximation including the terms depending 
on the squares of the ellipticities, and obtained by a different method, is referred to the Phil. Trans. for the 

ear 1826. 

: 37.) We shall assume that the form of each homogeneous stratum is elliptical, and that the ellipticity is 
different for the different strata ; so that if we consider the extent of any homogeneous stratum to be sensible, it 
will be bounded by surfaces of different ellipticities. We shall then investigate the forces produced by each 
stratum, and hy the whole, upon a point in any position: adding the centrifugal force, we shall form the expres- 
sions for X, Y, Z; and as we know (Art. 9.) that Xdx2 + Ydy-+ Zdz is a complete differential, we shall only 
assume that Xd r+ Ydy-+ Zdz=0 isthe equation to the surface limiting every homogeneous stratum. 
We shall then show that this equation agrees with that assumed in the first instance, provided a certain condition 
be satisfied ; from which we shall infer at once the most important deductions relating to the Figure of the 
Earth. 

(38.) Our first object then must be, to investigate the attraction of a shell, bounded by two spheroidal 
surfaces of different ellipticities, on a point within it or without it. As this is the same as the difference of 
attractions of two spheroids whose axes and ellipticities are different, we shall begin with investigating the 
attraction of a spheroid; and first on a point within it. 

(\39.) It is convenient to premise, that if two pyramids of different lengths have equal solid angles, (that is, if 

heir sections at a given distance from the vertex be equal,) their attractions are proportional to their lengths. 


‘ . Ak Alk , _ AL 
For the attraction of one such pyramid (15.) is — ; that of another 3 their proportion is a7 but if their 


A I . 
solid angles be equal, Aj? therefore the proportion of the attractions is i 


(40.) Now let fig. 11 be constructed in the same manner as fig. 5, except that P, instead of being at the 
surface of the spheroid, is in the interior; and produce the planes which are the sides of the pyramid Q P to 
meet the other surface about the point Q. The attraction of the pyramids P Q, PQ’, are in opposite directions, 
and proportional to their lengths, and, consequently, their combined attraction is that of a pyramid whose length 
is PQ — PQ’, and whose solid angle is the same. Now, using the same notation as in (19.), and forming the 
same equation, we have 

2 (5° sin® 6 + a* cost 0) — 21 (a*zcos O + b'rsin@. cos f) = at bt — at 3% — bt y®, 
whence O46 ; 
__ @ 3 COR *rsingcos@? , or a uae 
oe b* sin? 6 +- a® cos? 0 b* sin? 6 + a® cos? 6 { (at? — at zt — 7") (bt sin’d +4 ens 6) 


+ (a°2 cos @ +- br sind vcs OV ! 
a*z cos 0-+- b* rsin 8 cos @ — 
~ $t sin® 8 -+ a* cos® @ + VR ouPbeer 
One of these roots represents PQ; the other represents PQ’ estimated in the direction of PQ, that ‘s, if its 
sign be changed it represents the length of PQ’. Thus 
a*zcos @ + b* rsin@ ens 


Oye WR lk eee 
poet annie 5’ sin? @ + a cos? ¢ : 


Physical 
Bint oy 


posed ho- 
maogencoss, 


a e/ 
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Figure of a®* zcos 6 -+ 8 r sin é. cos 
gas PO etre ee 
Earth su 
whence Sp 
PQ PO = 2720089 + 2U*r sin 8 cos g ierouencout 
* b* sin* 0 + a® cos? 6 a 


These two pyramids are now to be treated as if they were u single pyramid of length PQ — PQ’; and hence 
we shall have (calling the density p) 
force in direction of z = — p (PQ — PQ’ sin9.cos0.d0.d9, 
. force in direction of r= — p(PQ — PQ’) sin?@.cos9.dQ.d0. 
The force in the direction of s may be neglected as before. 
(41.) Let a = 56 (1 --e); and neglect ec’, e, &c. Then 
PQ — PQ'= 2rcos 9 sin 9 + 22 cos 0+ e(4z8in® @ cos@ — 4rcosQ. sin@. cos* 4). 
The force in the direction of z , 


=—pdo{ 2rcosP.sin*@. cos 9.d0+22cps*6.sin Od 0+e (4 zsin’ 0. cos*9 .d@—4r. cosQsin*9.cos*0.d0 }. 
Integrating this from 6 = 0 to 6 = «, we have for the attraction of the whole double wedge LQO QL, 


— pd? 1a +i5¢+}. 


Integrating this from @ == 0 to @ = =, we have, attraction of whole spheroid in the direction of z 


a aaNe 
——~3? +5 ez. 


(42.) For the force in the direction of r we must in the same way integrate 
—pcos?.dd.{ 2rcos P. sin’ dd 6 + 2zsin*d .cos0d 0+ e(4zsin'O.cos0d@— 4 rcosQ.sin®O.cos’9.d 6) }, 
and we find that the attraction of the whole spheroid in the direction of 7 


Siete l Sele 
= 3? ; : 


These expressions are independent of the dimensions of the spheroid, provided that it contain the point, 
and that the ellipticity have the given value e. If, then, two spheroidal surfaces of equal ellipticity but of different 
dimensions surround the point, the attraction of the matter included between them, upon that point, is nothing. 
But this will not apply to our present purpose. 
(43.) Now let the spheroid in fig. 11 be surrounded by another spheroid indefinitely near, and of which the Attraction 
ellipticity is e--de. Then if the matter whose density is p extend to the first spheroid, its attraction on P in the of a homo- 
16x geneous 


] . 
direction of 2 is — —P z- 45 Pee If it extend to the second spheroid, its attraction is — = p2 ao pez ace 


point withia 
167 it. 


— 75 PF: de. The difference, or the attraction of the stratum included between them, is — — zpde. In 


the same manner, the attraction of the same stratum in the direction of r = Te"? de. 

(44.) Now, if we suppose a great number of such thio strata to rest one upon another, as in fig. 12, it will be jsaction 
evident that their attraction in the directions of z and r is to be found by integrating the expressions in the last of a series 
article. Asp ande will both be known from a knowledge of the polar semiaxis of the spheroid to which they of sphe- 


belong, that is as p and ¢ are functions of 5, we can put the attractions in this form: oo oe 
: 6 d ue 
Attraction of assemblage of strata in direction of z = — ~< zp p = ab. aa 
‘ d within 
them. 
Attraction in directi =—rfp—.db. 
raction in direction of r Lb for; db 


The function J p fe d b we shall denote by x (5); and if 5’ Le the axis of the inner stratum (which, however, 


must include or contain P), and 6” that of the exterior stratum, the value of the integral J p = db in the 
present instance will be x (6”) — x (0’); and then the attractions of the assemblage of strata in the directions of 
zand r are respectively — es z (x (b") — x (6’)), and = r(x (0% — x (¥)). 


(45,) The attraction of a spheroid on a point without it is not found so directly. It will be shown to bear a 
known proportion to the attraction of another spheroid on a point in a different situation within it; from which, 
with the assistance of the expressions obtained in (41.) and (42.), its value can be found. For this purpose we 
ust investigate the attraction of a small prism in the direction of its length on a pvint without it. Let AB 

2B 2 
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Figure of fig. 13, be a prism, the area of whose section is very small and = A; upon the axis produced draw PC, a per- 
the Earth. pendicular; let CA =a, CB=6, PC =c, CQ =a; at the distances z and r-+ dz, let sections he made; 
the solid content intercepted is A.d.z; and if p be the density, the quantity of matter is p.A.dz#; the distance 


Hi 


Attraction rogeato 

° Coa e ° d e ° ° 2. 2 te 
a from P is“c' + 2%, and therefore the attraction is ae in the direction PQ, the resolved part of this in aghilpnits 
without it. 


e e d d 
the direction C Q is ideas Sg ee ae p.A. ao by integration we get the attraction of the 
c'-+ a* Vt 4 x’ (c+ zyt 


a —- ; and taking this between the limits x= a, x = 8, itis 
MV ot + z* 


eaves) (es-2) 
PM Vat at Vete ~ PO \PA PB 

(46.) Now, in fig. 14, let A B be an ellipsoid, of which the three semiaxes are a, 5, c ; and {et the coordinates : 
of the point P be r,s, z. Parallel to the axis of 6 andc take two sections whose distances from C are f and 
S-+4f; and divide the included space into prisms by sections parallel to the axes of a and c, of which two are - 
at the distances g and g-+ dg from C B; let TT’, the length of that prism, be 24. Then the area of its section 


g 3 4 JS) oss ao 
is df.dg; also PT= Vr —flr+s — g\'+2z— Al’, and PT = Vr — f|' + 2 — gl* + 2+ Al, whence 


(by the last article) the attraction of the prism on P in the direction P N’ is 


Ls 1 
00S de ee SSS Ss 
Vr—f +s—et+2—Al Vr —fPte— gl teal 
This is to be integrated, first with respect to g from g= — RV tog = RW, which will give the attraction of 
the slice, and then with respect to f from f= —a to f= +a, which will give the attraction of the whole 
ellipsoid on P in the direction P N’. ? 


8 
(47.) Let f=ma,g=nb,h=pe. The general equation to the ellipsoid is £ + 3 “+ 5 = l, or 


prism = constant — 


Spe m + n* + p'=—1; and at the points Vand W, 4= 0, and L + £ = 1, or m*-+-n*=1, whence the 
to 


inte- 
ee extreme values of 2 are + Ji—m*. Alsodf=adm,d g=bdn. Hence the attraction of the ellipsoid is 
tion of a ho- l ] 
mogeneous pabfamf dn | ===} 
ee on r—ma\* + s—no]* + z—po° ve —mal* + s—nbl + 2+pa* 
a poin 


without it. where the first integration is to be made from 2 = — /1 — m' to n= +71 —m', and the second from 
m=—ltom=-+1. 
(48.) In the same manner the attraction of an ellipsoid whose semiaxes are a, 6’, ¢’ in the same direction on & 
point whose coordinates are 1’, #’, 2’, is 


p.a'.b'.fdm fdn SS =: ) SSS = 
Vim malee—nit +e pl Vi—mal +an—Ol +24 pel 


where the integrals are to be taken between the same limits as before. 
(49.) Now the terms within the brackets will be precisely equal in the two expressions, if the following equa- 
tions hold, 


@a@rvsar, or : let this = wu. 


b’ s' = ba, 


(t 


o 
3 
alu Se ays 


co 2#=cz, or 


— *. 


ely Tle aie 


Relation Also, m*a’s + n*b* + pr c* +r? + st + 22 = mi a® + nth? + pict + + 6 + 2*; which equation, putting 
es 1 — m? — nt for p* anda — ut —»* for x4, will become 
6 a 


tion cts hemi (ato) + nt (6% — ec?) + ack + pt (a® — ch) + v8 (6% — c*) 
peta = + mi (a - o’) + rt (b§ — ce) $ act + pw (at = ct) + v2 (6 — 0), 
bella on And as m and n are variable, this can only be satisfied by taking 
eee of at — cf — g't — ¢? 

r 
spheroid on bt — c®? — §% — (2 
pa asl. 
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; fe st Zt Phy sical 
The last gives p* + »? + s* = 1; that is —+— +—=—1., Theory. 
g1 pe : ? Ath c* Barth sup- 


When all these equations are satisfied, the terms within the brackets will be the same, and as the integrals are posed he- 
to be taken between the same limits, the attraction of the first spheroid on the first point perpendicular to a prin- ‘roeeneous 
cipal section, is to the attraction of the second spheroid on the second point perpendicular to the corresponding 
section as ab to a’ b’, that is as the area of the section of the first to the area of the section in the second. 

(50.) The utility of this proposition arises from this circumstance, that if the first point be without the first 
ellipsoid, the second point will be within the second ellipsoid, the attraction of which has already been found. 
For at — c= a® — ec”, or at ~ a*® = c* — c*; similarly 5* — b* = & — c*; hence the spheroids will not cut 

rs 

one another (if concentric and similarly situated.) Also since u* + * + s*= 1, or 5 + 5 -+ = = 1, the 
second point is on the surface of the first spheroid; and similarly the first point is on the surface of the second 
spheroid ; therefore, the surface of the second spheroid is without that of the first, and, therefore, the second 
point is completely surrounded by the second surface. 

(51.) This proposition we have demonstrated in its most general furm, because the demonstration is thus made 
somewhat easier. We shall now return to the ease which more immediately concerns us, where the semi-axes of 
the attracting spheroid are 6, 6 (1 +), and 6 (1 +e), and the coordinates of the attracted pvint r and z, 
s being 0. 

(52.) Let 6’, 6’ (1 + 2), 1’, and 2, be the corresponding quantities in the imaginary spheroid and attracted 
point; then we must have b* (1 + e¢’)* — 5% = b (1 + e)* — U*; or neglecting &, e*, b* e = 0b? e, and 


: 7’ z* rf 247% 2b x 





b z : 
c= ot Alsotn + a 4 ey mh Tat aoe 1, Or— a eS or (taking the 
i 2H i 2 bt 19 oo byt 
reciprocal) rant Gee Ll, whence b* = 2° + 7? — an” and bf = 2° + 7° coe 


Then the attraction of the fictitious spheroid on the fictitious point in the direction of z, by (41.), is — px 
4 
(: +5 ?) a > a¢ + ; ¢) ; . 2; and, therefore, by (49.), the attraction of.the real spheroid on the real 


b? (1 + e)* 4 4 b 4 ag 6 : 
ay -Foatze)z 2=- <p. F(1+2e—-Fe) And the attraction of 


point is 


2 
the fictitious spheroid on the fictitious point in the direction of r by (42.) is ~ tl Pp ( =. d ) y=— == p. 








3 
2 b(1 +e) : : se 
] 5 ?) ‘¥Ude) r; therefore the attraction of the real spheroid on the real point is 
b§ (i +e) 4 2 b(1 +e) _ 4f b° 12 
b*(i +e) * ze-(2 5°): path ra Ferg -(1t20- Fe), 
B b* 3 b* r* b 
(53.) Putting for — its value G + e), and for e’ its value e, we find R : 
. Fert ty eae forthe at 
attraction of spheroid in the direction of z oe 
4 = he- ' 
apt nee ee : roid on & 
(8 +74) 5 (2+ 7)° a 


attraction of spheroid in the direction of r 


= Bead Pe alas ars tals 
(2 +1) 5 (2" +19) 


(54.) From this we find the attraction of a thin stratum bounded by two spheroidal surfaces in the same 
manner as in (44.). If we suppose the spheroid in fig. 14 to be surrounded by a concentric spheroid, whose axis 
and ellipticity are b +- db and e + de, we shall have, in the direction of z, 
attraction of large spheroid 


4 oe, Oe — 628 
= — > p ib +2) +d.F T+ 2) } +7 (ve td. be) Attraction 
(zt + ny? 5 (2* + 12) af a sphe- 
; : roidal ho- 
attraction of small spheruid mogeneous 
—_ 2 
es = (426 42M ETFE rel point with. 
3 ont it 


let? S(t +r)? j 
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figure of The difference, or the attraction of the included stratum, 


the Earth. 
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Perogeneous, 


(5%.) From this, by reasoning precisely similar to that in (44.), we find that the attraction of an assemblage of oe 


strata of different densities, each of which is bounded by spheroidal surfaces, concentric and similarly situated, as 
in fig. 16, on a point without it, in the direction of g, is 


ee 'Oigh ges 

-= —4 Sed. BOER) +2 fp.d. we 
(24 + r*) 5 (24 + 1) 

The integrals in this expression must in general be taken from 5 =0 to b= some assigned value. Let 


Se. d. (1+ 2e), corrected so as to vanish when 6 = 0, be called ¢ (5); let fp.d. b5 e be called (5) ; 


Attraction “then the attraction in the direction of z 
of a series 


f sph 4a 2 9rzs—6# 
roid shells =- > ee p (d) + Sear: 5 ¥ ot 
ifferent 
dedi on (4 + ”) > (3* i ”) 
» point with> Similarly the attraction in the direction of r 
out them. 


= “Ta ae 
(z+ 14) 5 (2% + rt) 


(56.) We can now express the force which acts upon any point P, in any one of the strata in such a system as 
we have described, fig. 17. We must use the expressions that we have just found, taking the integrals from 
b= 0tob=—CD, DP being the spheroidal surface of equal density that passes through P, and the expressions 
of (44.), taking the integrals from 6 = CD to 6 =CA. 

(57.) Let CD = 8, CA=b:; let the corresponding ellipticities bee ande. Then the whole forces acting 
on P (taking into account the centrifugal force) are 
force in the direction of 





4n ro 8r§ — 12 r2 8 3 4e'r 
= FO ee ad OPT IE O20} =, 


force in the direction of z 
4 9r2z2—62 
=~ 14° O+ 
(z* + r)” 5 (2* + 1’) 


And if we resolve the former into forces in the direction of z and y, and observe that 7* = 2*-+-y¥*, we shall 
finally obtain 





YO} Ty x) xO}. 


wieeeiha vs ee ee ear . 
ae (ty +2 S(t yt +2) 
spheroid on : _ : 
one ofits Y= ne a enna ee 
ai (2? + 9" + 2°) 5 (a* + y* + 2’) 
z= ae ee nanele 
(z* + y* + 2) 5 (2° + 9? + 2") 


(58.) Now we have eaplained in (10.) and (37.) that the equation to the surface bounding a stratum of equal 
density, must be Xd2-+ Ydy + Zdz= 0; and that this condition is sufficient. But our whole investigation 
has gone on the supposition that the surface bounding a stratum of equal density is a spheroid, whose semi-axis 


: ; a z 
and ellipticity are 8 and ¢, and which is, therefore, defined by the equation Fe + a = 1, or Tat? 
}- Toe = : dy+z2dz=0. The single question then now remains :—is this consistent with the equation X dz 


+ Y¥dy-+ Zd2z=0? or can the coefficients have the same proportions? In this inquiry we are not to take into 
account the squares or higher powers of ¢, as they have been uniformly neglected. 
(59.) Assuming the coefficients in the two differential equations to have the same proportion, we get this 


equation, 
2e.6(8) 6  ¥(6) 


o= 35 
ryt? P@tyemt 


= ° £ x(b) — x(6)} 7 








Lend in which we have omitted the terms e . y (8), «. {x (b) —x (8) }, ande. 
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cl 
T?’ a 
quantities by whose integration the functions are produced will show that though ¢ (8) is not small, yet ¥- (A) posed he- 
and x (8) depend entirely upon e for their value, and, therefore, e . y% (8) and e . x (8) are in fact of the second ‘geneous 


order with regard toe. And = 


order as ¢, because the ellipticity is immediately occasioned by it, and, therefore, e . me is also of the second 


; Pt.ysical 
because an inspection of the Theory. 
Earth 


» which is a multiple of the centrifugal foree, is to be estimated of the sume 


order. 
(60.) Again, the quantity 2* +- y* ++ 2*, which is in the denominator of the first two terms, differs from 6* only 


(at + y*) (2e + ¢) 
API Fe) 


equation as equal to f*, The equation now becomes 


by , that is by a quantity of the same order as e, and, therefore, it may be considered in this 


Be. 6 6 3 
0 EO) 8 EO 5 txO) -x@} - Ta 
of putting b for B, 
Qe.G(b) Gy¥(b)_ 6 Z 3r 

and if this equation is possible, the equilibrium is possible. 
(61.) Differentiating this equation twice, so as to eliminate y (5) and x (6), both which contain e, and observing gguitibriumn 


that as @ (6) is multiplied by e, we may consider it as = JS p.d (6*), instead of = p.d(b.1-+ 2e), we find oe 


form as- 


(0). So +8 ¥ (0) ~ Be. HS (6) =O, sumed 


dte 2 p 6° de. 2pb —F)exo 
dee*STpudb db \fpods w)°=” 


Upon expressing p in terms of } it will be possible to solve this equation, and to obtain ein terms of 6. ‘The 
solution will contain two arbitrary constants, whose values may be determined by making the expression satisfy 
the original equation. Hence equilibrium is possible. ; 

(62.) Using the letter m (as in the investigation of the form assumed by a lromogeneous fluid) to denote the 
ratio of the centrifugal force at the Equator to the force of Gravity there, and observing that at the surfaee 8 = b, 
z=b(l-+e), y= 0, z= 0, we have 





- cee 
2 OO gk Pande (1 +e) 
be(l+e)* Sb*(l+e) T 
( 
and neglecting the terms of the second order, m = am am ; whence 7 == . The equation of (60.), reid Gor 
in the form in which we are compelled fo use it for investigation of the Earth’s constitution, is, therefore, Fea 
2e.9(b) 6 y(b) 6 _ __ mp (b) _ ulna 


We have already remarked in (11.) that this equation also holds if we suppose the density of the fluid to depend 
on the pressure. We may further remark that if we suppose a solid nucleus to exist, similar in general constitution 
to what we have assumed to be the state of the Eartn, but having for its different strata any arbitrary densities 
and ellipticities, and then if we suppose fluids of different densities to be suffered to arrange themselves freely 
round this nucleus, the same expressions will hold for the forces, as if the whole were fluid, (the integrals bemg 
taken as well for the solid as for the fluid part,) and the equation of this article will apply in the same mamer 
with regard to the fluid parts. And, therefore, the equations respecting the surface (which are in fact the only 
important ones, the others being only useful in conducting us to them) are equally true whether the whole be 
supposed to be fluid, or a fluid heterogeneous mass be supposed to surround sueh a nucleus. 


° ® b 6 nt 
(63.) At the surface 5 = bL; and the equation of the last article becomes (2e — m) Aw —g- yo) = 0, simple 
when ap 
(64.) One of the most remarkable applications of this equation is to be found in the expression for Gravity at plied to the 
b 3 ne 
mes ) for — » we have for the forces acting on 





any part of the Earth’s surface. If in (57 ) we put b for 6, and 
a point at the Earth’s surface 
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Figure of 4x/ x Sr — 12 mo? (b Physi 
oo. x= -F/—=*— 9o+© (ty) - ee) — MEM A eg 
\— (ity +2) (at + y+ 2%) posed 
4 3 y (2 ~ l2yz b terogeneces. 
Saal Sule) = St ya) -y EO roge 
(2* + y? + 2’) 5 (28+ y* + 24) 
4 9z('+y) —62 
z= —*F(—*— 9 +° eee Few) 
@+y+2) 5 (Ay? +2) 
Expression Lhe whole force or VX*+ Y24 Z* — r* for z* ++ y’, and neglecting terms of the second order, is 
lag EXO) bee 22 | yy mo) 
Earth’ 7 4 2 3 . 
art 8 sur + 2* "(Pt 2) a4 at b° 

Now the equation to the external surface is Foret B nes =: 1, whence r*-++- 2* = b*-+- 2er*; or if \ be 
the latitude, we may assume (nearly enough to the truth for etidink in the small terms) r* = b* . cos* 3 
whence 7* + 2? = b*(1 + 2e. cos*A) =b* (1 + 2e — Vesin*dr). Hence r* — 2 2z*= b*(1 — 8 sin* A), 

r—22* 1—Ssin*rA 
omitting e, as thia expression is used only to multiply a small term; and Prey oe Also 

E i = b(1 —sin*A). Substituting, we get for the whole force 
(44-24) 

> {fo (b) (1 — 2e + 2e sin* d) +; Yo —— (1 —8 sin*)\) — =20) a- ein*))} 
_45 9 (b) 8 a _ 9 ¥(b) _ 
= 3° me (1 Ze m+ = : bd (b) -jl+2e 5 py + ™ sin a}. 
7 ) (b 
4x (bd i a, i) = 
Gravity exe then the expression for Gravity is ‘ ai) 
ae E{l+@e-;. 5 BP (by + ™) sind ES 
latitude. 
oe from whieh {t appears that, in going from the Equator to the Poles, Gravity increases as the square of the sine 
of latitude. 

(65.) The coefficient of the square of the sine of latitude is 2 e — — a +m. Now from (63.) we get 
2 = ituti neha Oo ae: i 
5° b.o() = Se >" Substituting, the coefficient of sin* ) is 2 e; and Gravity is now expressed 
by E ( + > —e.sin* »), a remarkably simple expression, all functions, and, in fact, every thing 
depending on the internal constitution of the spheroid having disappeared. It appears from this, that if by 
observations of the force of Gravity at different latitudes we can oe it by a formula of this kind 
E (1+ Fsin* d), then e, the ellipticity of the Earth’s surface, will = om — F. This is the celebrated theorem 

rales known by the name of Clairaut’s Theorem. 

(66.) Another remarkable application of the equation of (63.) occurs in the expression for the attraction of a 
point exterior to the spheroid. The forces in the directions of r and z will be found by putting b for 6 in the 
expressions of (55.); resolving these into forces in the directions of x, y, and z, and calling them X’, ¥', Z’, we 
have 

4 8 (x* -— 12 
Attraetion X'= — “ar ——____. } G(b)+2 ey) ~t ¥ wf 
of hetero- (Ff + xy? + 2°) 5 (a* + y* + 2°) 
Deeiaon Y= -<. 9 gy 4 POEM =F a 
; ; 
whnoat it. (a? + y+ 2h 5 (29+ yt + 2)F 
4 9 (2° — 6 
Ya-—. a 2+ y)—S7 1 0) ; 
(2° + 9+ 2’) 5 (s'-ty + 2h 
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deEarh, Substituting for —¥ ©) the vatue (c ~ =), b*. (Lb) found in (63.), and making —" .(b) = M, we have "Theory. 


a a! Eartha sup. 





— Sf EER) terogeneous 
Gtty ty  @ty+mt — 
ren gegen ete) e-F) 
@tep et Gttyt+ yt 
—_ nti ee a) 
Gtty'+z2F @+y +28 


It appears, then, that the attraction of a spheroid upon a body without it is not in the direction of a line joining 
the body with the centre of the spheroid ; (for if it were, X’, Y’, Z’ would be proportional to 2, y, z respectively ;) 
and, in consequence, the motion of the satellite of a spheroidal body will not be the same as if the body were 
spherical. ‘The irregularity occasioned by this difference is sensible in the motion of our own Moon, and in 


those of Jupiter’s satellites; and as it depends on e — — it gives us the means of ascertaining the value of e 


2 


without any knowledge of the internal constitution of the Earth. 

(67 ) We cannot here go through the whole process of calculating the inequality of the Moon produced Resulting 
by the Earth's ellipticity, but we can indicate the principal steps. Let the axis of « be supposed to he inequality 
directed to the first point of Aries, that of y to the point in the Equator whose right ascension is 90°, and os 
that of z to the pole of the Equator. Now take a new system of coordinates, that of z being the same as ae aid 
before, that of yin the plane of the Ecliptic directed to the first point of Cancer, and that of z’ directed to 
the pole of the Ecliptic. Resolve the three forces X’, Y’, Z’ in these three directions. From the Moon let 
full a perpendicular on the plane of the Ecliptic, and join the Earth’s centre with the foot of the perpen- 
dicular, and resolve the forces just fuund into one in the direction of the joining line, one in the direction 
of the perpendicular, and one at right angles to both these. Let 4 be the Moon's longitude, w the obliquity 
of the Ecliptic. ‘Then it will be found that the last-mentioned forces are X’ cos 0 + (Y’ cosw + Z! sin w) 
sin 0, Z' cos w — X’ sin w, and X’sin @ — (Y’ cos w + Z’sinw) cos 6. Adopting the notation in the Treatise on 


Puysicat Astronomy, Part III., and substituting for z,y,z the vaues - cos 0, + (sin 9. cos w — s sinw), 
— (sin @. sin w -++ 8 cos w), we find the terms depending on the Earth’s ellipticity which are to be added to m! Y, 
mT, and m’ ~ (See Puysican Astronomy.) ‘They are rather complicated, but the only terms which produce 


QO- 
any sensible effect are in m’ ‘Il’, — M (c — 3). 2 b* u* .sinw .cosw.cos@.8; and inm’ : u(e ~ 9) x 


2b%2‘sinw.cosw.sind. If we treat these terms like the others in the Treatise alluded to, it will easily be 
found that the resulting inequality in the Moon's latitude, expressed in seconds, (considering the sum of the 
4. 60} m arth’s ae ( Earth’s radius \? 


e 
Sere een se 
e- - SIN w , 


= 2 * \Moon’s period Moon’s distance 





masses of the Earth and Moon = 1) is — 





cosw. sind = —e— = - 4891”. sin 6 nearly. The perturbation in longitude is not so easily calculated. 


(68.) We shall conclude this investigation with remarking that the differential equation of (61.) may be put Law of den 


in a simpler form by assuming S po*db=p, and pe=v; substituting these values, ay abi 
maxes the 
Oe 80. 2 2 dP _4y equation for 
d b? b* p db . the ellipti- 
city of the 


A form of p which makes this easily integrable, (first pointed out, we believe, by Legendre,) and which probably differest 


represents pretty well the law of density in the interior of the Earth, (giving a density gradually increasing to the ale’ : 
tegra 





centre,) is p= A = : A and g being constant. The general value of » is found to be C (sin gb-+ CG 


+ cos gb + C! — fe sin g-+- C’), and determining the constants by substitution in the equations ‘tom 
q 


which this differential eq»stion is derived, it is found that e, or —,= 


=) se 
Sm Qa i) : got qb. tangs 
—— . a a epg ee pe 
: g— gibt — 22. ¢ ee 





tangb tan*g b ~ tang 6 
VOL. V 2c 
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fo To get the ellipticity of the surface we must put b for 6, and if f=1 — ie it is found thet Thee, 


——— 8 qb Rarth sup- 
5 as A 5 oe 
m rT , . terogeneous, 
‘= - ar) The value q = 6° p Hives a law of density that probably represents nearly the \o.._ 
Earth's density. 


The pro- (69.) We shall now consider the probable magnitude of the error which we have incurred by neglecting 
bable error, the square of the ellipticity. We have investigated, accurately, two cases which may be considered as extremes 
eee in the series of laws of density, within which the law of the Earth’s density is included. One of these is, the 
the higher case of a homogeneous Fluid ; the other is that of (12.), in which the assumption of attraction directed only to 
powers of the centre, amounts to the same as (on the principle of gravitation) the assumption that the matter near the 
the ellipti- centre is infinitely more dense than that near the surface. We shall examine, then, how far, in these two cases, 
teh ferred the two principal results of our investigation (the ellipticity of form, and Clairaut’s theorem) are true; and if 
fom these We find them nearly true in these cases, we shall conclude that they are nearly true in the case of a density 
inthe ex- gradually increasing to the centre. 

treme cases. (70.) First as to the ellipticity of figure. When the Fluid is homogeneous, it appears by the investigation 


If the Fluid extending from (14.) to 26.), that the figure is accurately that of an elliptic spheroid. When the attraction of 


be h ° ° : : ; ; : . 
seaeiek the particles is neglected in comparison with the attraction to the centre, it appears from (12.) that the equation 
the form ig to the external surface, using r for the distance of any point from the centre, is 
accurately 1 = 2+8m 1 m am-py 1] a@ a+y  ) e 
liipti - = 7 7, —_ —, ae. ee eee oo OO Or 
es r 242m a 242m @ e735 G 1) ae 5 Fa ae + 9) 
Let r’ be the corresponding line ia an elliptic spheroid with the same axes for the same values of z and y; then 
3 
proceeding from the equation = +¥ = = 1, it will be found that 





oe a Qe+ea a ty 
rab /f+ a+} as Ji +icsece: Et | 
Expanding the expressions for r and 7’ as far as terms of the order e’, it is fonnd that r’ — r= oe ef. (x* + y*). 


(o¢ — x* + y*). This is greatest when 2* + 9* = 5 , or a® latitude 45° nearly; its value is then = & If 


b = 400U miles, and e= =i (the ellipticity of the Earth that would correspond to this supposition,) this would be 


24 feet, a quantity quite insensihle. We may conclude, then, that the theoretical figure of a heterogeneous Fluid, 
on the principle of Gravitation, would (since r is less than r’) be somewhat flatter at latitude 45° than the elliptic 
spheroid, but that if the circumstances were those of the Earth, the difference would be insensible in measures of 


degrees. 
. a ae (71.) Secondly, as to the law of Gravity at the surface. In the homogeneous ellipsoid it has been found (35.) 
e infinitely 1 
dense atthe that, putting X for the latitude of any point, the Gravity there is proportional to ————————-— 
pany Vein’ d+ 1+ elf cost & 


ae meee Expanding this so as to include the second power of e, it may be put under the form (1 — ¢-+ e’) {1-+esin* 
Hipti é Pana 
spheroid. d “* sin*\ cost) }, or Gravity is proportional to { 1 -+e sintA’ — “7 sin?) . cos*\}. Now as Clairaut’s 


theorem is commonly understood, Gravity is proportional to { 1 + = —e.sin*}. We must then investigate 


; 1 oYo@ slo. 
accurately the relation between eand m. In the equation of (29.) make f= Te; —3 crf + 5 * cot if 
1 57 


5 
whence 2 9.4 — dia and —~ —e=e 


1 m 4 
——., and we find at length mea =3e (He ’ 2 35 


7° cot f l-+m 
ée : 
= ms e. Consequently, according to Clairaut’s law, Gravity should be expressed by 1 + [¢ — =) sint A; it 
é a 


be homo- actually is expressed by 1 + esin* > — se sin? cost). We ought then to increase Gravity in the homoceneout 
spheroid by equatorial Gravity x ein? (5 cos* \ — 3) in order to make it follow Clairaut's law. For 


circumstances similar to thore of the Earth, e must be taken = 730" and the quantity to be added is abou. 
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Figure of equaterial Gravit 
the Earth. ad x sin? (costa as Tae This is nearly a maximum when) = 45°, and it then is nearly ary 
uatorial Gravit : Pre : ed h 
=_ A 140000 Jia quantity barely sensitle in the most accurate pendulum experiments. iscogetioote 
When the attractive force is wholly directed to the centre, it appears (see 12.) that the resolved parts of 
Gravity are 
* 382368) 1 _@e-6e)+ had 
Ne SP xere a) a Ie eee ah Tes 
: ; ] 
Adding the squares of these, observing that -= ; {1 —e. ory +3 “1 and extracting the square 
root, it is found that Gravity is proportional to 
+y?* a* + + 
l—4e—5 +ue.2t¥ +e(=4"). 
Now from the consideration that sin A = Se Gn we find = ay = (1 + 4¢) cos*d — Qecos) , 
and thus we obtain at Jength that Gravity is proportional to 
1+ 4¢+ 9e'sin*A — 9c" sin" \ cos? 2. 
But from nyc whence e = —— and m= 2et4e =s +10 é = e=4 
( 6 ~ 2+2m’ ~ 2-+-2m’ 7 “eo ioe as 
-+- 10 c*, and therefore Gravity, according to Clairaut’s formula, ought to be expressed by If the d 
oan en-: 
1+4e-+ 10é. sin*d. sity be in- 


We. ought, therefore, to increase the actual Gravity by equatorial Gravity x ¢*sin*\ (9 cos*A -++ 1), in order te iat the 
centre, 
bring it under Clairaut’s law. The maximum value of this is nearly ue x equatorial Gravity ; which, ife = ox Clairaut’s 
4 580” law is nearly 
torial Gravit mae 
is about 1 eae y 3 


(72.) We may conclude, then, that the following theoretical results may be considered as sufficien y accurate Conclusions 
for a heterogeneous fluid mass in the circumstances of the Earth. with 
The external surface has the form of an elliptic spheroid. 








€ quantity as small as that found before. 


to hetero- 
geneous 

: om ‘ ; ! : spheroid. 
At the latitude ) Gravity is proportional to 1 ++ =o e Jsin* A, (where m is the proportion of centrifugal force 


at the Equator to Gravity at the Equator, and 1 : 1 ++ eis the proportion of the axes.) 

(73.) If a mass of different density were placed any where in the Fluid it is plain that it would distarb all the p..., 
laws that we have found. For a calculation of its effects we shall refer to a paper by Dr. Young, in the Phil. produced by 
Trans. for 1819, from which we extract the following results. a small mass 


Prop. A. [If a plumb-line be drawn aside by a small mass not far below the Earth’s surface, the distance of the Se 


points where the greatest deviations are produced, is to the depth uf the mass, as V2 to 1. surface. 


. See ot eee _ disturbing mass _ _ depth 
B. The sine of the greatest deviation = ,385 x “a (where a= Hanke aac? and ¢ = Fait? relma) ‘ 


C. The greatest elevation of the general surface above the sphere = =. 


D. Gravity at the highest point will be increased by 5 _ “2, 


E. At the place where the greatest deviation of the plumb-line is produced, the proportional increase of Gravity 


is to the deviation (estimated as an arc to radius 1) as /2 w 1. 

We have conducted the theoretical investigation of the Earth’s form by an analysis which, though far from 
elegant, is sufficiently powerful to master this subject, and sufficiently simple to be understood after a common 
acquaintance with the Differential Calculus. The analysis of Laplace we have thought it desirable to exclude, 
where it is possible to succeed without its assistance. The difficulty of understanding the fundamental points of 
that calculus, and the obscurity which, to tnose who have given most attention to it, has always appeared to hang 
upot many of its applications, (see Phil. Trans. 1812, &c. and Cambridge Transactions, vol. iii.) will serve for 
our apology. We have thus lost some uf Laplace’s results, (especially those relating to the form of a Fluid 
epread over an irregular sulid ;) but we have thought it better to give them up at once, than to compose a treatise 
which, to tte greater part of our readers, would be (and that without sae unintelligible. The reader who 

c 
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Figure of wishes to be acquainted with a calculus the most singular in its nature, and the most powerful in its applications Determes 


the Euth. 
Sw 


The .neory 
will apply, 
approxi- 

mately, to 
the Barth’s 


form. 


Differences 
of latitude 
found astro- 
nomically. 


that has ever appeared, is referred for explanation and example to our F.issay ELectaicity, or to the Vth Book of 
the Mécanique Celeste. 


Seetion 83.—On the Manner of determining the Figure of the Earth by Geodetic Measures. 


The investigations which we have just given seem to show that if the Earth had been originally fluid, and if 
the different liquids of which it consisted had been allowed to settle into a state of rest, and if it had then become 
soliditied, and had afterwards been subjected to no alteration of shape, its external form would be nearly that of 
an oblate spheroid. The ellipticity of the spheroid, however, is not determined; it has only appeared that if the 
Earth were supposed to have been a homogeneous Fluid, (a thing in the highest degree improbable,) and the 
attraction of each molecule proportional to its mass, the proportion of the equatorial axis to the polar axis would 
be 231 : 230; if the whole attraction were directed to one attractive point at the Earth’s centre, or if, on the 
same theory of universal attraction, the density at the centre were infinitely greater than that at any other point, 
the proportion would be 581 : 580; and if (as seems @ priori most probable) the density increased gradually to 
the centre, and if every particle attracted with a force proportional to its mass, the proportion of the axes would 
be between these two. 

Now it is plain that none of these suppositione correspond exactly to the state of the Earth’s surface. The 
irregularities in its external form are considerable. The height of the mountains in some parts is perhaps equal 
to 4 of the difference between the polar and equatorial semiaxes. The depth of the sea in many places is possibly 
much greater. Still the examination of the Earth’s surface will serve to verify the correctness of the general 
principle of Gravitation. We may expect that there will be a considerable approximation to the spheroidal form, 
subject to irregularities of which, in some cases, the causes cannot be discovered, and in other cases a probable 
explanation can be given by reference to the form of the neighbouring mountains or the surrounding country. If 
(as some Philosophers have supposed) the interior of the Earth be yet fluid within a small distance of the surface, 
it is impossible that the general form of the Earth can differ very much from that of a fluid mass. 

The extent of the watery covering of the Earth is a circumstance highly favourable to the agreement of the 
calculated and observed forms of the Earth. We may consider the sea as a Fluid, acted on by the attraction of 
the solid part of the Earth, (whose form does not much differ from that of equilibrium,) and by the centrifugal 
force, and the reciprocal attraction of its own particles. The irregularities in the Earth’s attraction will be very 
much smaller than those of the Earth’s form ; and, consequently, the irregularity which they produce in the form 
of the sea will be very much smaller than the irregularities in the form of the land. If, then, we refer our 
measures, which must necessarily be made on land, to the surface of the sea, we may expect an agreement of the 
theoretical form and the ascertained measures to very considerable exactness. 

It is natural, therefore, that in making the comparison we should begin by discussing the properties of the 
spheroid. By combining with them a consideration of the practical exactness which it is possible to attain in the 
different measures, we shall be uble to choose the kind of measure which is best adapted t» our purpose. And by 
calculating from different combinations of measures the length of the Earth’s axes and the value of its ellipticity, 
we can infer, from the agreement or discordance of the results, the correctness or incorrectness of our original 
assumptions. 

We have explained in the first section the general principle upon which the Earth’s form is ascertained by 
measures. If the distance between two points can be found, and if the angle can be found which is included 
between the verticals drawn at these points, the distance of the intersection of those verticals can be found; and 
this is the same as the radius of curvature of the curve joining those points. The lengths of the extensive arcs 
which have been used for this purpose, have always (with one exception) been ascertained by geodetic operations, 
for a general idea of which we refer the reader to the Essay on ‘Trigonometry, § IX., and which we shall 
explain with greater minuteness in the following section. For the mere measure, the general direction of the 
chain of triangles, or the direction of the line joining the extreme points, is a matter of perfect indifference. But 
there are practical considerations which require us to fix on one of two directions. The latitudes of the places P 
and Q, fig. 18, whether on the same meridian or not, are the complements of the angles p Ps, ¢ Qs, respectively, 
which are included by the verticals at the places and the lines drawn to the celestial Pole. And if'S be any star 
which can be observed at both places the angles Pp = sPS+SPp, andsQqg=sQS+SQq; considering, 
therefore, the angles s Qs, s Ps, as equal, the difference of latitudes is the same as the ditference of S P Pp, SQ¢q. 
That is, it is the same as the difference of the zenith distances of the same star at the two places, and can, 
therefore, easily be found. Now if the places P and Q be on the same meridian, their verticals will intersect in 
some point D, and the difference of latitudes, which is the difference of s Q q und s P p, or (Pr being parallel tu 
Q q) the difference ofs Pr and  P p, is equal to r Pp, or Q D P, the angle contained by the verticals. The length 
P Q being known from measures, and the angle P D Q, or the difference of Jatitude, being found by observations 
of the zenith distances of a star, the length of P D or QD, or the radius of curvature, is found. 

Again, if T and V, fig. 19, be two places on different meridians, and if planes be drawn through these places, 
and through the axis A C of the Earth, the angle made by these planes (or the difference of longitude) may be 
determined astronomically. Forin consequenze of the inclination of the planes, the place T will be brought 
by the Earth’s motion under the celestial meridian passing through some known star sooner than the place V; 
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Figure of ond as the Earth’s rotatory motion is uniform, the difference of time will serve to measure the angle.* If, then, Determna 
we compare by any means the clocks at the two places, and observe the times indicated by these clocks at tion by 

~~" the passage of the same star over the meridians, the angle between the planes can be ascertained. Now ee 
if instead of T we have a place ¢, whose latitude is the same as that of V, and if we draw V W, ¢ W, perpen- etre 
dicular to the axis, the angle between the planes will be the same as the angle V W ¢. The distance V ¢ being Difference 
measured, and the angle V W 4, or the difference of longitude being found, the Jength of V W, or ¢ W, or the radius of longi- 
of a parallel, is found. tude found 

Either of these measures then will give the length ofa line that will assist materially in determining the Earth’s room! 
form anddimensions. But they cannot easily be combined. Both have been extensively used ; but the difference “7 
of latitude can be ascertained with so much greater accuracy than the difference of longitude, that measures of 
the former kind have generally been relied on. 

Now in practice it is found extremely difficult to determine with accuracy the direction of any one line with 
respect to the meridian, or the azimuth of any station with respect to any other station. We must, therefore, 
always consider that we are liable to a small uncertainty in the direction of a side of one of the triangles, and, 
consequently, in the general direction of the chain of triangles, which depends entirely on this line. And we 
must choose the direction so that a small error may produce the smallest possible effect in the line to be 
measured. ’ 
- Now, in fig. 20, let PQ be the meridian, P the first extremity of the chain of triangles, X the last; let X, z, ae le 
Y, y, be in the circumference of a circle whose radius isP. Draw X Q,2q, YR, yr, arcs of parallels. From the Ap tha chats 
uncertainty in the direction of the triangles, it is uncertain peruaps whether X or z is the true situation of the of triangles 
last station. It is uncertain, therefore, whether the point in the meridian P Q, whose latitude is the same as that ought to be 
of the last station, isQ org. But it is plain that this uncertainty is much less than it would be if Y ory were the ¢ither in the 
situation of the last station; and that by bringing the position as near as possible to the meridian P Q, the ee 
uncertainty Q q may be made as small as we please. The same, it will readily be seen, is true with respect to an cular to it. 
are measured nearly in the direction of a parallel. 

It appears, therefore, that we must determine on measuring an arc either in the direction of a meridian, or in 
that of a parallel; and that when we have chosen between these, we must make the general direction of the chain 
of triangles coincide as nearly as possible with that of the line that we have chosen. 

We shall now, from the properties of the spheroid, express the length of the lines above described in terms of 
the axes and ellipticity of the spheroid. 

Let fig. 21 be the generating ellipse of the spheroid, in the position in which its plane passes through the 
place P; PM the normal; PN, P W, perpendiculars to the axes. Let BC =a, AC =b. Then (Conic 


8 
Sections, Art. 34.) NM = = 
produced to p, the angle p Ps or NF M is the colatitude, and P M N the latitude of P; call this L. Then NP Radius of 
® b* lel i 
= MNtanL = “ CN.tun L, Now (Conte Sections, Art. 26.) PN® = =; (a* — CN?) or = CN*. tant L Ephercid 


CN. Also Ps being parallel to the axis, or in N P produced, and M P being 


. @Xpressed 
Bt in terms of 
=F (a* — CN’), or b¢. C N®. tan* L = atb* — a*b*.. CN’, whence the latitude. 


oe as _ a cost L _ a‘ cos* L and CN = a*cos L 
— tant b+ at "sin? LL + a cos, b* + (a* — 6°) cus* L af £8 + (at — 6°) cos? LY” 

(1 +2e + &) cos L : ne 

—~_—__—___—‘- ————..__ I we suppose eso small that its square may he neglected, 

V1 + (26+ €) cos* L i oT 

= bcos L (1 + 2e —ecos*L); or 6 cos L(1 +e-+ esin*L). This is the value of 


Letta=—b(l+e); CN=6) 


b(1 + 2e) cos L 
V1 + 2e cos* L 


P W, the radius of the parallel passing through P. 
If then D be the difference of longitude expressed in seconds, of two places on the same parallel, and L their Degree of 
latitude, the length of the arc between them is 6 . cos L (1 +-e + ¢ sin* L) D sin 1”; D sin 1” being the length parallel in 
of the arc, which with radius 1 subtends the angle D’. The length of the arc corresponding to a difference of hla the 
longitude of 1° is b cos L. (1 + e+ esin® L) . 3600. sin 1”; this is called a degree of parallel. titude. 


CN= 





2 
1 + (288 
The radius of curvature of the meridian is found by the expression — —> , where r=C N, y=N P. Raauus of 
~ S curvature of 
dz See 
}* dy _ Br dty be a sp ae 
Buty* = a (a? — x‘), or b82* + a® y® = a* b*; whence ae ary and a> “ oSea and the radius Of ig terme of 


a* cos* L 


b* sin* L + a* cos? L’ and 


curvature = — x (at y* + 5 2t)f, But we have just found 2* = C N* or P W* = 


ow eae oo ase. 8 
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* This angle may also be ascertained in other ways, of which we shall speak hereafter. 
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Figure uf b b¢ sin*® Determine 
the Kath. 9° = PN" = N M* tan’L = — CN’. tan? L = ee ee a whence the radius of curvature tion 
a‘ b*sin* L + a* cos* L y 
_ il s ( at 3 at h* Messures. 
er hag hatlecacactLl oe —— 
eee eo k, (6 sin’ L-t a? cos*L)* 
bc 
stele riete) or if ¢ is so small that e* may be neglected, 
. (1+ 2e¢-+¢. cos*L) 
the expression becomes b (1 + 2¢ — 3e cns*L), or b(1 — e + Sesin® L.) ’ 
If then \ and 2}! are the latitudes of two stations on the same meridian, and if the difference between » and )’ be 
not great, the included arc may be considered as a circular arc whose radius is the radius of curvature, corre- 


sponding to the middle point between them, or (1 —e-+ 3 esin* : ) . And if ’ —»X be expressed in 


1 


ifa=b (il +e), the radius of curvature = 





seconds, the length of the arc, subtending the angle 1’ — d, ina circle whose radius is 1, will be (V’ — 2) sin 1, 





and, therefore, the arc of meridian or the circular arc equal to it, will be 4 Q —e-+- Sesin* x +t ~) ~ (=) 





Degree of sin I”, The length of the arc corresponding to'a difference of latitudes of 1° is } ( —¢-+8 e sin : ms ~) . 3600 

terms of the sin ]”; this is called a degree of latitude. 

latitude, If, however, the arc be considerable with respect to the radius, the following process must be used. If two 
normals be drawn at points whose latitudes are L and L -++ d L, they will intersect at the distanee b(1 — ¢-++ Se 
sin* L). Let s be the are of meridian, ds that part included betwen the latitudes L andd L, then ds == dL x 6 


()— e+ SesintL) = bdL x(145 ~ 5 cosa ) wnde=bx (145 L — Tsing L This expres- 


sion gives the length of the arc from the Equator to the point whose latitude is L; if then we put » and)’ 
successively in place of L, and take the difference of the expressions, we shall have for the length of the arc 
included between the latitudes » and 0’, 


7¢ +9. WoN- Fav anat) = (i+ 2 WK — 5 con WH sin =) 


i in 
sb 1+e— 5S. cov ea. EX .(V=)). 





Here (as in all expressions given by integration) it is supposed that \’ — » is measured by its proportion to the 
radius; if expressed in seconds, we ought to put (\’ — X) sin 1”, and thus the length 
e 8e ——— sin —X 
= — — a= f eae eee fi . 7 
mb +e. — so cosa } x QY — 2) sin 1” 

From the former expression it will he seen that in an oblate spheroid a degree of meridian (found by making 
¥ — | = 3600) near the Pole, is greater than one near the Equator, and that, generally, on increasing the latitude 
the degrees increase. The general fact of the oblateness of the Earth will, therefore, be proved by the augmen- 
tation of degrees in approaching the Pole ; a diminution would show that the Earth’s form was prolate. 

The length of the axis, and the oblateness, may thus be found from two measures. Suppose ) and 2’ the 
latitudes of the extreme points of one arc, whose length, as determined by measures, = A; suppose p, »/, and B, 
the extreme latitudes and measured length of another arc. Then 

Ellipticity A N+ ) 

aseraine’ (Vd) sin pb (1 et Sesin 3 

uneasures of B a te 

a @ —p») sin? (i-e+sesin 2 ) 


: A B = gh +X sf + # 
Taye? ~ Gaye = 88 (sin 3 oe a 


‘é e 8 & A 
The value of 6 will be found nearly enough by neglecting ein either equation; thus 3 = QF 2) sin 1” =X) sin 1” al 


_ B 
~~ Cul — p) sin 1” 











Considering this then as known, ¢ 


Se 
Q’—)d)sinl” = w’ — g) sin 


. : 
35 (sat ce — sin* =") 


Now, if an error should be committed in measuring either A or B, the influence of this error on the value of e would 
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. ‘or / 
dared depend entirely on the magnitude of the divisor 8 b( sin ~t* — sin® ere) It would be greatest when the nek 
Geodetic 


eat, pea 


— sin® pe greatest, would be one arc of which the middle was under the Equator, and another of which the 





2 
¢ xv 6 
middle was at the Pole. The latitudes of the middle points, or —- and wre » being then, respectively, 
Mr 
90°, and 0, the quantity sin* + _ sine FE = 1. If the middles of the two arcs have nearly the same 


latitude, the divisor will be so small, and the consequent influence of errors so great, that no dependence can 
be placed on the value of e so determined. In general, the arcs should be separated by as wide an interval as 
possible. No advantage, however, is gained by measuring an are beyond the Equator; as, on any supposition 
upon which investigations can be made, the degrees of meridian in South latitude ought to be equal to the 
degrees of meridian in the same North latitude. It is scarcely necessary to mention that if the arcs are long, 
and measured with accuracy, two equations should be made of the form 


A _ e Se . 
arsyawin =P {N+ $f coe FR. 
and should be rigorously solved for the determination of 5 and e. 


An arc of meridian, and one of parallel, may also be combined for the same purpose. For from a measured 
are of meridian we shall have the equation 


A=0(1-e+ Scant ~t* (! — 2) sin 1”. 


sin’ — X 
Maer f° 

















2 
And if D be the difference of longitude (in seconds) between two places on the same parallel, whose latitude Rllintic; 
c= L, and if the measured distance = C, we shall have the equation | dutta 
C= bcos L (1 fe + esin* L) Dsin 1”. tons ee: 
Whence ure of a 
ee pipe hap sige sin* L ~ 2) are and 
(Vv — A)sinI” = DeosLsin 1” 2 , recta ae 
and an arc of 
QO’ —) sind” DeosLsinl”  DcosLsinl”  (Q’—)d)sinl” | 
OO ee eI ee ee 
b (8 sine ——— — sintL—2). (2+ sit L — 8 sin* — ) 
As before, 6 may be taken = = r= = The d inator will be atest when 
re, y — (od) sin I” ° = Deooslsial™ e denominator wi gre e 


qe 


sin L is nearly = 1, and sin M - » = 0, or when the arc of parallel is near the Pole, and that of meridian near the 


ane 2; such a combination ought there- 





: s 
Equator. It will be least when sin* L is nearly equal to 8 sin® . = 


fore to be avoided. If both arcs be measured in nearly the same latitude, the divisor is 2 — 2 sin* L, or 2 cos* L. 
For such measures a place near the Equator should be chosen. 

In the comparison of two arcs of meridian, it appears that the greatest divisor is $b; in the comparison of one 
arc of meridian and one of parallel, the greatest divisor is also 35. It would, at first sight, appear that these 
combinations were equally advantageous. But, in fact, the difference of longitudes cannot be ascertained with 
so great exactness as the difference of latitudes, and larger errors may be expected in the numerator when the 
arc of parallel is nsed, than when only arcs of meridian are employed. On this account the principal reliance is 
placed on the comparison of meridian arcs. We believe that two arcs of parallel have never been compared ; 
but it is plain that if they could be measured with sufficient exactness, two arcs of parallel might be used to 
determine the axis and ellipticity, 

Instead, however, of using two measures in the way which we have described, every new measure, when the 
elements of the Earth's form have been approximately determined, may be employed for the purpose of Elements 
correcting previous determinations. This method is now extensively used, as it bears great analogy with the Earth's 
process commonly employed in correcting other astronomical elements; we shall therefore describe it here. ps ee 
By methods which we shall discuss in the next section, when two points are connected by a chain of triangles, foe 
and the latitude of one is known, the latitude of the other can be calculated with assumed dimensions of the measures. 
Earth. But this latitude may also be observed; if the observed latitude differs from that calculated, it shows 
that the assumed dimensions are erroneous. Suppose, now, 6 and e to be the assumed axis and ellipticity ; 

6 + 86, and e + de, the real axis and eccentricity ; / the calculated latitude of the second point, / + 62! the 
observed latitude. Then the first calculation being made for a spheroid, we have 
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Figure of a gin’ =D 
the Earth. Measured arc = 3 Q + = ee -cos +2. wo) x CV — 2) sin 1”. 
And as the same arc corresponds to the observed latitudes on the spheroid really existing we have (omitting 2» 


—— sind’—Ar 
in cos V +2. ———. in which it makes no sensible difference) 


—__—— sin ’ —X 
Measnred arc = (5 -+ 3b) i + aC - 3cos vr. ax) (V — dX + 8) sin 1”. 
2 V—rv JJ 
Taking the difference, and neglecting the products of 35, de, 5M, 


——ae ind’ — Xr 
O= { Wr) db dN}. (145 — “feos Vo ; vor) sin 1" 





—— inN —A 
+b -9(5 - = cos ¥ +. SES), de. sini 





W— dr 
Whence 
a cn sin’ — Xx 
ne an cL l—3.cosVv-+ 2. 7 ee 
~ Mer" Bb sae Mink ek. 
2-+e—Se.cosVv+ A. oo 
aaa og OF (a8 ¢ is small) 
condition. dN 56 J 3 ——— sind\’—dr 
2 = es. ee —-—--—., X _———— } 6 
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Every measure gives an equation of condition of this form; these are to be used in the same manner as similar 
equations in other astronomical investigations. A similar process can be extended to arcs of longitude. 
Havintions Hitherto, in the whole of this section, we have supposed the Earth’s form to be a perfect spheroid. We shall 
from the "OW consider the indications which, using the same observations and the same measures, would show the 
elliptic existence of some deviation from that form. 
form. If the Northern and Southern hemispheres of the Earth were dissimilar, the radii of curvature in corresponding 
Har North and South latitudes would be unequal, and therefore the lengths of degrees in corresponding North and 
{aera South latitudes would not be the same. Conversely, if it is found that the Jength of a degree in any North 
Southern latitude is not the same as that in equal South latitude, we must conclude that the Northern and Southern hemi- 
hemi- spheres are not similar. 
spheres. If the Earth were not a Solid of revolution, the different meridians would be different curves, and, therefore, at 
Earth’s the same latitude, but in different longitudes, the degrees of meridian would be unequal. The parallels, also, 
would not be circles, and, consequently, different degrees of longitude on the same parallel would have different 
volution, lengths. An inequality then either in the degrees of latitude or in those of longitude, depending on the difference 
of longitude, will show that the Earth’s form is not one of revolution. 
But the Earth’s form, even though perfectly symmetrical, may be formed by the revolution of some figure 
differing from the ellipse. The generating curve for instance, as AQ D, fig. 21, may project between A and D 
above the ellipse which has the same axes. This deviation of form would be thus discovered. It is plain that 
at A and D the curvature is diminished, or the radius of curvature increased; and at Q the curvature is 
Form gene- increased, and the radius of curvature diminished. Consequently, the length of degrees near A, and near D, is 
scotiit © greater, and near Q it is less, than in the elliptic spheroid. In the spheroid the degrees at Q are longer than 
of acurve those at D, and shorter than those at A. Consequently, the difference of the length of degrees at Q and D is 
differing | diminished ; and the difference of those at Q and A is increased. The ellipticity (as is easily seen in the formula 
from the above) is found by dividing the difference of degrees in different latitudes by a coefficient depending only on 
ellipse. — the latitudes. This process is properly applicable only to an elliptic spheroid; but if we use it for such acurve as 
A QD, it is clear that an ellipticity greater than the true value will be found where the difference of degrees is 
greater than in an ellipse, and less than the true value where the difference is less. Consequently, by comparing 
two arcs measured at D and Q, and using the elliptic formula, we should get au ellipticity smaller than the 
Indicated truth; by comparing those measured at Q and A we should get a value greater than the truth. Conversely, it 
by the com- the comparison of arcs near the Equator, and arcs in middle latitudes, give a smaller value of the ellipticity thar 
parison of the comparison of arcs in middle latitudes, and arcs near the Pole, we shall be entitled to conclude that tt 
regiesaete Earth’s form projects at middle latitudes beyond the elliptic spheroid which has the same axes. If the difference 
be of the contrary kind, we may conclude the Earth’s form to be more flattened at middle latitudes than the 
ellipse which has the same axes. 
The same deviation from the elliptic form might also be discovered thus. By a projection at Q above the 
elliptic form, the degree of parallel passing through Q, would be made greater than in the ellipse at the same 


oe ; latitude. Suppose the latitude of Q to be 45°, and suppose that two meridian arcs were measured of which the 


oe are, Middle points were in latitudes 0°, and 45°, respectively. For 
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Figure of the meridian arcs with the arc of longitude would be as seeing the same two signals, or at lvast one, at each Meridies 
the Earth. follows : extremity,) a telescope, mounted like a transit instru- Measures 


by the Eouatorial arc - gS. 





by the other 2 sof. 


Now g and f are greater than in the ellipse, and /” is 
leas. The ellipticity therefore given by comparing the 
are of parallel with the Equatorial arc of meridian, might, 
or might not, be too great; but that given by com- 
paring it with the other arc would certainly be much too 
great. That is, a larger value of ellipticity would be 
found by comparing the arc of parallel with the arc of 


‘meridian in latitude 45°, than by comparing it with 


one measured across the Equator. If then we find, 
on comparing an arc of parallel nearly in latitude 
45° with arcs of meridian near the Equator, and near 
latitude 45°, and applying the elliptic formule, that 
the first comparison gives a smaller value for the ellip- 
ticity than the second, we may conclude that the Earth’s 
surface at latitude 45° is further from the centre than if 
the form were that of an elliptic spheroid. 

Having thus explained the mode of using measures 
of meridians and parallels for the determination of the 
Earth’s Figure, we shall now proceed to give an account 
of the principal measures which have been made. 


Section 4.—Measures of Arcs of Meridian, 


It will not be expected that we should lay before our 
readers a complete account of all the measures that 
have been made. Our limits will not allow this; nor 
is it by any means necessary. It is our object to give 
such information as will enable any one to understand 
the calculations of the several arcs, to appreciate their 
exactness, and to estimate their importance as con- 
ducing to our knowledge of the Earth's form. We 
shall touch lightly on those measures, which though on 
a large scale, have not been conducted with the extreme 


‘care requisite in such delicate operations, but we shall 


describe fully the methods, and explain accurately the 
theories of those which have been adopted, almost by 
general consent, as the only ones proper to determine 
the Figure of the Earth. For details we must refer to 
the original accounts. 

Of the rough estimations of the Greek Astronomers, 
and the somewhat less rough measure of the Arabian 
Caliph, we have given in the first section as full an 
account as they deserve. The still more accurate mea- 
sures of Fernel and Norwood have received sufficient 
attention. As specimens of attempts made before 
good instruments were invented, or refined theories 
formed, they are curious ; and their results are not su 
inaccurate as might, at first sight, be expected. But 
the great principle of triangulation was then unkuown ; 
and little reliance can be placed on the measures in 
which this was not adopted. We shail commence with 
a general account of the methods followed in those 
measures in which triangulation has been used. 

The first part in order of calculation (though not 
always the first in order of time) is the measure of a 
base. The method which has generally been pursudd 
is something like this. The extremities being chosen, 
(the requisites of which are, a sufficient distance, as four 
or five miles on a pretty level plain, and the power of 

VOL. V. 


ment, is placed at one extremity, and an observer, by —"\~™ 
means of it, is enabled to direct an assistant to fix Prepara- 


stakes in a straight horizontal line, or rather in a ver- 
tical plane, on the whole length of the base line. These 
serve as guides in the actual measure. The base is 
sometimes measured roughly with a common chain, to 
prevent any serious error of omission in the subsequent 
measure, and to point out the places at which it is 
necessary (in some methods) to fix posts for the accu- 
rate measure. 

For this purpose fir-rods were universally employed till 
the commencement of the English survey. From some 
experiments made by General Roy, it appeared that 
they were sulject to considerable alterations of length 
from moisture; they were laid aside, and glass tubes 
(and ultimately a steel chain) employed. But the 
reader must not suppose that these alterations had 
never been observed before, or that the buse-measures 
anterior to this time were affected by the errors which 
they would occasion. It was usual in the former mea- 
sures to keep an iron rod of a toise (a little nore than 
a fathom) in length, as the real standard, and to com- 
pare it several times a day with the wooden rods with 
which the work was actually performed. As the length 
of the rods in general was several times that of the 
iron toise, brass pins were fixed at distances as nearly 
as possible equal to the length of the standard, upon 
which fine dots were made. The comparizun was made 
by means of beam-compasses, (a long rod having at 
one end a fixed point perpendicular to its length, and 
at the other a point attached to a frame movable along 
the rod by means of a micrometer-screw.) The beam- 
compasses being so adjusted by the standard, that the 
distance between their points was exactly a known 
length, the fixed point was applied to one of the dots 
on the wooden rod, and if the movable point would 
not touch another it was moved by the micrometer- 
screw till it came in contact, and thus the difference ox 
length was ascertained with great accuracy. This con- 
tinual comparison was very troublesome, but we appre- 
hend that little has been gained in point of accuracy 
by the use of the subsequent methods. When this was 
done, it is plain that the measured length was the same 
as if it had been effected with the metallic standard; 
and, consequently, the same corrections for the expan- 
sion or contraction of the metal from change of temper- 
ature were necessury. 

Several rods being provided, they were sometimes 
laid on the ground, but more frequently were eupported 
on trestles. The end of the first was adjusted to the 
extremity of the base by a plumb-line ; the others were 
in some instances brought in contact; but more 
frequently they were placed so as to leave a small in- 
terval, which was measured by a small graduate! 
tongue or slider attached to one, and which was moved 
till it touched the next. Sometimes all were placed 
horizontal by a carpenter’s square, or a spirit-level ; 
then, if the ground was not level, it was necessary to 
suspend a plumb-line from the extremity of one, and to 
make it pass over a given point of the next Some- 
times they were inclined so as always to bring the end: 
in contact; then the inclination was measured, and 
allowance made for it afterwards. One principle was 
adopted in every instance, (except that of the English 
chain-measure,) that at least two rods should be in their 
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places when a third was applied. Of the different methods, 
we cannot say that any one is preferable to the others. 
The are being thus measured, and the reduction for 
inclination applied, (if the rods were inclined,) and the 
correction for temperature being also applied, we have 
the sum of a series of lines similar to the short lines in 
fig. 22, measured with the standard bar at the standard 
temperature. Each of these lengths ought now to be 
reduced to the projection on some surface (the level of 
the sea has always been chosen) by lines drawn in the 
direction of Gravity. If r be the Earth's radius or the 
radius of the surface of the sea, (which is known nearly 
enongh,) A the elevation, the measured lengths must 


, orl — = ,orthey 





“4s . r 
be malkipiies by the fraction rk 
must be diminished by the part . of the whole. Ifthe 


surface slopes uniformly, the mean height may be 

tuken; if it is very irregular, it may be divided into 

several parts. The reduced length a 6, fig. 22, of the 

base A B, is now found; if ihe length of the chord be 
3 


required, it is easily found by subtracting a 


The signals at the principal stations have generally 
heen flagstaffs, poles supported by piles of stones, 
pyramids of wood, broad plates of wood or metal with 
a hole through which the sky was visible, or Bengal 
lights ; placed for the purpose on the same spot as the 
instrument with which the angles were observed. Some- 
times advantage has been taken of church spires, wind- 
mills, &c., near which the quadrant or theodolite could 
be placed; a reduction is then necessary, to make the 
angle such as it would have been if the instrument had 
been placed exactly on the signal. Thus, in fig. 23, 
snppose E and F signal stations, from which the signal 
G has been observed ; the instrument cannot be placed 
at G but is placed at g; the length Gg, and the angle 
G gE, GgF, are observed. The real angle EG F is 
greater than the observed angle Eg F by GF g—GEg. 


And sin GF g = s sin Gg F, which is easily calcu- 
lated, as an approximate knowledge of G@ F is sufficient. 
Similarly G Eg is calculated. Thus the angle is found 
which would have been observed at G. 

The instruments which have been used for measur- 
ing the angles are quadrants, theodolites, and repeating- 
circles. When we consider the various errors to which 
quadrants are liable, it seems strange that the use of 
whole circles should not have been sooner introduced. 
But these evils (like most others) can be evaded if 
sufficient labour is bestowed upon them. The principal 
errors to which they are liable are, inequality in the 
parts of the graduation; and eccentricity, by which a 
further apparent inequality is created, and the propor- 
tion which the whole arc bears to the circumference is 
vitiated. The last defect was discovered and measured 
by placing the quadrant in a situation where the horizon 
was clear, and observing the apparent angular distance 
from an object A to another B, from B to C, and so cn 
to A again, when the sum of all ought to equal 360°. 
The first was found by measuring the same angle on 
different parts of the quadrant, or by some equivalent 
method. When these points were attended to, we 
doubt whether the defects peculiar to the quadrant pro- 
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duce errors of any importance. The English theodo-  Meridiss 
lite and the French repeating-circle are undoubtedly Measures. 
superior, chiefly because the art of making instruments - 
is improved. In respect of arcuracy we should be 

inclined to prefer the theodolite ; but the portability of 

the repeating-circle is a most valuable quality, espe- 

cially in the survey of a mountainous country. 

With the quadrant and the repeating-circle, the angle Angies re 

contained between two signals was observed ; with the ae ei 
theodolite, the horizuutal angle was observed, and not iacles: 
the angie actually subtended by the signals, except both 
were in the horizon. In some of the earlier surveya, 
the true angles, unreduced, were used, and the length 
of the opposite sides was calculated, and this process was 
continued through the whole chain of triangles. For 
the subsequent calculations, however, it was necessary 
to reduce them to horizontal angles. Here it is plain 
that the sides of the triangles were the actual lengths 
from one station to another, measured in straight lines, - 
which would be in general inclined to the horizon. But 
in most instances the observed angles have been reduced 
to horizontal angles by the approximate method givea 
in Triconowetay, art. 191,; sometimes by rigorous 
calculations of the triangle, whose angles are at the 
zenith, and the two signals. Then the triangles were 
ge:.erally calculated as plane ones. The accuracy of oyjculation 
the English survey made the difference between plane of triangies. 
and spherical triangles sensible; and the English re- 
duced the spherical triangle to a plane one, whase sides 
were the chords joining the stations, or rather the pro- 
jections ofthe stations on the spheroid, whose surface 
is the level of the sea, by the formula in TrRigoNoMETRY, 
Art. 182. The French calculated the triangles by 
Legendre’s formula, given in Trrgonometry, Art. 183. 
The first of these methods has been used in the whole 
of the English survey, and in that of India; the second 
has commonly been employed on the Continent since 
the year 1780. The spherical excess, it must be ob- 
served, is the same on a spheroid as on a sphere, where 
the latitudes and difference of longitudes of the stations 
are the same; of this we shall give a demonstration 
when we treat of the determination of differences of 
longitude. 

The next step is, to determine the direction of one 
of the sides with regard to the meridian. The general 
principle is this. ‘The error of a clock or chronometer 
with respect either to solar or to sidereal time, may be 
found by means of a transit-instrument, or by observa 
tions of equal altitudes, or by absolute altitudes if the 
latitude of the place be well known. It is easy to cale Detezmiua- 
culate the azimuth of a star or the Sun at any given tion of az- 
time; aud, consequently, (the clock-error being known,) ™¥th of one 
at any given clock-time. And if the star or sun be =e 
uscd when near the horizon, the angle made with 
another object will not be much affected by the uncer- 
tainty of refraction. Ata signal station, therefore, the 
angle made by another signal with some celestial body 
near the horizon is observed, and the time noted; by 
applying the clock-error the true time is found; the 
azitnuth at the instant is calculated ; and‘by adding or 
subtracting the observed angle the azimuth of the 
station is found. The Sun, at rising or setting, or some 
cjrcumpolar star, as Capella, passing the meridian 
below the Pole, has generally been used. ‘The azimuth 
of Polaris, at its extreme digressions, has been observed 
with a theodolite; or the distance of Polaris from a 
signal, ~hen apparently nearest to it or furthest from it 
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with a repeating-circle. The former method requires 
extremely good adjustment of the theodolite; the 
latter, a very precise knowledge of the latitude and the 
refraction. The following method seems preferable 
where it is practicable. A temporary mark is fixed as 
nearly as possible in the meridian. A transit-instru- 
ment is adjusted upon it, and the transits of stars at 
different Polar distances are observed. ‘The deviation 
of the transit-instrument, or the azimuth of the mark, 
can be determined thus with extreme accuracy. By 
means of the theodolite or repeating-circle, the angle 
between this mark and one of the signals can be ob- 
served, and thus its azimuth can be found. The Baron 
de Zach has suggested the observation of what he calls 
circum meridian observations of the Sun. When the 
Sun is near the meridian his motion in azimuth is nearly 
uniform, and can easily be calculated. Repeated ob- 
servations can be made; and the time being noted, his 
azimuth can be calculated more easily than when he is 
in any other part of his course. It is necessary that 
the clock-error be determined by transits of the Sun; 
for the Solar Tables (Delambre’s or Carlini’s) are not 
sufficiently exact to give his azimuth at a time deter- 
mined by transits of stars, and the observation of equal 
altitudes is not sufficiently accurate. If night-signals 
can be used, the observation ofa circumpolar star under 
the Pole would possess the same advantages without 
the same liabilities tu error. 

We are now able to calculate the distance of the 
parallels which pass through the extreme stations of 


‘the chain of triangles. This, in the light in which we 


have considered these measures, is the sole object of 
the survey; but in point of fact nearly all the measures 
of arcs have been parts of surveys for mapping the 
country. Perhaps it is owing to this circumstance that 
the method of parallels and perpendiculars has been so 
much used. In the first extensive survey of France 
(of which Picard’s arc was the beginning, and the arc 
measured and remeasured by J. Cassini and Cassini 
de Thury a continuation) an imaginary meridian line 
was drawn through Paris, and lines perpendicular to it 
were drawn across the kingdom at intervals of 60,000 
toises, and chains of triangles were carried as nearly as 
possible along them ; which were the foundation of the 
grand survey of France. In the English survey, meri- 
dian lines were traced through eight of the principal 
stations; and though the course of the triangles was 
not particularly directed by them, the places of all the 
stations were referred to them. It is plain that no 
method of determining the situation of a place could 
be more convenient than to give the distance from the 
fundamental point along a given line to the fuot of the 
perpendicular passing through the point in question, 
and to give the length of that perpendicular; it is in 
fact the same as giving the rectangular coordinates r 
and y of the point. It is also convenient for the meri- 
dian measure. The only point of importance to be 
attended to is, that the perpendiculars be not so long 
that the difference between the spherical length of the 
sides, ane their length when projected on the tanzent 
plane, (or rather the tangent cylinder, which touches 
the sphere in the line to which the points are referred) 
become sensible. This was secured in the mapping 
surveys by using several lines of reference instead of 
one; and in the chain of triangles used for a meridian 
measure there is no fear that the perpendiculars will be 
too long. 
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Now let fiz. 24 represent such a chain of triangles 
with the perpendiculars drawn from the stations upon 
the meridian passing through A one extremity. ‘The 
length of A B, and its azimuth, (or the angie BA 4,) 
are known, and therefore, Ad and 6B can be found; 
and similarly Ac and c C. Through B draw g Bh 
parallel to 6A. The angle ABA is equal to BA 8, 
and CBA and CBD have been observed; hence 
DBg=ABh+CBA+CB D — 180° is known. 
Also DB is known; -and hence D g and g B can be 
calculated. Adding D g to gd or B 6, which has been 
calculated, we have Dd; and adding g B to 5A we 
have Ad. These can also be determined from the 
position of C by the length and direction of the line 
CD; and if the two results differed it would be proper 
to take the mean. Then the meridian distance aud 
perpendicular for F, would be found from those at C 
and D; and so on tothe end. It must be observed 
that g B A’ is not the meridian passing through B, and 
therefore D Bg is not the azimuth of D as seen from 
B; it differs from it by an angle termed the conver- 
gence of meridians, of which we shall speak hereafter, 
We may also remark that there is no inconsistency in 
taking into account the spherical excess, while we neg- 
lect here the difference between the lengths of lines on 
a sphere or spheroid, and the corresponding lines on a 
cylinder; the former varies, ceteris paribus, as the 
square of the sides, and the latter as the cube, and 
therefore, when the triangles are very small in compa- 
rison with the Earth’s radius, the latter is smaller in 
proportion to the quantities retained than the former. 

Now let F be the last of the stations, The distance 
Af is not the distance between the parallels passing 
through A and F, For produce Af to P the Pole of 
the Earth, and describe a small circle, F f’, of which P 
is the centre. Then A/’ is the real distance between 
the parallels, and f/f’ must be subtracted from the 
ascertained length Af ‘This quantity may be calcu- 
lated in the following manner. Ff is part of a great 
circle, (since it is pruduced in a vertical plane,) Ff” is 
part of a parallel. In fig. 25, we have represented the 
chain of triangles on the surface of the sphere, or sphe- 
roid; with the plane of the great circle F fG M, and 
that of the small circle Ff’ GN, intersecting in the 
straight line FmG. Fig. 26 represents the plane of 
the circle PA; mis the point at which the radius of 
the great circle and the small circle intersect. Now 
Sfi=mf.tnfmfomf.tanfKe=m f. tan 
latitude of f; or = m/*. tan latitude of F (the ditference 
being very small.) But m/f is evidently the versed 
sine of the arc of F fto radius K f, and therefore 


___FA 


~~ Barth’s diameter ° 


consequently, ; _ 
F f lp . tan lat. o 
{f= Earth's diameter — 


We believe that this would be the easiest way of mak- 
ing the calculation. But it has generally been done 
thus. From the approximate knowledge of the Earth’s 
dimensions find the arc of a great circle in degrees and 
minutes corresponding to the length Ff Consider 
PF fas a right-angled spherical triaugle, of which the 
side Pf will be determined by this formula, 
cos PF 
cos Pf = cos Ff 


(Trtaonomerey, Art. 105.) 
2p2 
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Take the difference between PF and Pf in degrees, 
and from the assumed radius of the Earth convert it 
into fathoms. This method appears troublesome, it 
requires logarithms of 7 places; that above would not 
require logarithms of more than 4 places. 

We may now easily see what is meant by the con- 
vergence of meridians. In fig 24, or 25, join PF by 
an arc of great circle. Then PF is not perpendicular 
to Ff, and therefore in fig. 24 it is not parallel to Pf 
The angle is easily found by solution of the same sphe- 


sa tan Ff 
rical triangle, P Ff, thus, cos PF f = tan PF’ 
nomETRY, Art. 109.) If now (as frequently happens) 
the azimuth of B had been observed at A, and that of 
E at F, and it was desired to know how nearly one 
coincided with the result calculated from the other, the 
process to be used would be this. Since fF E is 
known, (by the antecedent calculations,) and A F fis 
known, (by the solution of the spherical triangle just 
given,) their sum PFE is known; and this is the 
angle to be compared with the observed azimuth. 

The method invented by Delambre, and used in the 
measure of the French arc commenced in 1792, and in 
must of the continental surveys since that time, is cer- 
tainly more elegant, and, perhaps, in some respects, more 
convenient than that which we have described. The 
triangles were calculated as spherical triangles, and 
therefore the spherical excess was computed for no other 
purpose than to discover the sum of the errors in the ob- 
servation of the angles. When the side a, and the two 
adjacent angles B,C, of a triangle are known, and its 
area roughly calculated, from which the spherical excess 
zis found, then A = 180 + rx — B —C, and 

: Sina.sinB os Sina. sinB 
ae sinA ° me sinA ’ 
where by Sin @ we mean the sine in the circle whose 


Sina 

ve - 

Now Sin a = a—- ; 
a 


(Taico- 





radius = R= Earth’s radius. 

and a is a quantity whose logarithm is found easily 
Sj 

from the common tables, and log —— is a quantity 


that varies very elowly, and can be taken from a very 
small table constructed for the purpose. Now the 
general problem is this. Given the Earth’s dimensions 
to tolerable accuracy, the length of AB, fig. 27, the 
angle P AB, and the latitude of A, to find the differ- 
ence of latitudes of A and B, the distance of the 
parallels, the difference of longitudes, and the angle 
PBA. Draw AQ the normal at A, BS that at B. 
As the Earth’s forin is not spherical, these normals will 
not (in general) meet the axis P S in the same point. 
Join BQ, AS; and suppose that a sphere described 
from the centre Q with radius 1, cuts the lines QP, 
QA, QB, in p,a,5. The angle at P, or the difference 
of longitudes will he the same as the angle at p; that 
observed at A will be the same as that at a, since each is 
the inclination of the planes AQP, AQB; but the 
angle observed at B will not be the same as the angle 
pha. For suppose the angle measured with a theodo- 
lite; its axis must be vertical: that is, it must be in 
the direction BS; consequently the angle which it 
measures is the angle made by the planes BSA, BSP; 
whereas p ba is the angle made by the planes BQA, 
BQP. We have now to inquire, Are the planes 
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BS A, BQA, equally inclined to the plane BPQS? Meriden - 


In general they are not; but we cun investigate their 
difference thus. Draw Aa' perpendicular trom A on 
the meridian plane P B; and from a’ draw a's’, aq, 
perpendicular to BS, BQ. This is more clearly re- 
presented in fig. 28. Then the plane Aa’ # is perpen- 
dicular to BS, and therefore the tangent of the angle 


, 


shectved ar Disses. 


ay Similarly the tangent of the 


4 
angle pba is — ao. Hence tan pba = tan angie 


ag 
at B x a These will he absolutely equal when 
a'q' = a'#; or when the elevation of A actually ob- 
served at B is equal to the depression which would 
be observed if the axis of the theodolite were in the line 
BQ; that is, if A be very near the horizon of B. The 
error of the assumption, that pba = the angle ob- 
served at B, depends therefore entirely on this cireum- 
stance, that a perpendicular at A, when observed at 
B, does not appear perpendicular. This, however, is 
not discoverable by the senses when assisted by the 
best instrument; and, therefure, we may at once 
assume that pba is equal to the azimuth of A as 
observed at B. Now, in the spherical triangle bap, 
we have given pa = colatitude of A; bap = observed 


azimuth; a3 = + wnose determination therefore 


requires a knowledge of A Q as well as of AB (if the 
form be assumed to be elliptical AQ = P V, in fig. 10, 


CN at 


= es = b(1 + 2e —ecos*d), 
a/a® cos* \ + 6*sin*® X 

if we neglect powers of the ellipticity) and a small table 
of the value of log AQ at different latitudes must be 
made : it varies very slowly. ‘Then solving the triangle 
as a spherical triangle, for which the method in Triao- 
NowetTrRy, Art. 186. was generally used hy Delambre, 
and is shorter than the accurate computation, we have 
the azimuth PBA= pba; and the distance a b” of 
the parallels passing through @ and 6; whence the 
distance A b' = AQ xX ab" isfound. For a survey of 
meridian lines these two determinations (the azimuth of 
A as seen from B, and the distance in linear measure 
between their parallels) are all that are necessary ; but 
as it is always desirable, and in mapping necessary, to 
determine the latitudes and longitudes of the stations, 
on assumed dimensions of the Earth, the following 


Distance of 
parallels 
calculated. 


must also be calculated. The difference of longitucles Difference 
BPA, which is the san.e as bpa; and the difference of longi- 
of latitudes, which is obtained by dividing the distance — and of 
between the parallels by the radius of curvature of the oo ited 


meridian at the middle point, or (in the ellipse) 











b at 
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We will remark here, once for all, that the theory of 
the shortest lines that can be traced on an ellipsoid 
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ie Es ef between two points has no application to the sides of 


* Geodetic triangles, as some writers have supposed. 
—— The lines ave determine the azimuths, &c. are the 
lines which represent the rays of light passing from 
one signal to another; and light does not move in the 
shortest curves that can be traced on ellipsoids, but in 
Theory of straight lines. In consequence of this, (as may be ob- 
saortest = served in the theory just given,) the truth or falsehood 
tines does of some of our propositions will depend on the relative 
Gente " elevation of the signals. And in all the more delicate 
theorems, parts of the theory, we must consider the signals as 
being elevated above the curved surface. Thus 
Delambre treated the subject; aud thus it had been 
treated long before in some masterly Papers by Dalby, 
in the Phil. Trans. for 1791 and 1795, which are tran- 
scribed in the first volume of the Account of the Trigo- 
nometrical Survey. If we chuse to take into account 
the terrestrial refractiou, and to suppose that refraction 
always bends the light towards such a shortest line, we 
ought to correct our results by about -;th of the dif- 
ference between them and those ubtained by the theory 
that we have rejected; but such u refinement would 
be ridiculous. 
Determina- We have here given every thing necessary for deter- 
tion of dif- mining the distance between the parallels passing 


ference of through the extreme stations of the chain of triangles ; 

oe and the Geodetic part is completed. We now come to 

* the Astronomical determination of the latitudes at the 

extreinities; a determination on the accuracy of which 

the exactness of the whole operation depends, and whose 

difficulties far exceed all the difficulties of the other 
determinations ! 

From the description of the general principle which 
we have given in the Ist section, and from the for- 
mulze in the II[d section, it will appear that if the dif- 
ference of latitudes of the extreme stations be accu- 
rately determined, the radius of curvature at the middle 

Awall «Point will be known ; and, if a small error be committed 
error in tne in fixing on the absolute latitudes, (from which the 
ibsolute latitude of the middle point is found,) it will have 
es no sensible effect on the resulting dimensions of the 
sean coe” = Earth. For if we take the expression which gives the 


ellipticity by comparison of two measured arcs, 
A B 


(Vv — Dd) sin 1” — Cu’ — pw) sin 1” 
v 
3 b{ sin? ce int 
2 2 
in which the numerator is certainly small, and the 


denominator is not generally small, it is evident that 
the value of the denominator will not be much altered 





e= 
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Vv +r 
by a small alteration in ; forinstance, if 





2 


would only alter the denominator 





an error of 1 in : > 


from 36 sin*45° to $b sint 44°59’. But an error in 
 — 2» will produce a very serious effect in the nume- 
rator; as if \’—A= 1°, an error of 1’ will alter 


A A 


cee ties A 
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A Meridian 


increase it by Path part ; and if (= A) sin 1” exceeds Measures. 


oa aoe 
it wi error 
Gv —pysin 77 Y Only ydqth part, it will from the i cig,” 


effects of the error exceed it by y{,jth part, or the Se cos 


resulting ellipticity will be seven times a» great as be- important. 
fore. In estimating, then, the accuracy of the observa- 
tions for determining the latitudes, we have no need 
to inquire into the exactness of the determination of 
the absolute Jatitudes, but only into that of the difference 
of latitudes. 

The instrument with which the difference wus com- 
monly determined in the surveys previous to 1787 is 
the zenith-sector. With this instrument the zenith-dis- 
tance of stars that pass near the zeuith can be ascer- 
tained with great accuracy. At the two extremities of 
an arc the same stars were observed at their meridian 
passage; and, without any knowledge of their declina- 
tion, the difference of their zenith. distances was found ; 
which is equal to the difference of the Astronomical: 
latitudes. As much of the credit of several of the mea- 
sures depends on the capability of this instrument, we 
shall give a general description of it, aud of the method 
of usivg it. In fig. 29, AB is a bar of iron with a General de 
cross-piece C D, the whole in one piece. ‘The top, A, scription of 
is formed in such a way that the instrument can be the zenith - 
turned half round in azimuth when suspended at the °° 
top, and that the bottom can be moved freely in the 
directions DC, or CD. It might be made as repre- 
sented in the figure; or it might move on a hinge for 
its ordinary motion, and in a swivel for its azimuthal 
motion. ‘The bracket, or other support, E, on which it 
rests, is attached to some firm part of the building. 
To the bar, AB, is firmly attached a telescope, FG, 
At a point, a, near A, is attached a plumb-line, @ H ;~ 
sometimes it is fastened at a point of attachment which 
is movable, in order that, by moving the point of sus-- 
pension, the plumb-line may be made to pass over a 
fine dot at a The limb, CD, is graduated, sometimes 
on a circular arc, of which @ is the centre, and some- 
times on a straight linee LD is a screw passing 
through a block strongly connected with the floor, and 
acting with its point against the end D of the piece 
CD; and MN O is a string and weight pressing the 
sector against the point of the screw.* ‘The method of 
using it is this. By transits, or equal altitudes, a clock 
is regulated to solar or sidereal time; and then, the 
time at which celestial bodies pass the meridian being 
known, the meridian line is easily found with tolerable 
correctness. A cord is stretched across the room, and ywethod of 
this serves well enough (as great accuracy is not neces- using the 
sary) to direct the astronomer in fixing guides which zevith-eec 
will compel the sector to move in the direction of the © 
meridian. When a star is to be observed, the screw 
L D is turned till the plumb-line falls exactly on some 
point, K, of the graduation, such that the telescope is 
very nearly directed to the star; and the number of 


* It will readily be understood that this description, aad the figure 
belonging to it, are intended to illustrate only the general principle 
of this instrument, and that most of the details, which can be sup- 
plied without difficulty by those cunversant with instruments, are 
wholly omitted. For in-tance, the screw generally acts in a mov- 
able piece which is clamped in any convenient position, so us to 
diminish very much the range of the screw. The coustruction repre 
seated in the figure is probably the worst form in which the instru. 
meut has ever been used 
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duced in their place.* And from ‘merely reading the Mendis 
French Works on Astronomy, or almost any other Measures 
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of turns and fractions of a turn (as shown by’ a scale and 
the Kerth. divided head, not represented in the figure) are read. 


===" When the star enters the field of view, the screw is 


Reversion 
necessary. 


" genith-sector and the repeating-circle. 


again turned, till it appears to glide exactly along the 

wire fixed in the focus of the eye-glass, and the turns 

and parts of a turn again The motion of the 

screw being thus ascertained, its value in degrees and 

minutes is to be added to the value of the graduation, 

ae and thus the apparent zenith-distance of the star is 
und. 

Now, it is evident that this is not the true zenith-dis- 
tance, except the place of the division 0, be quite cor- 
rect. It is impossible to insure this; but it is easy to 
see, that if the instrument be turned half round in 
azimuth, and the same observation made, the apparent 
zenith-distance will be just as much greater than the 
true, as in the former observation it was less. The 
mean of the two determinations will be the true zenith- 
distance. 

For accuracy it is indispensably necessary, that the 
telescope F G preserve the same position with regard 
to the frame in the observations before and after rever- 
sion. In the best sectors this has been secured by 
omitting the bar, A B, entirely, and attaching the limb, 
C D, to the tube of the telescope. In several, instead 
of turning the screw, LD, to bring the wire upon the 
star, the wire is moved by a micrometer-screw within 
the telescope. And insome, a graduated scale slides ina 
groove on the arm, C D, and when the instrument has 
been moved till the star glides along the middle wire, the 
scale is moved by a micrometer-screw till a division is 
brought under the plumb-line, and the reading of the 
micrometer-head is then registered. 

We request the reader to notice the construction of 
this instrument, because all the discordances between 
ancient and modern measures on the same line, appear 
to be owing to the difference of determinations with the 
We confess 
that to us it appears impossible, when the instrument is 
made with any reasonable care, that the error in its 


Science, published early in the present century, one 
might almost imagine that it was impossible to make 
an Astronomical or Optical ohservation without a repeat- 
ing-circle. This instrument, however, was never much 
used by Enylish observers. This has been remarked 
by M. Littrow, (in Zach’s Correspondance Astrono- 
mique,) with the commentary, “the English are a prac- 
tical nation ;” which we believe to be the true exple- 
nation. 

One of the first observations which shook the credit 
of the repeating-circle occurred in the course of the 
French survey of 1792. In consequence of the break- 
ing out of a war between France and Spain, Mechain, 
who undertook the survey of the Southern part of the 
chain, was detained in Spain. 
the latitude of Fort Montjouy, about a mile from Bar- 
celona, and he now wished to repeat the observations ; 


but as he was not allowed to enter the fort, he observed Montjouy 


the latitude of Barcelona, and connected it by a small 
triangulation with Montjouy. The latitude of Mont- 
jouy, thus obtained, differed more than 3” from that 
found by observation at the place. The chagrin which 
he felt after attempting in vain to reconcile these ob- 
servations, undoubtedly contributed to accelerate his 
death. It was not till the nature of the instrument 
was better understood that Astronomers had it in their 
power to explain this apparent inconsistency. 


It is now universally acknowledged, that all repeating- Constant 
circles are liable to an error which cannot be removed error of re- 


by any number of repetitions, and which, on that 
account, is called the constant error: ‘‘ constante toute- 
fois jusqu'da un certain point: car il suffit souvent de 
transporter (instrument dun lieu dans un autre, ou de 
le démonter, pour produire un changement dans le 
rapport matériel des piéces, et par suite une variation 
dans la quantité de Cerreur.” We cite this 

from an interesting Memoir by M. Nicollet on the dis- 
cordances above mentioned, in the Additions to the 


Advantages results can be at all serious. The stars observed are Conn. des Temps, for 1831. It contains nearly all that 

of this ip- in a part of the heavens where the tremor and dancing, is known upon the subject ;f for the causes of the error 

strument. which generally affect stars in other positions, are sel- are still in obscurity. We beg to refer the reader who 
dom seen; there is no uncertainty about the effects of wishes to inquire more accurately into the nature of 
refraction ; the telescope and the whole instrument are the repeating-circle, to a Paper by Mr. Troughton in 
not subject to flexure; the variation of temperature the Ist volume of the Memoirs of the Astronomical 
produces no sensible effect. We may be excused for Society. The only mode of observation which appears Probable 
reminding the reader, that not only the existence but to be a probable, but not certain, method of removing method of 
the magnitude of aberration and nutation were dis- the error is, if the latitude of a place is the result obviating us 
covered by means of a zenith-sector, and that subse- sought, to observe the zenith-distances of stars passing 
quent observations have added little to the accuracy of the meridian at nearly equal distances on both sides of 
the determination. the zenith; the mean of the results will probably be 

History of | The repeating-circle was invented late in the last near the truth. 

te ee century, and was first introduced to the notice of | To make this more intelligible we shall give a short 


the scientific world by its employment in the French 
part of the survey for connecting the Observatories of 
Greenwich and Paris. It was again used in the mea- 
sure of the arc from Dunkirk to Barcelona, conducted 
by Delambre and Mechain. From this time, it attained 
among the French a degree of popularity which can 
hardly be imagined. The minds of Philosophers, not 
less than those of Politicians, seem at that period to 
have been distracted with the idea of obtaining every 
thing desirable by the application of one sweeping 
principle. They imagined that the effects of errors of divi- 
sion and errors of observation might be entirely destroyed 
by revetitiun, and that no new error would be intro- 


* It is said to have been the opinion ofa celehrated French Mathe- 
matician engaged in the survey of ]787, that it was no longer neces- 
sary to bestow any care on making the triangles well-conditioned, as 
all possibility of error in the angles would be removed by the use 
of the repeating-vircle. 

+ In the Exposé des travaux relatifs a la reconnatsance h 
graphique des cotes occidentales de France, p. 86, M. Daussy thinks, 
that the constant error in observing horizontal angles is proportional 
to the angle. In some cases, however, he admits that the observed 
angles could not be corrected by this hypothesis. The Baron de 
Zach (Correspondance, vol. ii.) mentions a repeating-circle with 
which the observed angles decreased continually ; and facetiously 
insinuates, that if he had continued the repetition of observatiogs al 
a right anote for several years he should have reduced it to nothing. 


He had before observed Discord- 
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‘Figure of acceunt of the mode of observing with this instrument. 
we Earth. Figs, 30 and 81 represent it as used for finding the 
eRe’ angular distance of two objects, A and B, in any posi- 
observation ti0U8 (the stand, &c., being omitted for clearness.) 

~ Both telescopes are movable on the circle, which is 
‘epeating- gtaduated on one side only; and the telescope on that 
circle, side carries one, or (more generally) four verniers. 
Suppose now in fig. 80, C, the telescope on the gra- 
duated side, is directed to the object B, and D, the 
other telescope, is pointed to A; in this state the ver- 
‘nier or verniers of C are read off. Then the whole 
Circle is turned in its plane till the telescope D (which 
remains clamped to it) is directed on B; and the 
4elescope C is then released and turned, while the circle 
remains fixed, till it is pointed to A. It is plain that 
.C has been turned through an angle equal to twice the 
angle sought. Now the whole circle must be turned 
again till C points to B, and D must be turned till it 
points to A. Then the circle must be turned again till 
D points to B, and C must be turned till it points to 
A; when C will have been turned through four times 
the arc; and by a repetition of this process the arc can 
be multiplied any even number of times. The general 
rule is, to move the circle only in one direction, and 
the telescopes only in the opposite direction. Two 
observers are generally necessary. It is necessary to 
read the verniers only at the beginning and the end, 
except it is wished to ascertain whether the angles are 
generally equal. 

For observing senith-distances of stars, advantage is 
taken of a spirit-level attached to the telescope D, and 
the telescope C only is used. The verniers of C are 
read, and then the whole circle is turned in its plane 
till C is pointed to the star S; and D is moved on the 
circle till the bubble of the level E is either in the mid- 
dle, or is so near it, that by the divisions of the level- 
scales the error can be accurately estimated. Then the 
instrument is turned half round on its vertical axis, so 
that, in fig. 33, the face presented to the reader is the 
ungraduated face; and (if necessary) the circle is 
moved till the level-bubble is in the same position as 
before, or else the error is noted Then leaving the 
circle and D fixed, C is released and again pointed on 
the star; after which it is necessary to look to the 
adjustment of the level. C has now described an 
angle equal to twice the zenith-distance. This (as be- 
fore) can be repeated any number of times; the motion 
of the star in the mean time must be calculated from 
theory. The correctness of the whole depends on the 
goodness of the level. If the bubble is kept always at 
the middle, two observers are necessary, one to luok 
through the telescope, and the other to attend to the 
level. If the level-scales are read every time, a single 
observer is sufficient. We prefer this mode, not only 
as requiring fewer persons, but also as being more 
accurate. | 

One circumstance which limits the use of the repeat- 
ing-circle is this. It is impossible to place the plane of 
the circle perfectly vertical. The error of verticality in 
most of the repeating-circles which we have seen* 
cannot be easily ascertained, (except by observing a 
star, alternately by direct vision aud by reflection from 
mercury, and marking the time and azimuth.) Suppose, 
now, in fig. 34, Z is the zenith, S the star, TS the 
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irele, 


© In some of Reichenbach’s repeating-circles provision is made 
for the application and reversion of a cross-level. 
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great circle representing the plane in which the circle Meridiay 
and its telescope move when the telescope is pointed to Measures. 
S. On reversing the instrument, ‘IT’S is the position of 

the plane. From Z draw Z'T, Z'T’, perpendicular to) sun 
TS, T'S. Tand T’ are the highest points of the cannot be 
circle in the two positions; and, consequently, ‘I’, or observed 
rather the point corresponding to it in the circle, is the with it. 
same as T in the other position, The telescope, there- 

fore, has been moved through ST -+- T’ S, or 2ST; 

and half of this, or S T, is the estimated zenith-distance. 

To find how much this differs from the true zenith-dis- 

cos ZS 

cos ZT’ we have 
cosTS—cosZS 1 —cosZT 
cos TS + cosZS ~~ 1 + cos ZT" 


tance, since cos TS = 


or 
tan TS+ZS ‘ tan Z3-—TS — tanrZ2, 
2 3 2 
or 
ap OS tT 2 ZS. tant 2 
2 2 
nearly. If ZS is small, this expression may become 
considerable. It is necessary, therefore, to avoid ob- 


serving stars near the Zenith, that.is in the part of 
the heaveas most favourable for observation. 
. The smallness of the telescopes attached to the re- ; 

° ° ese 6 tese- 
peating-circles diminishes very much the confidence scopes ofthe 
which we might else be disposed to place in them. The repesting- 
largest that we have seen is only 24 inches lorg. We circle very 
apprehend that the long telescopes of the zenith-sectors *™ 
made before the achromatic object-glass was invented, 
would give a better image ofa star. The telescopes 
attached to the repeating-circle used by Delambre® 
would not separate the double star ¢ Urse Majoris ; 
these two stars are distant 14” or 15”. With such a 
telescope, the minimum visibile is of course not very 
small. ‘‘ However an instrument may be constructed, 
or in whatever mauner it may be used, [ have no faith 
that it can give results nearer the truth than a quantity 
that is visible in the telescope.” This opinion we quote 
from Mr. Troughton’s Paper before cited; and we sub- 
scribe to it most heartily. 

We know not how fart the flexure of the telescopes Magnitude 
and the defects of the level are found to introduce of the com 
errors in the observations of zenith-distances from which ant error. 
observations of horizontal angles are free; but we 





® We copy this statement from the Memoir of M. Nicollet, Conn. 
des Temps, 1831, Additions. M. Nicvllet has also attempted to prove 
that the telescope attached to Mech:in's circle was unable to separate 
this star. This circle is now preserved in the Observatory at Milan, 
where (through the kindness of MM. Cesaris and Carlini) we lately 
had an opportunity of examining it, and of trying the telescope gee 
the star in question. It effects the separation perfectly well. We 
have since found in an anonymous Memoir of great ability inserted in 
the Philosophical Magasine for March 1829, that Mechain himself 
had with this telescope observed the star to be double, and had pub- 
lished this observation in the Monathche Corre zof Zach. 
This circle (made by Lenoir) appeared to us to be of very inferior 
workmanship. 

+ It is the practice of the ablest modern observers with the repeate 
ing-circle to determine the flexure of the telescope by observing the 
angular distance (through the zenith) between two opposite marks in 
the same straight line with the centre of the instrument, or between 
the wires of two collimating telescopes, which have been adjusted 
one on the other. Tne observed distance will be less than 180° by 
twice the effect of flexure. It is found in general that the flexure 
produces an error of several seconds. 
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should expect that such additional errors exist, and that 


tae Eartn. their magnitude is sensible. Now to give an idea of the 
=~” amount of errors in observations of horizontal angles, 


Methods 
pursued in 
J, Cassini's 
measure. 


we take the first triangle in the Operations Géodésiques 
et Astronomiquee en Piémont et Savoie, of which the 
angles were observed by a company of Piemontese 
officers, and by another company of Austrian officers. 









: 5 3 Angles found by 3 8 Angles found b 
Stations. 3a the Piemontese. a§ tbe Ansivana.” 
‘Ss 
Trélod .... 
Granier ... 


Colombier..| 6 |42 41 22.70) $3 |42 41 20.99 


Here between two values of the angle observed on 
Mont Granier. one of which is the mean of 80 obser- 
vations, and the other the mean of 48, we find a 
difference of more than 9’, A serious error, therefore, 
exists, which repetition has not been able to remove. 
But the fact is that the repetition was useless ; for the 
results of the different series agree extremely well, The 
smallest of the Piemontese results is 55° 26’ 40.0, and 
the greatest 55° 26’ 44”.5; the smallest of the Austrian 
is 55° 26' 50%.0, and the greatest 55° 26’ 52”, What 
kind of constant error existed in these instruments we 
can hardly imagine, since in the other angles the 
difference is of the opposite kind. It is true that this 
is (as far as we have examined) the worst of the trian- 
gles; itis true also that these instruments were not 
repeating-circles of the usual construction, but repeat- 
ing-theodolites of only eight inches diameter. But the 
points which we wish to impress on the reader remain, 
that repeating instruments are subject to an error which 
cannot be removed by any number of repetitions, and 
that the amount of this error is such as to make their 
results unfit to be put in competition with those of a 
good zenith-sector. Judging from the agreement of 
the observations with the same instrument in the in- 
stance given above, we apprehend that the smallness of 
the instruments has had no effect on the discordance of 
the results. 

We have treated at length on the relative value of 
the zenith-sector and the repeating-circle, because in 
some instances we shall find different amplitudes as- 
signed to the same arc, according as it has been observed 
with one or other of these instruments, and because 
some arcs which have heen absolutely rejected by 
writers on the Figure of the Earth will appear, when 
the nature of the instruments is examined, to be nearly 
as trustworthy as those which they have retained. It 
has been so much the fashion for some years (chiefly 
among French writers) to extol the repeating-circle, that 
we know no Work in which the relative merits of the two 
instruments are stated, to which we could refer the reader. 

We shall now mention individually some of the prin- 
cipal measures. 

In J. Cassini's measure, the bases were measured 
with wooden rods of 4 toises each. The angles were 
observed with a quadrant of 39 inches, and an octant 
of 86 inches radius. For the azimuth, the clock-errors 
were determined by equal altitudes, and transits of 
Capella below the Pole were observed. Some of the 
azimuths, however, were determined by observation of 
the Sun at rising and setting. The zenith-distances of 
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atars were observed with a sector of much are 
than that which we have described above. We think 
it unnecessary to allude further to this measure, as it 
gave no result which is of any use at the present day. 
In the Peruvian arc, the base was measured with 
greater care than had before been bestowed on that 
operation, but with less than would now satisfy Astro- 
nomers. The standard measure of France was an iron 
toise preserved in the Ch&telet; but it was so rough 
that a new standard was n $ and in fact that 
used in this measure, and called from that circumstance 
the toise of Peru has always been considered as the real 
standard. Wooden rods were used for the actual 
measure, and these were compared with the iron toise 
every day. Two at least were always in their places 
while the third was moved; they were always kept in e 
horizontal position. It does not appear that the ther- 
mometer was observed during the measure, but the 
observers compared the temperature by their bodily 
sensations with that at other seasons, which had been 
ascertained by the thermometer; and on this rough 
estimation, the allowance for the expansion was 
founded. The temperature to which the measure was 
reduced was 13° of Reaumur, or 6)3° of Fahrenheit. 
The expansion of the iron toise for 1° of temperature 
was found in the following elegant manner. The toise 
was mounted on knife edges so as to vibrate like a pen- 
dulnm, and another bar was similarly mounted so as to 
be synchronous with it at a given temperature. The 
air in the place containing the toise was heated, in 
consequence of which the toise lengthened, and, there- 
fore, vibrated more slowly than the other pendulum ; 
by observing the number of vibrations which elapsed 
before its vibrations coincided with those of the pen- 
dulum, the alteration of time of oscillation, and conse- 
quently the alteration of length, was found; it was 
O117 line for 1° of Reaumur. The length of the base 
was 6274 toises, 3 inches, and 2 lines; this was ob- 
tained by two measures which differed only 3 inches, 
one party beginning at one end, and at the same time 
another party at the other end. The South end of the 
base was 126 toises higher than the North; the base, 
and in fact the whole measure, was corrected so as ta 
refer it to the level of the lowest extremity of the base. 
The number of principal triangles was 38. The signals 
were heaps of stones, pyramids of wood, or tents; the 
angles were observed with quadrants of three feet radius. 
The triangles were first calculated without any redue- 
tion of the observed angles to horizontal angles, and 
thus the length of the base of verification appeared to 
be 5260.08 toises; its measured length was 5258.95. 
The angles were then reduced to horizontal angles ; 
as the apparent elevation of one signal from another 
was sometimes 6°, this was done not by an approxi 
mate formula, but by accurate computation of the 
spherical triangle. Then the triangles were again cal- 
culated, and the positions of the projections of the 
signals on the level of the lowest end of the base found 
by the method of parallels and perpendiculars. The 
azimuths were determined by observations of the Sun 
near the horizon ; there were iu all about 20 observa- 
tions. ‘The general direction of the chain of triangles 
made an angle of about 14° with the meridian, extend. 
ing from North-East tc South-West. It seems tha, 
Bouguer calculated the series considering the meridians 
through the different points (on account of the proxi- 
mity to the Equator) as perfectly parallel, while La 


Mendias 
- Measures. 


Methods 
used in tse 
eruvian 

measure, 


Expassion 
of standard — 
ascertained, 


Figure of 


FIGURE OF 


Condamine made allowance for the convergence of 


the Karth. meridians. La Condamine also thought it proper to 
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diminish the. calculated length half as much as the 
measured length of the second base was less than the 
calculated length. Finally the distance of parallels of 
the Observatories erected near the extremities of the arc 
was found according to Bouguer, 176,940 toises, accord- 
ing to La Condamine 176,950. 

The difference of latitudes was determined by obser- 
vations of a Aquarii and 6 Aquile, but more particularly 
of « Orionis. The sector which they carried out with 
them was of 12 feet radius, and had an arc of 30°, but 
they soon found the convenience and accuracy of re- 
ducing the extent of arc. The new arc they redivided 
in a very ingenious manner; and afterwards constructed 
another sector on the same principle. It was as follows. 
The zenith-distance of the star used principally at the 
Southern observatory was about 1°41’. Ifthe reader 
will consider the method of observing with the zenith- 
sector by reversion, as described above, he will find that 
it is only necessary to have two points on the limb 
settled with great accuracy (one on each side of the 
centre) whose distance is nearly 2 x 1° 41’, or 3° 22’. 
Now the chord of the arc of 3° 22’ 15” is 44th of the 
radits. To divide an assumed radius into 18 equal 
parts is not easy: but it is very easy, assuming the 
length of the chord, to multiply it 18 times, and thus 
form the radius. This they accordingly did; then de- 
scribing an arc of a circle, and taking on it two points at 
the assumed distance, the graduation was completed. 
The observation was made by moving the instrument 
till the plumb-line fell on the point, and a wire in the 
field of view of the telescope was then moved by a 
micrometer-screw, till the star was bisected. For the 
Northern observatory, the zenith-distance of the stars 
being less, they used in the same manner the are, whose 
chord = A,th of the radius. 

In the first sector the telescope was connected with 
the principal bar of the sector by supports of several 
inches in length. The connection appeared to be not 
sufficiently firm, and they reduced the length of the sup- 
ports. After numerous observations it still appeared 
that the telescope bent or deviated in some manner, and 
that no confidence could be placed in the instrument. 
At last Bouguer rivetted all the screws, and wrapped the 
bar and telescope round and round with iron wire. 
From this time the results were perfectly consistent. 

Another difficulty now presented itself. Ifthe same 
instrument were used to determine the latitudes of both 
extremities, as the apparent places of the stars would 
chauge between the observations, a perfect acquaintance 
with their apparent motions was necessary. But the 
laws and magnitudes of the newly discovered correc- 
tions for nutation and aberration were not then suffi- 
ciently known to enable them to calculate accurately 
the apparent places. But having constructed another 
sector, they determined on observing the same star 
simultaneously at both extremities. Bouguer accord- 
ingly went to Cotchesqui the Northern extremity, and 
Ia Condamine to Tarqui the Southern, and at length a 
satisfactory conclusion was obtained. More than three 
yearr, however, had been spent in determining the 
difference of latitudes. They fixed on 3°7’ 1”. 

One reduction remained. The length of the projec- 
tun of the arc on the level of the lowest station was 
found, but it was necessary to find the length of the 
projection on the level of the sea. To ascertuin the 
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height of the lowest station above the sea was difficalt, 
as the mountains between it and the sea were not 
visible at the coast on account of the constant fogs 
hanging on the forests below the mountains. At last 
they found that two of the peaks were visible from an 
island in the Emerald River; and they finally succeeded 
in ascertaining the height of the lowest station to be 
1226 toises. The length of a degree at the level of the 
lowest station according to Lacondamine was 56,770 
toises, and therefore at the level of the sea 56,749. 
Bouguer, however, made it 56,746; but he observed 
that this ought to be increased by seven toises on ac- 
count of the expansion of the iron toise when compared 
with the wooden measuring-rods. Delambre recalcu- 
lated this degree; he fuund the difference of latitudes 
to be 83° 7’ 3”; and the length of the degree 56,7387 
toises. 

We have the advantage of possessing different ac- 
counts of this survey written by persons, each of whom 
had made nearly enough of independent observations 
to obtain a result. They had calculated the observa- 
tions, each in his own way ; and their personal friend- 
ship was not so ardent as to prevent either of them from 
pointing out any thing unfair in the proceedings of the 
other. When to this we add that it was one part of 
their system to make no important observation, if 
possible, without witnesses, it will appear that this are 
is in all respects worthy of credit. 

In the Swedish measure conducted by Maupertuis, 
Clairaut, &c. the signals were commonly cones of barked 
trees, and the angles were observed with a two feet 
quadrant. The observed angles were reduced to hori- 
zontal angles. The azimuth was determined at Kittis 
(the Northern station) by observing the Sun’s transit 
over the vertical of the next signal, the clock being re- 
gulated by equal altitudes. At Tornea the azimuth 
was found by observing the Sun near the horizon. The 
arc was calculated by parallels and perpendiculars, and 
allowance was made for the difference between a swall 
circle and a great one. The base was then measured 
on the frozen river; eight rods were made each of four 
toises in length, and were compared with an iron toise 
(since called the toise of the North, and which had been 
compared with that used in Peru) at the temperature of 
15° of Reaumur or 653° of Fahrenheit. The rods 
were laid on the snow ; and two troops made indepen- 


dent measures which differed but four inches. The. 


length was 7406 toises 5 feet; whence the distance be- 
tween the parallels of the observatories was found to be 
55,023.4 toises. The sector for determining the differ- 
ence of latitudes was made by Graham. A detailed 
description of it may be found in the Dégré du Méridien 
entre Paris et Amiens ; it resembled, in most parts, the 
sector used by Bradley, now preserved in the Observa- 
tory of Greenwich. ‘lhe telescope tube (which was 
large and strong, and nine feet in length) was itself 
the radius of the sector; it carried a limb of small ex- 
tent, the graduation of which had been carefully verified. 
The whole was moved by a micrometer-screw acting in 
opposition to a weight, and care was taken that the 
screw should always act on the same point, The sector 
was not reversed, (according to the method of usin 

this instrument described in our general account of it) 
and thus the absolute zenith-distances of the stars ob- 
served «vere not determined. But as the same part of 
the limb was used in the observations of the sume star 
at the two stations, the difference of zenith-distances, 
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of 3 feet each, which had been compared at thetemper- Meridien 
ature of 14° of Reaumur, (68° of Fahrenheit,’ with a Measures. 
line of 10 toises traced in the salle de la Méridienne of "Vv" 
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Figure of and consequently the difference of latitudes, was found, 
the Earth. subject only to the error which might arise from disturb- 
ance in the relative positions of the telescope and the 


Reasous for 
retaining 
this mea- 
sure, 


limb. The firmness of the instrument, (which consisted 
of but one piece,) the care used in transporting it, and 
the agreement of the results obtained after two trans- 
portations, seem fully to justify the Acudemicians in this 
use of the sector. Before the measure of the base 8 
Draconis was observed at Kittis and Tornea, five times 
at each; the difference of latitude (neglecting refrac- 
tion) appeared to be 57’ 26.93. After the measure of 
the base a Draconis was observed three times at each 
place; the difference of latitude was 57'30’.42,* the 
mean is 57’ 28'.7. In this estimation, refraction was 
not taken into account; it ought therefore to be in- 
creased by about 0”.7, which makes the difference of 
latitude 57! 29.4. Consequently the length of a degree 
is 57,425.5. We have stated in the first section that 
the later terrestrial measures in the same place, as far as 
they go, give results that agree perfectly with these. In 
order to make this measure and that of Svanberg agree in 
all points, it is necessary to suppose an error of 12” or 
more in the French observations of latitude at Kittis. 
From the excellence of the instrument, the reputation of 
its maker, the care and fidelity of the observers, as shown 
in the points that have been examined, and the circum- 
stance of their having repeated the observations under 
the fear that some error had crept into the first set, we 
have no hesitation in expressing our opinion that this is 
imposstble. And we are giad to find that M. Rosen- 
berger, after a careful examination of all the observa- 
tions, (see the Astronomische Nachrichten, No. 121, 
122.) has come to the same conclusion. From the 
difference of the altitudes of a and 6 Draconis, com- 
pared with their known difference of declination, he has 
shown that the line of collimation was in the same 
state before the journey from and after the return to 
Tornea, as well as before the journey from and after the 
return to Kittis. And from observations made in France 
with the same instrument, (see the Degré du Méridien 
entre Paris et Amiens,) it appears that after repeated 
voyages the line of collimation was not sensibly changed. 
The length of the arc which M. Rosenberger is inclined 
to adopt, is 55,020.16 toises, and the difference of lati- 
tude 57’ 30”.44; whence 1° = 57,405.02. The mean 
latitude is 66° 19’ 37”. 


the Observatory at Paris. ‘The mean of the difference 
was applied as a correction to the length of the wooden 
rods; it would appear also, (though we have not found 
any distinct statement,) that a correction was applied 
for the temperature of the iron rods at the time of com- 
parison. In all cases the rods were applied end to end. 
The bases were measured at least twice: that near 
Paris five times. Inthe bases of Bourges and Rodéz, 
the angles made by the rods with the horizon were 
observed, and allowance made for the inclination. 

The signals were generally church-towers, windmills, 
&c.; in a few instances it was found necessary to erect 
posts or other signals where no conspicuous object 
could be found. 

The angles were measured with a quadrant of two feet 
radius, and were reduced to the centre of the station. 
The observed angles were altered to make the calculated 
lengths of the bases of verification and the calculated 
azimuth agree with those observed; but in no case did 
the alteration exceed 5”. 

The azimuth of one side of a triangle was determined 
at each of the principal stations, (Dunkirk, Paris, 
Bourges, Rodéz, and Perpignan,) by observations of 
the Sun near the horizon. 

South of Bourges, the observed angles were reduced 
to horizontal angles. The culculation of the terrestrial 
arc of meridian was made by the method of parallels 
and perpendiculars. 

The sector for celestial observations was of 6 feet 
radius, and had an arc of 50°, divided by means of its 
index. The general accuracy of the arc was verified by 
taking angles all round the horizon, and observing 
whether their sum amounted to 360°; and the equality 
of the divisions, by determining the zero point from ob- 
servations of different stars. The telescope had an in- 
ternal micrometer. The only stars on which their 
determinations rest, are a Lyre, a Cygui, a Persei, Ca- 
pella, y Draconis, and » Urse Majoris. Each star was 
observed eight or ten times at each station; and the 
sector was several times reversed in the course of 
each series. The final result was, that the length of 
the arc between Dunkirk and Paris was 125,431 toises, 
and its amplitude (or the difference of latitudes of the 


Methods In the measure which forms the principal subject of extremities) 2° 11/ 50.28; between Paris and Bourges, 
followed in the work entitled La Méridienne Vérifice, a base of 6224 99,990 and 1° 45/ 7”.33 ; between Bourges and Rodéz, 
the verificas toises was measured near Dunkirk, one of 5094toisesnear 155,767 and 2° 43’ 51.5; between Rodéz and Perpi- 
eee Amiens, one of 5749 toises near Paris, one of 7492 near gnan, 94,808 and 1° 89/ 11”.2. The latitude of Paris was 
Cassini, | Bourges, one of 4422 near Rodéz, and one of 7929 toises supposed to be 48° 50’ 10”, or 48°50’ 12”. Of the excel- 


near Perpignan. The Dunkirk base crossed the entrance 


lence of this measure we conceive there can be no doubt. 


of the harbour. This part was not measured, but its 
length was ascertained by drawing a line perpendicular to 
the base, and finding by trial the point at which the rays 


In the survey conducted by Boscovichi, the bases were methods 
measured with wooden rods of 27 palms (about 18 used by 
French feet) each. These were compared continually Buscovich. 


coming from the signal made with this perpendicular 
an angle of 45°. The base measured near Bourges was 
one of the sides of a principal triangle. ‘The base near 
Paris (on the road to Foutainbleau) was measured with 
four iron rods of 15 feet each; but all the others were 
measured with fir rods, well painted, and armed at the 
ends with iron caps. These wooden rods were 18 or 24 
feet long, 3 or 4 inches broad, and 2 inches thick ; they 
were compared three times each day with four iron rods 


* About 1” of the difference of these results depended on the 
inequality of the degrees on the limb, as ascertained in the verification. 


(by means of beam-compasses, as described in our 
general account) with an iron rod of 9 palms, that had 
been measured by a French iron toise," furnished by 
Mairan. Correctious for temperature were applied : the 


© [t is stated in a note to the French translation of Boscovich’s 
Work, that this toise was shorter than the tose of Peru by x of a 
line, and shorter than the éoise of the North by yy of a line. 
The latter is the same as the toise use! in the French arc last 
described. We know not on what authority the difference between 
the otse of Peru and the foie of the North is given: in every other 
statement that we have seen they are asserted to be equal. See the 
Base du Systeme Métrique, tom. iii. p.413; where the comparison of 
Mairan’s tuise with the others will be found. 
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Figure of standard temperature was the same, we presume, as 
the Earth. that adopted in the Peruvian measure, or 13° of Reau- 


mur’s scale. The base near Rimini consisted of two 
parts, making an angle of 170° 52’ 15”; a part of it 
crossing a river was measured by a triangle. The rods 
were supported on trestles; they were not placed m 
contact, but the distance between their extremities was 
measured. In uneven ground they were placed ina 
horizontal position ; and the end of one rod was made 
to touch a plumb-line suspended from the end of the 
other. Allowance was made for the curvature of the 
rods when it appeared sensible. The signals were a sort 
of pyramidal huts, made of large bra.rches of trees. 
The angles were measured with a quadrant of three feet 
radius, made by a priest. The triangles were calculated 
in the same manner as those of Peru. The azimuths 
were determined by three observations of the setting 
Sun at Kome, and three at Rimini. The length of the 
meridian arc was found by parallels and perpendiculars, 
calculating from the base of Rimini, to be 128,221.8 
toises. The sector for celestia] observations (made by 
the same priest) was of nine feet radius ; it was similar to 
that described in our general account, with this differ- 
ence, that the object-glass as well as the eye-piece of 
the telescope were attached to the bar, and independent 
of the intermediate tube ; and that the graduations were 
upon a straight piece, sliding in a groove with a micro- 
meter-screw, forming, in fact, a line of tangents divided 
into equal parts. The bar, &c. were of iron, and the 
slider of brass, and an apparatus was made for oliserving 
whether the difference of expansion would produce any 
sensible effect: Boscovich states that he never found it 
sensible. The stars observed were a Cygni and » Urse 
Majoris: the number of observations 43, Between the 
first observations at Rome and the observations at 
Rimini, the line of collimation had altered its position 
by more than 2’; and on repeating the observations at 
Rome, its position was again changed. But as the 
sector was reversed several times during each series of 
observations, and the results of the different observa: 
tions of each series agreed very well, there seems no 
reason for doubting the accuracy of the ultimate result. 
The mean amplitude is 2° 9’ 47”, whence 1° = 56,966.3 
toises. But as the base near Rome was greater by the 
measure than by calculation, and some of the sides are 
lengthened by adifferent calculation, (Boscovich does not 
specify what.) and as some of the celestial observations 
appeared preferable to the rest, Boscovich adopted as the 
length of 1°, 56,979 toises. As Mairan’s toise was 
shorter by =), of a line than the toise of Peru, these 
numbers ought to be diminished by 5545, of the whole. 
The mean latitude is 42° 59’. 

We have given every thing which seems necessary to 
enable the reader to judge of the value of this measure. 
Objections have been made to some parts of it by the 
Baron de Zach. (Correspondance Astronomique, vol. vi.) 
The azimuth observed at Rimini was reohserved by 
Zach, and the results differ more than 1’. From what- 
ever source it rises, this is of no consequence, as the 
chain of triangles follows very nearly the direction of 
the meridian. The same Astronomer has calculated 
from the observations of Boscovich the latitude of 
Rimini, and finds that it differs nearly 4” from that 
which he has determined by 110 observations of Polaris 
and a Aquilz with a repeating-circle. But there is a 
fallacy in his mode of observation, The advantage of 
observing, with a repeating-circle, stars on both sides of 
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the zenith, consists in this: that if the declinations of 
these stars have been determined by an instrument 
which has no constant error, the constant error of the 
repeating-circle will be eliminated from the result. But 
the declination of « Aquila used by Zach, was deter- 
mined by the same repeating-circle, and differs from that 
commonly used; consequently, his results are affected 
with the constant error which affects the observations of 
Polaris. And as the sector of Boscuovich was reversed 
three times during the observations of a Cygni at Rimini, 
and five times during those of ~% Urse Majoris, we 
cannot allow the result to be set aside for any observa- 
tions made with a repeating-circle.* From the appear- 
ance of the observations, and the character of the ob- 
server, we consider that great reliance may be placed on 
the results of this measure. 

The standard used by Lacaille was an iron uanse, 
constructed by the same artist who made the toise of 
Peru and the toise of the North. From this was made 
& wooden toise, terminated with brass plates, and exactly 
of the same length. By means of these, the measuring 
rods (four fir-rods, each 18 feet long, 8 inches broad, 2 
inches thick, and well painted) were verified four times 
each day. Nothing is mentioned of a correction for 
temperature ; Lacaille merely observes, that the sky 
was clouded and the South-West wind strong, and that 
nothing was to be feared on the score of temperature. 
Tt would seem that the rods were laid on the ground: 
Lacaille himself made the contact. Only four triangles 
were used. The signals were fires, rocks, &. The 
angles were measured with a three-feet quadrant ; and 
reduced to the centre of the station and to the horizontal 
angle. The azimuth was determined by 17 observa- 
tions of the rising Sun at the Cape Observatory, which 
was the Southern extremity of the arc. The meridian are 
was computed by parallels and perpendiculars. The am- 
plitude was determined from observations made with the 
same sector which was used in the verification of theFrench 
meridian. Sixteen stars were observed at the Northern 
station (Klipfonteyn) for six days, the sector being three 
days in one position, and three days in the reversed 
position. Thenumber of observations at the Cape was 
more considerable ; they are tn be found in Lacaille’s 
Fundamenta Astronomia. The statements of Lacaille 
respecting the error of collimation (Astron. Fund. p. 158.) 
appeur quite satisfactory. The deduced amplitude with 
Lacaille’s last corrections (Fundamenta, p. 184.) was 
1° 13’ 17.5; the meridian arc 69,669.1 tvises ; whence 
1° = 57,084.4 toises. The mean latitude 38° 183’. 

Itis proper to remark, that Lacaille was so much 
surprised at this result, that he repeated the measure of 
the base and al] the calculations. The observations 
of terrestrial angles and celestial zenith-distances did 
not seem subject to any doubt. Whatever be the con- 
sequence, we conceive that this measure must be re- 
ceived as equally certain (excepting, perhaps, some 
doubt about the trifling correction for the temperature 
in the measure of the base) with any of the former, and 
almost any of the subsequent measures, 

The localities have since been examined by Captain 
Everest :t (Astronomical Transactions, vol. i.) it ap- 


* We have just received (through the kindness of the author) Mr. 
‘Rumker’s ooservations made at Paramatta. The difference of the 
latitudes as found by the mean of many repetitions North of the 
zenith, and the mean of many South of the zenith, is 15%, The 
instrument is made by Reicheubach. 

t We believe that if this distinguished officer had not been pre- 
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Boscovich. The stars observed were a and 6 Cygni, Meridian 
and 8 Aurige; the sector was reversed twice or three Measures, 
times at each place. The details of the micrometer ““~v—™ 
readings, &c. are not given. The concluded distance 
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Figure of pears that there are large mountain masses to the North- 

tne Earth. West of the Northern extremity, and to the South-West 

===’ of the Southern extremity, the effect of which would be to 
diminish the apparent difference of latitudes. 


Methods In Liesganig’s arc, the standard was an iron toise, ‘and amplitude were 64,889.6, and 1° 7’ 447.71, the 
used by compared, at the temperature 13° of Reaumur, (614° extreme difference of the results from the three stars 
Liesganig- Fahrenheit,) with the éoise of Peru. The measuring rods amounting only to 2”. It is unnecessary to enter into 
were each six Vienna fathoms lung, spliced like the greater details, as the same line hus since been surveyed 
mast of a ship; they were laid on the ground, and by MM. Plana and Carlini, whose conclusions (which 
laced in contact. The angles were observed with a we shall shortly give) are undoubtedly more accurate 
quadrant of 24 feet, that had been carefully verified; than those of Beccaria. 
they were reduced to horizontal angles. The azimuth In the measure of the line hetween Maryland and Methods 
was determined by observations of the Sun near the Pennsylvania, by Mason and Dixon, the whole was used in the 
horizon. The meridian arc was calculated by parallels measured with two “ rectangular levels, or measuring North 
and perpendiculars. ‘The sector of 10 feet radius was frames.” As we do not perfectly understand the de- Amer 
similar in all respects to that of Boscovich ; itsdivisions scription of them given in the Phil. Trans. 1768, we 
were verified. The stars observed were aand 8 Aurige, shall copy it verbatim. ‘The levels used in this 
a and 6 Cygni, y Draconis, and « Herculis, (setdown as work were each 20 feet in length, and 4 feet in 
# Draconis ;) each star was observed three or four times height. They were made of pine, an inch thick, 
in each position of the sector, which was only once and in form of arectangle; the breadth of the bot- 
reversed. The concluded amplitude was 2° 56’ 45.5; tom board was 7} inches, that of the top 3 inches, 
and the concluded are of meridian 172,796 Vienna of the ends 44 inches, and the bottom and top were 
fathoms = 168,149 toises. strengthened with boards firmly fixed to them at 
We have already stated the reasons for rejecting this right angles. The joints were secured with plates of 
measure. If we adopt for the Southern part of the are iron, and the ends were plated with brass. The plumb- 
the numbers given by the later survey, we ought to in- lines used in setting them Jevel were 3 feet 2 inches in 
crease the meridian arc by 264 toises. But it appears length, and hung in the middle of the levels, being se- 
from Zach’s statements, (who, however, is no friend to cured in a tube from the wind, in the manner of car- 
the Jesuits,) that the astronomical observations were penters’ levels; wherefore we called these by the same 
falsified. 1t will be better upon the whole to reject any name.” The levels were frequently compared with a 
conclusion derived from this arc of meridian. brass standard of 5 feet, and the temperature was 
Methods In the survey made by Beccaria, the base was noted. ‘The allowance for expansion was taken from 
pursued in measured with wooden rods laid on trestles. Two Smeaton’s experiments, and the length was reduced to 
oe small parts were added by triangulation. The toise what it would have been if the brass rod had been used 


(compared at 13° of Reaumur with the toise of Peru) 
was furnished by Lacondamine: and the correction 
used for the temperature was Lacondamine’s. The 
signals in general were posts. The angles (observed 
with a quadrant like that of Boscovich) were reduced to 
horizontal angles, and these to the angles formed by 
the chords. The azimuth was observed, and the cal- 
culations made, as in the last-described surveys. The 
sector® was nearly similar in construction to that of 





vented, by his absence from Europe, from consulting Lacaille’s 
account of the survey, he would have found that some of his objec- 
tions were without foundation. Lacaille states that the ground was 
cleared and levelled for the base measure; he states that the instru- 
ments were not placed at the centre of the stations, (which was 
rarely done before the English survey,) and gives the numbers neces- 
sary for the reductions. The magnitude of fires visible at the distance 
of 45 miles need not, perhaps, be so great as to throw any great un- 
certainty on the terrestrial measure. The instability of the observatory, 
though always injurious, is of comparatively little consequence, we 
conceive, in observations with the zenith-sector, and, with reasonable 
care, its effects can be easily detected. 

* Through the politeness of the Members of the Turin Academy we 
have been allowed to examiue this sectur, which is now preserved at 
their apartments. We are at a loss to conceive how such errors can 
have been committed as those attributed to Beccaria’s observations. 
The cube containing the object-glass appears to be firmly attached to 
the bar; and the object-glass, though not quite tight in its cell, is tight 
enough to prevent accidental derangement. This tube is unconnected 
with the rest of the tube. The eye-piece also appears to be firmly 
connected with the bar. The object-glass-tube projects about two 
inches beyund the last of its two supports, and the eye-piece aboui 
four inches beyond the last of its supports. Can the weight of the 
telescope tube (weakly attached to the axis) have twis'ed the eye- 
piece? Or are the divisions of the tangent-scale, or the length of the 
radius, wrongly estimated ? No other explanation suggests itself to 
us. It must remarked that the wires in the eye-piece, and the 
plumb-line, are wanting: the pin for the plumb-line suspensior is as 


at the temperature 62° uf Fahrenheit. By fixing in the 
ground a stake with a movable piece of iron, which 
was brought to a certain mark on each level, it was easy 
to observe whether one level moved when the other was 
placed in front of it. The line was carried over a few 
rivers by a triangle. as in the former surveys. For the 
azimuth, a clock was regulated by equal altitudes, and 
the clock time of stars’ culminations being found, a 
transit-instrument was directed to them at that instant, 
and by means of it a meridian mark was fixed; thus 
the azimuth ofa given line could be found, or the direc- 
tion of a meridian could be fixed. The lines measured 
were the following. N P, fig. 35 = 78,290.72 feet, in 
the direction of the meridian: P @ = 2,991 miles ; this 
line is in such a direction that if continued to the length 
of 10’ of a great circle, it would meet the parallel of 
latitude passing through P: @C = 45.5 feet, in the 
meridian. C D = 26,608.06 feet, in the direction of tne 
meridian. (These two parts were measured separately 
from a mistake in fixing the point C, which ought to 
have been in the parallel of P.) DB = 1491 feet; 
and the angle C D B = 93° 28". B A= 484,011.64 
feet, making an angle of 3° 43’ 30” with the meridian. 
Hence, the distance of the parallels of N and P is 
798,290.7 feet; that of P and a, — 14.1; that of a and 
C, 45.5; that of C and D, 26,608.1; that of D and B 

89.8 ; that of B and A (computed as described in our 
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good as those commonly used. We have no hesitation in saying that we 
should place more confidence in the observations made by any carefu 
person with this instrument, than in those made with Mechain’s circle 
The character of the observer, as it appears to us, can alune explain tle 
errors of the observations, 


FIGURE OF THE EARTH. 209 


was made for the inclination of the bars. The bases Meridian 
consisted each of two parts, making a small angle. Measures. 
The length of the base of Melun was 6075.9 toises> —"\—— 


Figure of general account) 433,078.8; whence the distance of 
the Earth. parallels of N and A is 538,098.8 feet. As the five- 
evn” feet brass rod, on comparison with the Royal Society’s 


Junction of 
Greenwich 


standard, was found to be too short by 5, of the 
whole, these numbers ought to be diminished by 19.4; 
and the distance of the parallels is 538,079.4 feet. Bya 
comparison of the standard just mentioned with the 
toise of Peru, instituted on this occasion, it was found 
that the toise = 76,734 inches ; whence the distance of 
the paraliels = 84,147.2 toises. 

The observations of stars were made with a six feet 
sector, constructed by Bird, in which the plumb-line 
was made to bisect a dot at the centre of the instrument. 
The stars observed were a Lyre, y Andromedae, 
B Persei, 6 Persei, 8 Aurige, Castor; Capella also was 
observed, but the result disagreeing a few seconds from 
that given by the others, was rejected. Each star was 
observed at N and P, three or four times in each posi- 
tion of the sector. The sector was reversed only once 
ateach station. Finally, the difference of latitude == 1° 
28’ 44”.99, and the mean latitude 39° 12’; whence 
1° = 363,772 feet = 60,628.7 fathoms = 56,888.3 
toises. The Royal Society’s standard yard has been 
found by Capt. Kater (Phil. Trans. 1821) to be longer 
than Shuckburgh’s by .001365 of an inch; whence the 
distunce of parallels is 538,099.8 feet, and 1° = 863,785 
feet = 60,630.9 fathoms, by Shuckburgh’s standard. 

The only chance of error in this operation consists 
(we conceive) in the possibility of losing in the neasure 
some whole number of level-lengths. This was pro- 
vided against with tolerable certainty by previously 
measuring the whole line with a chain, and fixing posts 
at certain cistances. Of the goodness of the astrono- 
mical observations we think there can be no doubt. 
The results of this measure must, we think, be received 
as equal in authority to those of any other measure. 

The survey of 1787, connecting the meridians of 
Greenwich and Paris, has sometimes been used in the 


that of Perpignan 6006.25. The length of the latter 
calculated from the former, through the chain of trian- 
gles, differed only 11 inches from the measured length. 
The angles were observed with repeating-circles. The 
triangles were calculated as spherical triangles, by 
Delambre’s method. (Tricgonometay, Art. 182.) The 
azimuths were determined by observations of the Sun 
near the horizon, and by measures of the angular dis- 
tance of a signal from the Pole-star. (TRra¢onomeETRy, 
Art. 185.*) The arc of meridian was then calculated 
by the method which (in our general account of methods) 
we have described as Delambre’s. In the prolongation 
of this arc to Formentera, the same methods were used, 
except that the azimuth was ascertained by transits as 
described in Trigonometry, Art. 185. The latitudes 
were found almost entirely by observations of the Pole- 
star, and 8 Urse Minoris, made with Lenoir’s repeating- 
circle. To give an idea of the extent to which this 
instrument was used in these determinations, it will be 
sufficient to state that the latitude of Formentera was 
fixed by 2500 observations of Polaris, and 140U of 
8 Urse Minoris. 

We have already mentioned the discordances in the 
observations of Mechain at Barcelona and Montjouy, 
and the doubt thrown by them on the results of obser- 
vations with the repeating-circle. They have been 
considered by M. Nicollet in the Memoir before referred 
to, (Cony. des Temps. 1881, Additions :) and his con- 
clusions (omitting every thing relating to the inabi- 
lity of the telescope to separate ¢ Urs Majoris) appear 
to us perfectly correct. Mechain’s observations at these 
places were not confined to the Pole-star and 8 Urse 
Minoris, but included several stars passing to ‘he North, 
and several passing to the South of the zenith. Now 
M. Nicollet shows that if we use Piazzi's declinations, 


and Paris. estimation of the degree deduced from the French and find the Jatitude of each place, first by a mean of 
measures. The meridian arc, of which the Southern. the observations of stars passing North of the zenith, 
extremity is in France, has sometimes been a little ex- and next by a mean of those of stars passing South of 
tended by taking Greenwich for its Northern termina- the zenith, and take the mean of these results, the 
tion. We mention this only to record our protest difference of latitudes is almost precisely what we should 
against such an extension. ‘The chain of trianzles con- have expected from the known distance of parallels; 
necting the meridians runs East-South-East, and West- and thus the difficulty disappears. It has been answered, 
North-West, and is of considerable length, and conse- (Philosophical Magazine, March 1829,) that if we com- 
quently the smallest error in the azimuth (which it is pare the observations on the same stars made ut the 
impossible to avoid) will produce a considerable error two stations, as with zenith-sector observations, the 
on the length of the meridian arc. original difficulty remains. But we think that the 
Methods The bases on which the operations of Delambre and author of this answer has not sufficiently considered the 
reac Mechain were founded, (at Melun and Perpignan,) were nature of the detect attributed to repeating-circles, Of 
the Beck measured with rods of platinum, 2 toises long, 6 lines the stars observed at both stations, only one passes 
meridian, broad, and 1 Jine thick. ‘To each was attached, at one South of the zenith. Now if the constant error of the 


end, a-rod of brass ; the proportion of the expansions of 
brass and platinum being known, the expansion of the 
platinum rod was inferred from the observed difference 
of expansion of the two rods. This apparatus was en- 
closed in a wooden box. Four of these compound rods 
were used: they were placed on trestles, not in contact, 
the distance being measured bya small slider. The 
lengths of the bases were expressed in numbers of the 
length of the toise of Peru, taken at the temperature of 
18° of Reaumur, or 61}° of Fahrenheit.* Allowance 


* As there has been a little confusion respecting these reductions for 
temperature, the reader is referred to the PAil, Trans. 1826, p.568, 
for an abstract of oll the passages in the Base du Systéme Métrique re- 


circle had undergone any alteration (as is probable 
after the interval of a year) all the stars North of the 
zenith would give the same error, and with the same 
sion in the difference of the latitudes. But the stars 
South of the zenith would give the same error with a 
contrary sign, and in fact the only South star observed 








lating to this point, as well as to the comparison of the new standard 
with the ancient and foreign standards. 

* In the Essay on Trigonometry to which we have referred, it is 
said that the azimuth is determined by a right-angled spherical tr‘. 
angle. This is only true when the signal is exactly in the horizon ; 
when it is elevated or depressed, it is necessary to calculate the 
zenith angle of the triangle, whose angles are at the zenith, tie Pole, 
and the sigaal. 
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Figure of at both places, gives a discordance of an opposite kind. 
the Earth. We think, therefore, that M. Nicollet is quite right in 
——\-~™ fixing the latitude of Montjouy at 41° 21’ 44.585. 

The latitude of Mountjouy is, however, of no essen- 
tial importance. It is much to be wished that the lati- 
tudes of Dunkirk and Formentera were determined 
with greater certainty. The latter rests on an enormous 
number of observations, but entirely on stars North of 
the zenith, and with a circle whose level was attached 
to the axis; it is probably subject to a much greater 
error than if it had been fixed by ten observations with 
Graham's or Ramsden’s sector. In the determination 
of the latitude of Dunkirk, many observations were 
rejected ; and in that of Paris, Mechain rejected obser- 
vations by thousands, apparently preserving only those 
whose results presented the greatest agreement. The 
latitudes of the other intermediate points are still more 
doubtful. In our present uncertainty we shall adopt 
from the Base du Systeme Métrique the following num- 
bers: latitude of Dunkirk 51° 2’ 8”.7; latitude of For- 
mentera 88° 39’ 56’.1; distance of parallels 705,189.4 
toises; mean length of degree 57,007 toises. 

The base measured by Svanberg was nearly in the 
same line as that measured by Maupertuis and Clai- 
raut. The measuring rods were iron bars of six métres 
each. The observed length was corrected for the 
flexnre of the bars, their horizontal inclination with the 
direction of the base, &c., but the correction for tempera- 
ture remains uncertain from a cause which deserves a 
distinct explanation. 

By a toise, or a yard, or a métre, we mean a certain 
extent of space in one direction, without any reference 
to wooden rods or metullic bars. But as it is impossi- 

Je to measure a line without some material standard, 
we are compelled to adopt as the practical definition of 
a toise or a yard, &c. the length of a certain bar of 
metal, called a standard. If this length be invariable, 
the measure is fixed without any further condition. 
But if from change of temperature, or any other change 
of circumstances, the leng:h of the bar (as compared 
with the length of others not subjected to the same trial) 
be found to change, then we mast specify the degree of 
temperature, and the other circumstances under which 
this certain bar must be placed in order to present the 
exact length required. If then the length ofa base, or 
the length of a pendulum, has been measured with the 
standard, at a higher temperature than that specified, 
and if we know that at this higher temperature the bar 
was longer than at the specified temperature, it is plain 
that the length of the bar has not been contained so 
many times in the line measured as it would have been 
Reduction if used at the specified temperature, and, consequently, 
for tempera- the resulting number (which expresses how often the 
SWS: length of the bar is contained in the line) must be in- 

creased. Similarly if measured at a lower temperature 

the number must be diminished. 
It was not till geodetic measures had acquired consi- 
derable accuracy, that this refinement was thought of. 
And when necessity compelled Philosophers to fix on 
some temperature for the measure of the standard bar, 
convenience directed them to choose one which could 
be commanded at all times with little trouble, and which 
Tempera- was as likely to occur in ordinary measures as any 
ture forthe other. Thus the French toise was the measure of the 
oldstandards iron bar called the ¢oise of Peru at the temperature of 
13° Reaumur, or 613° Fahrenheit, or 16}° Centigrade ; 
the English yard was the measure of a brass bar, (or 
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methods. 
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rather some one of several brass bars,*) at the tempera- Moridiaa 
ture of 62° Fahrenheit. Measares, 
But the new French measure was adopted at atime “"“™ 
when all other considerations gave way to theory. The Different 
mitre is defined by 443.296 lines of the toise of Pera, prion 
at the temperature 13° of Reaumur. But it is repre- French 
sented by the length of a standard platinum bar, at the standard. 
temperature of freezing water, or 0° of Reauinur's and 
the Centigrade scale. This change of temperature for 
the measure of the standard, has introduced no little 
confusion into the subject of measures generally.t In 
the instance now before us, additional confusion is in- 
troduced by the change of the metal used for the con- 
struction of the standard. 
It is uncertain whether the iron bar used by Svanberg 
was compared with the platinum standard preserved at 
Paris, at the temperature of 0°, or 163° Centigrade. If 
the expansions of the two metals, with the same change 
of temperature, were the same, this would be of no con- 
sequence. But their expansions being different, if the 
two bars had the same length at the temperature 0°, 
they would not have the same length at the tempera- 
ture 16}°. If they were compared at the temperature 
0°, it would be right to apply to the measured length of 
Svanberg’s base, the correction corresponding to the 
expansion of iron between 0° and the observed tempera- 
ture. If compared at the temperature 16°, the length 
must be corrected for the expansion of iron, between 
16}° and the observed temperature, and for the expan- 
sion of platinum between 0° and 164°. It is most pro- 
bable that they were compared at the temperature 0°. 
The signals for Svanberg’s triangles were so con- 
structed as to allow the light of the sky to be seen 
through them. The angles were observed with repeat- 
ing-circles. The azimuths were found by observing 
the transits of the Pole-star and other stars over the 
same vertical; from equal altitudes of stars ; and from 
observations of the Sun. The triangles and arc of 
meridian were calculated by Delambre’s method. The 
latitudes were found by a great number of observations 
on the Pole-star, made with Lenoir’s repeating-circle. 
The final results are, that the distance between the 
parallels of Mallorn and Pahtavara is 180,827.68 
métres == 92,777.98 toises, (or 150,794.06 méetres 
== 92,760.78 toises, if the standards were compared at 
the temperature 164° Centigrade ;) the latitude of Mal- 
lorn — 72£.8056372 = 65° 31! 30”.26; the latitude of 
Pahtavara = 74°.6079723 = 67° 8’ 49”.83; whence 
the difference of latitudes = 1° 37/19".57. This ought 
to be diminished by 0”.28, because in the calculation of 
nutation, the true place of the Moon’s node has been 
used instead of the mean place. Hence 1° = 57,198. 
toises. 
There is no doubt of the general excellence of this 
meusure. The astronomical determinations, we con- 
ceive, are not equal to those in the measure of the French 





* For a comparison of Shuckburgh’s, Bird's, Roy’s, Ramsden’s, and 
the Royal ee standard, the reader is referred to a paper by 
Capt. Kater, in the Philosophical Transactions, 1821. 

+ The reader, who may think this explanation unnecessary, is re 
ferred for a proof of the confusion on this subject tothe PAu. Trans, 
1818, where Col. Lambton has applied an unnecessary correction to 
the length of the French arc; to the Phil. Trans. 1822, where Mr. 
Goldingham has applied a correction with the wrong sign to the length 
of the seconds’ pendulum at London ; and to Zach's Correepondance 
vol. vii. p. 150, where Zach has fallen into an error in the compare 
son of Beccaria’s toise with the French metre. 
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Academicians 1n the same Country, but they are as good 
as could be made with the instrument employed. The 
anziety of Svanberg and his companions to omit no re- 
duction, whose value could be sensible, has led them 
into many refinements that are uscless, and some that 
are erroneous,* but none to such an amount as to hurt 
the credit of the result. 

The rods with which the first base was measured in 
England were thin glass tubes, 20 feet long, and about 
an inch in diameter, enclosed in wooden boxes, (except 
at the ends,) and supported on trestles. Each rod had 
at one end a small slider driven outwards by a weak 
spring ; and the succeeding rod was pressed against it 
till the slider was pushed up to a certain point. But 
the apparatus ultimately adopted was a steel chain of 
100 feet in length, consisting of forty links. One chain 
only was used in the actual measure, but another was 
carried for the purpose of occasional comparison. The 
mode of measuring finally employed was this. The 
chain was supported in several troughs resting on 
trestles, and extended by a weight of 28 pounds. In 
any position of the chain, two posts were necessary at 
each end. Qne post at the preceding end carried a 
pully, over which passed the rope sustaining the weight 
which stretched the chain. ‘To one post at the fullow- 
ing end was fixed an apparatus of screws, by which the 
chain was supported in opposition to the action of the 
weight, and by which it could be moved slowly. The 
other post at the following end of the chain carried a 
scale, to one division of which a mark on the end of the 
chain was brought by the screw motion ; and the other 
post at the preceding end carried a scale, of which one 
division was brought by w screw motion to a mark at 
that end of the chain. When the chain was moved to 
the next position, the mark on the following end of the 
chain was brought to that division of the scale with 
which the mark on the preceding end had coincided. 
It will easily be seen that the correctness of the opera- 
tion depends on the immobility of the scale-posts, (which 
are subject to no strain,) and that in fact three posts at 
each end were necessary. ‘The expansion of the glass 
tubes and of the chain were determined by experiments 
expressly made for the measure. Corrections were 
plied for the temperature, the inclination, and the height 
above the sea. The length of the base on Hounslow 
Heath was 27,404 feet; of that on Salisbury Plain 
86,575; and of that on Misterton Carr, (near the 
Northern extremity of the arc of meridian,) 26,342 feet 
Several other bases were measured in different parts uf 
the Kingdom. 

The signals were usually flag-staffs, or white liglits. 
The angles were chserved with a large theodolite, made 
by Ramsden, three feet in diameter ; an instrument un- 





* Among these we may reckon Svaoberg’s method of taking the 
mean of observations made with the repeating-circle. Instead of 
taking the difference between the first and last readings, and dividing 
by the number of muitiplications, he takes every possible combinatiog 
of one, two, three, &c. multiples, and gives to each a vote proportional 
to its number. But it seems plain thatevery observation of a double 
angle is perfectly independent, (as the telescopes are pointed anew 
for every observation,) and, therefore, we have no right to take two 
or three double angles together, as we should have if it were pussible 
to observe at once four ur «ix times the angle. Every observation 
heing independent, and therefure all being @ priori snus in accuracy, 
the probably best determination is the mean of all, that is the difference 
ofthe first and last readings divided by the number of maltiplicatioux 
{n the instance that he tas mentioned, (p. 33.) the difference of 
determinations, by Svaaberg’s, and by the common method, is 1”.4. 
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doubtedly superior to any other that had been used in 
similar observations. As with this instrument the hori- 
zontal angle was immediately observed, no reduction 
for the height of the signals was necessary. The hori- 
zontal angles were reduced to chord angles. The first 
azimuth was obtained from the meridian mark of the 
transit-instrument at Greenwich Observatory; after- 
wards the azimuths were found by observing with the 
theodolite the Pole-star at its greatest azimuth. The 
meridian arc was computed by parallels and perpendi- 
culars. The distance of the parallels of Dunnuse (in 
the Isle of Wight) and Arbury Hill (near Daventry) was 
found to be 586,319.5 feet; that between the parallels 
of Dunnose and Clifton (near Doncaster) 1,036,337 
feet: and that between the parallels of Dunnose and 
Burleigh Moor 1,442,852.5 feet. The chains were mea 
sured with Ramsden’s brass yard, which it appears from 
Captain Kater’s comparison (Phil. Trans. 1821) ex- 
ceeded Shuckburgh’s, now adopted as the standard, by 
-002505 parts of an inch, or +,47, of the whole. Thus 
the meridional distances are found to be 586,360.3, 
1,036,409.1, and 1,442,952.9 feet, when measured by 
Shuckburgh’s standard. 

The difference of latitudes was determined by obser- 
vations with a zenith-sector made by Ramsden, appa- 
rently the best which has ever been constructed. Fora 
description of this supert instrument we must refer to 
the Phil. Trans. 18038, to the Account of the Trigono- 
metrical Survey, vol. ii., or to Pearson’s Pructical Astro- 
nomy, vol. ii. It is sufficient here to state that the 
telescope was eight feet long, and carried the arc ; that it 
was moved by an external micrometer ; that the plumb- 
line bisected a dot at the centre; and that from a very 
severe examination it does not appear that the error of 
collimation was sensibly altered during the observations. 
For the difference of latitude of Dunnose and Burleigh 
Moor, eight stars were observed; those of the other 
stations were found by a greater number, In general 
each star was observed about eight times, the sector 
being reversed after every day’s observation. The am- 
plitudes were thus found to be, between Dunuose aud 
Arbury Hill 1° 36’ 19.98; between Dunnose and Clif- 
ton 2° 50’ 28”.88; between Dunnose and Burleigh 
Moor 3° 57’ 13”.1. The mean latitude of the last arc 
is 52°35’ 45”; the length of 1° = 364,968.3 feet. The 
middle latitude between Dunnose and Arbury Hill is 
51°25’ 18”; the length of 1° = 865,208.4; the middle 
latitude between Arbury Hill and Clifton is 52°50’ 30”; 
the length of 1°, 364,625.1 ; the middle latitud= between 
Clifton and Burleigh Moor 54° 0’ 56”; the length of 1° 
$65,002.5. By a comparison of the French mitre 
with Shuckburgh’s standard, Captain Kater (Pail. 
Trans. 1818) has found the métre = 39.37079 inches; 
and as the metre = 443.296 lines of the toise of Peru, 
it follows that the toise = 6.894596 feet. Hence the 
distance between the parallels of Dunnose and Burleigh 
Moor = 225,651.9 toises. We believe the results of 
this measure to be far more exact than those of any of 
the measures hitherto described. 


‘Meridian 
Measures. 


The methods adopted by Colonel Lambton were in Methods 
almost all respects the same as those used in the used inthe 
English survey. The base near Madras was measured East-Indian 


with a steel chain which was occasionally compared with 
a standard chain that had been measured by Ramsden’s 
brass standard when the temperature was 50° of Fah- 
renheit; the length of the base was therefore corrected 
for the expansion of the steel to this temperature, and 
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for the contraction of the brass to the femperature 62°. 
The expansion of the chain was determined by inde- 
pendent experiments. Corrections were applied for the 
inclination, the height above the sea, &c. The same 
course was pursued in the measure of the base near 
Bangalore, of that in the Coimbetoor, of that near 
Palamcottah, of that near Gooty, and of that near 
Daumergidda: their lengths were respectively 40,006, 
89,794, 32,301, 30,507, 32,609, and 30,806 feet. On 
comparing the chains previous to the measure of the 
base near Gooty, there appeared to be some reason for 
supposing that the standard chain had altered its length; 
and it was then compared by means of beam-compasses 
with a brass bar. 

The signals were flag-staffs and white lights. The 
angles were observed with a large theodolite. The 
observed horizontal angles were reduced to chord. 
angles, and the triangles calculated as plane triangles. 
The azimuths were determined by observations of Polaris 
at his greatest azimuth, made with the theodolite. The 
meridian arc was calculated by parallels and perpendi- 
culars; but the principal stations were so nearly in the 
same meridian that no allowance was made for the 
difference between the perpendicular and the small 
circle passing through a station. Two different meridians 
were, in fact, measured ; in the first of these (near the 
Coromandel coast) the meridional distance between 
Trivandeporum and Paudree was found = 574,328 feet; 
and in the second, the distance from Punne (near Cape 
Comorin) to Putchapolliam = 1,029,101; that from 
Putchapolliam to Namthabad = 1,489,131; and that 
from Namthabad to Daumergidda = 1,073,428 fect. 
To reduce these to Shuckburgh’s standard, it must be 
observed (Phil. Trans. 1828) that the triangles extend- 
ing over the shorter meridian arc, and the Southern part 
and 105,996 feet of the middle part of the longer arc, 
were calculated from the measure by Ramsden’s chain ; 
and those on the rest of the middle part and the Northern 
part from the measure made with the brass bar. The 
former is too long by .00250 inch, and the latter too 
short by .00064 inch in every yard. The lengths 
thus corrected are 574,868, 1,029,173, 1,459,198, and 
1,073,409 feet. 

The latitudes were found by observations with a 
zenith-sector of five feet radius, constructed by Rams- 
den, and similar to that used in the English survey. It 
appears that its error of collimation changed by a very 
small quantity during the operations, but was steady 
enough at each station. For the determination of some 
of the amplitudes, seventeen stars were used, each of 
which had been observed eight or ten times, the sector 
being reversed after every day’s observation. The ab- 
solute latitudes depended on a smaller number of prin- 
cipal stars. The final results were as follows: latitude 
of Trivandeporum 11° 44’ 52”6; of Paudree 13° 19’ 
49.0 ; latitude of Punne 8° 9’ 38”.4 ; of Putchapolliam 
10° 59’ 48.9; of Namthabad 15° 6’ 0”.2; and of Dau- 
mergidda 18° 8’ 23”.5. The latitudes of some inter- 
mediate points were observed, and in one of them it 
appeared that the disturbance of local attraction was 
sensible. The length of 1° is, in the arc from Trivan- 
deporum to Paudree 362,988 feet, in the Southern part 
of the long arc 362,864, in the middle part 362,941, 
and in the Northern part 368,071 feet. 

Considering the extent of this arc,* as well as the 


* This arc has been extended by Captain Everest to latitude 24° 7”, 
The details are not yet published. 


exactness of every part of the operations, we do not Meridian 


hesitate to state our opinion that it is superior to every Measures 
ee etd 


other that we have described. 

Some triangles observed by the Baron de Zach, for Methods 
the estimation of the accuracy of Beccaria’s measure, "4 in the 
were founded on a base of little more than 600 yards Deru 
in length. An erroneous reduction was applied for Beccaris’s 
temperature, and the base was measured but once; arc. 
MM. Plana and Carlini, therefore, measured a new base 
of nearly the same length, and in nearly the same situa- 
tion. The measuring rods were of wood, 12 métres in 
length, in the form of hollow parallelopipeds. To the 
preceding end of each was attached a metallic frame in 
the form of a hollow parallelogram and in the same 
plane as one side of the parallelopiped. A fine thread 
was stretched across this frame, so that when the rod 
was horizontal the thread was vertical. In measuring, 
every rod was placed horizontal upon trestles; the 
second rod was not made to touch the first, but was so 
placed that a fine dot near its following end was bisected 
by the thread carried by the frame on the preceding end 
of the first rod. By this simple contrivance the use of 
the plumb-line was entirely avoided, and there was no 
fear of disturbing one rod by the contact of another. 

The rods were compared after each of the two measures 
with a standard métre, by means of a microscopic 
apparatus. Some triangles, observed with the repeating 

circle, connected this with one of Beccaria’s principal 
sides ; and the rest of the triangles were observed by 
the surveyors of the French Government. A chain of 
triangles had also been observed, conuecting Beccaria’s 
with a base measured near the Ticino; and others con- 
necting it with the triangles crossing the Alps, and ulti- 
mately with the bases measured in France. The results 
from the different bases agreed very nearly. The azi- 
muth was determined at the Observatory of Turin, from 
the meridian mark of the transit-instrument. ‘The parts 
of meridian were calculated by Delambre’s formule. 
The length of Beccaria’s arc, deduced from the base on 
the Ticino, was 126,385.25 métres, or 64,845 toises. 

The latitudes were determined by observations made 
with a repeating-circle. At each extremity, Polaris, and 
two stars South of the zenith, as well as the Sun, were 
observed ; several series of observations were made on 
each , the mean of the latitudes given by Polaris was 
taken as one determination, subject to the constant error 
of the circle, and the mean of the latitudes given by the 
other stars and the Sun, as another determination, sub- 
ject to the constant error with the contrary sign. The 
mean of these was free from the constant error. Thus 
the latitude of Beccaria’s station at Mondovi was found 
to be 44° 23’ 44.37; that of Andrate 45° 31’ 15”.44, the 
amplitude 1° 7’ 31'’.07, less by 13” than that given by 
Beccaria. 

The whole of this measure, and in particular the de- 
termination of the latitudes, seem to have been made 
with so much care, that we must allow its excellence. 

It is, in fact, almost the only one in which proper 
caution has been used in the determination of the lati- 
tudes with the repeating-circle. 

The apparatus used in the Hanoverian® base-measure Methods 
is described in a pamphlet, entitled Schreiben an den \xed in the 
Herrn Olbers von H. C. Schumacher, enthaltend eine oe 
Nachricht tiber den Apparat, dessen er sich sur Messung 


® We had not received the account of this and the following 
measure when the first section of this Treatise was sent lo press. 
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der Basis bei Braack im Jahre 1820 bedient hat. 
‘Three bars of hammered iron were used, each 12 French 


“evn” feet in length, and 14 inch broad and deep; the ends 


were armed with steel plates, at one end flat, and at 
the other spherical. They were carried in wooden 
boxes completely closed, the ends only projecting; to 
prevent flexure they were supported by counterpoises 
applied at different parts. The boxes were placed on 
trestles of variable heights ; the reds were placed hori- 
zontal, and at the same height, as long as the nature of 
the ground allowed. A small interval was left between 
the flat end of one rod and the spherical end of the 
next, and this was measured by dropping between them 
a glass wedge whose depth was forty-eight times the 
thickness of its back. When it became necessary to 
alter the height of the bars, a cylinder of bell-metal 
was employed, which by means of a level was placed 
very exactlv vertical, and the same glass wedge was 
used to measure the distance between the top of the 
cylinder and the upper bar, as well as between the 
bottom of the cylinder and the lower bar. Of the 
length of the base, and the details of the survey, we 
find no mention; and we believe that no further account 
has been published. 

The difference of latitudes of the observatories at 
Gittingen and Altona, was ascertained by observations 
made with Ramsden’s zenith-sector, (the same which 


, was used in the English survey.) Forty-two stars were 


Methods 
used in the 
measure of 
the Russian 
are, 


observed at both places ; each about six times in each 
position of the sector. In general, the sector was re- 
versed after each night’s observation. The details will 
be found in the Bestimmung des Breitenunterscheides 
zwischen den Sternwtrten von Gottingen und Altona, 
&c. von C. F. Gauss,’ The results were, latitude of the 
observatory at Gdttingen, 51° 31’ 47.85; of the 
observatory at Altona, 53° 82’ 45”.27; amplitude of 
the arc, 2°0'57".42. The last is, undoubtedly, one of 
the most accurate determinations ever made. 

Tt is stated by M. Gauss that the observatory of 
Altona is 115,163.7 toises North, and 7.2 toises West, 
of that at Gdttingen. This estimation is founded on 
the base mentioned above; the measuring bars have 
not been definitely compared with the French toise, but 
M. Gauss states, that it is impossible that there can be 
any serious error in the estimation. The resulting 
length of one degree is 57,127.2 toises. 

The arc measured by M. Struve, and extending from 
Jacobstadt, on the Diina, to the island Hochland, in 
the Gulf of Finland, depends on a base of 2315 toises. 
This line was but once measured with iron bars of two 
toises in length, each of which carried at one end a 
lever of great sensibility, (Fihlhebel,*) by which the 
contact with the next was made. By means of a 
microscopic apparatus, they were compared with a 
standard made by Fortin. To detect any error in the 
base measure, it was divided into two parts, and these 
were connected by a triangulation. The signals were 
poles supported by wooden pyramids. The angles were 
measured with Reichenbach's universal instrument, (a 
sort of theodolite,) in which the horizontal circle was 
14 inches in diameter. For the azimuths, the Pole star 
was observed with the same instrument, at Jacobstadt, 
Dorpat, and Hochland ; at Dorpat, also, another deter- 
mination was obtained from the meridian-mark of the 





* We are not acquainted with the construction of this instru- 
ment. 
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transit-instrument. The triangles were calculated by Merida 
Legendre’s theorem, and the distance of parallels by a Measures. 
method explained by Bessel in the Astronomische Nach- “=” 
richten, No. 8. It cousists in supposing arcs of Bessel’s 
great circles, AD, AF, &c., drawn from the station at method of 
one extremity A of the chain, fig. 86, to each of the reed 
other stations, and calculating each of the triangles o¢ parallels. 
ABD, ADF, &c., either as spherical triangles, or 
with the assistance of Legendre’s theorem as plane 
triangles. Thus knowing AB, BD, and the angie 
A BD, the side A D and the angles BA D, BD A are 
found. Subtracting BDA from the sum of BDC, 
CDE, EDF, the angle ADF jis found; and AD, 
D F, are known: hence AF, FAD, AFD, are found. 
This process is continued to the last station, as F; then 
all the angles at A being known, and the azimuth of 
A B being known, that of A F is known; also the length 
of A F is known ; and then the distance of the parallels 
can easily be found by either of the methods already 
explained. The amplitude was found from observa- 
tions of , ¢, and 7, Urse Majoris, with an eight-feet 
transit-instrument adjusted to move in the prime ver- 
tical. It was carefully levelled, and was reversed after 
each night’s observation. ‘The clock (upon the good- 
ness of which the exactness of this operation entirely 
depends) was made by Repsold. The latitudes were 
also determined by observations of Polaris and 8 Urse 
Minoris, with 18-inch circles made by Reichenbach: 
allowance was made for the flexure of the telescopes. 
By a mean, the latitude of Jacobstadt was found to be 
56° 30’ 4”.7; that of Dorpat, 58° 22’ 47".4; that of 
Hochland, 60° 5’ 9.9. The terrestrial distances of the 
parallels were, from Jacobstadt to Dorpat, 107,281.6 
toises ; from Dorpat to Hochland, 97,538.5 toises. The 
lengths of 1° given by these parts are 57,108.8, and 
57,165.5 toises. M. Struve remarks that the general 
flatness of the country, and the apparent absence of 
disturbing causes, would not have led him to expect so 
great a difference. An abstract of these operations 
will be found in the Astronomische Nachrichten, No. 
164. 

The method of determining the latitude by transits 
(upon which it appears that M. Struve principally re- 
lied) has been so little used that we are unable to form 
a decided opinion on its merits. J$ut the well-known 
character of the observer, and the caution evidently 
employed in every part of the operation, leaves no 
doubt of the general accuracy of these results. 


Since the last sheet was sent to press, the account of Continua- 
the continuation of the Indian are by Captain Everest, tion of the 
mentioned in the note to p. 212, has been pubiished, !"42" #e 
The new bases at Takal Khera (near Ellichpoor) and 
near Kulliampoor, (in the vicinity of Seronj.) were 
measured with the same chain and referred to the same 
brass bar which Colonel Lambton had used. Their 
lengths were 37,913 and 38,412 feet. Night-signals 
were generally preferred, as it was found that in the 
healthy season of the year the nights were very favour- 
able, and the magnitude of terrestrial refraction at night 
such as to make stations visible which were not visible 
in the day. The large theodolite with which the 
greater part of the triangulation was performed had 
sustained much injury from an accidental blow while 
used by Colonel Lambton for the purposes of general 
geography, and the limb was completely distorted. 

Colonel Lambton, however, by the use of wedges, 
2P 
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Figure of 8crews, pullies, asd wooden hammiers, restored the cir- 
tne Earth. ele so nearly to its original shape, that the difference 
=~ between the readings on any point of the limb, and on 

the point 90° from it, did not exceed 26%. By altering 
the zero point nine times for each observed angle it was 
presumed that the effect of this distortion was almost 
annihilated. Great skill is shown in the apportion- 
ment of the errors of observation. In the computation 
of the triangles, Legendre’s method was used; as it 
appeared to be more exact than the method of referring 
to the chord triangles (used generally by the English 
ists.) The azimuths were determined by observa- 
tions of Polaris, 8 Ursee Minoris, and 8 Cephei, at their 
greatest digressions. ‘The meridian arc was calculated 
by computing separately the intervals between the 
points where the sides of the triangles (produced if 
necessary) cut the meridian of Takal Khera. The 
meridional distance from Daumergidda to Takal Khera, 
as deduced from the Beder base, was 1,105,618 feet: 
that deduced from the Takal Khera base 1,105,381. The 
difference is not explained; Captain Everest has 
adopted the mean, or 1,105,499 feet. The distance 
from Takal Khera to Kulliampoor is 1,097,320 feet; 
and the results from the two bases at its extremities 
agree almost exactly.- The amplitude was found by 
numerous observations of 24 stars with the zenith-sec- 
tor used by Colone] Lambton. The extent of the In- 
dian arc has now become so great that it is impossible 
to observe the same stars at both extremities with the 
sector, and therefore the absolute latitudes must be cal- 
culated from the catalogued places of the stars. 
Colonel Lambton’s observations were therefore recom+ 
puted with the improved catalurue, and the united 
results are: latitude of Punne, 8° 9’ 31’.685; of 
Daumergidda, 18° 3’ 167.075; of Takal Khera, 
21° 5’ 51"940; and of Kulliampoor, 24° 7’ 11.851, 
For details we must refer to Captain Everest’s interest- 
ing Account of the Measurement of an Arc of the 
Meridian between the Parallels of 18° 3’ and 24° 7’ 


Section 5.—Measures of Arcs of Parallel. 


Method In the verification of the French meridian by Cassini 
used inthe de Thury and Lacaille, the arc of parallel extending 
measure of from Mont St. Victoire, near Aix, to the meridian of a 


the arc of station near Cette was thus measured. In fig. 37, let 
parailel ne P be the pole of the Earth; V, Mont St. Victoire; S, 


mouth of tte the station near Cette; Vs, an arc of parallel; CK, 

Rhone. H wu, perpendiculars on PH, PV. By a triangulation 
founded on a base measured near Arles, and by obser- 
vation of the azimuth of H at V, with the usual calcu- 
lations by parallels and perpendiculars, H « = 24,710.7 
toises, « V = 10,422.7; whence the distance of the 
perallels of H and V = 10,328.3. which, considering 
1° = 57,048, corresponds to a difference of latitudes 
1052”. The latitude of V being found = 43° 31’ 60", 
that of H is found. And the length of H u will not 
sensibly differ from the length of the arc of parallel 
passing through H ; increasing this in the proportion 
of coslat. H: cos lat. V, V & is found = 24,795.2. Now 
investigating the convergence of meridians, and apply- 
ing it to the angle PVH, VH<& is found; and VHC 
having been determined by the triangulation, CH k 
and CH P are found. From this angle, and the length 
of C H, c& is found in the same manner as Vk: it is 
33,149.5. By asimilar process cs = 20,728.9. ‘The 
sum or Vs = 78,663.6. 
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It has been explained in Section 3, that the difference Measures 
of longitude of two places can be found if we have any of Ares of 
means of comparing clocks regulated to the solar or Parallel 
sidereal time at those places, The most convenient 
method is, to observe from both places some instan- 
taneous sigual, and to note the time indicated by both 
clocks at the time of observation. In the present in- 
stance, the difference of longitudes was determined by 
observing from V and S the explosion of ten pounds of 
gunpowder at a point between them. The duration of 
the flash was estimated at less than halfa second. The 
clocks were regulated by equal altitudes of the Sun and 
stars. By a mean of four explosions, on December 14 
and 15, 1789, and January 4 and 5, 1740, the differ- 
ence of longitudes was found to be 7™ 33°} of time, or 
1° 53’ 19” of are; whence 1° of parallel in latitude 
43° 31’ 50” = 41,618. 

Of the observations for determining the clock errors, 

(upon which the difference of the longitude wholly de- 
pends,) no details are given. The extreme difference 
of the four determinations, which are quite independent, 
is 14 second of time. The result, we imagine, is not 
subject to any great error, though the omission above- 
mentioned makes it difficult to assert this positively. 

In the course of the English survey, several arcs of 
parallel have been measured. The only one which, 
from its length, appears worthy of confidence, is that 
between Beachy Head and Dunnose. The difference of 
longitudes was thus ascertained geometrically. Pro- Method 
ceeding from the bases measured on Hounslow Heath ‘4 in ay 
and Salisbury Plain, by the method of parallels and per- the English 
pendiculars, and considering the latitude of Greenwich are of p- 
== 51° 28’ 40", and the length of 1° = 60,851 fathoms, rallel. 
the latitude of Beachy Head was found =50° 44’ 23”.71. 
Similarly the latitade of Dunnose was found = 50° 
87’ 7".31. At Beachy Head the azimuth of the signal 
on Dunnose was found, by observing the angle between 
it and a staff at a convenient distance, and by observing 
with the great theodolite, the difference of azimuth of 
this staff, and the Pole-star at its greatest azimuthal 
digression. By nine observations the angle between 
Dunnose and the North meridian was found to be 
96° 55’ 58”. Similarly, by seven observations at Dun- 
nose, the angle between Beachy Head and the North 
meridian was found to be 81°56! 53”, The problem 
now to be solved is this: Given the astronomical lati- 
tudes of two stations on a surface (not necessarily sphe- 
roidal) differing little from a sphere, and their reci- 
procal azimuths, to find the difference of longitude, or 
the inclination of their meridian planes. The follow- 
ing beautiful solution is given by Dalby, and is the 
foundation of the method used in the English and 
Indian surveys; the considerations connected with it 
are almost sufficient for a complete theory of spheroidal 
triangles. 

In fig. 88, let B and O be two stations 
eievated to be reciprocally visible; O B the straight line 
described by the rays of lights BR, OS normals, drawnin pod by 
the direction of gravity ; let P R S be that line parallel to reciprocal 
the Earth’s axis of rotation which cuts both these normals. observatio. 
(There is but one such line, as will easily be seen by of azimuth 
supposing the whole figure projected on an equatorial 
plane ; and whether it coincides or not with the axis of 
rotation is of no consequence.) The azimuth of O as 
seen at B is the inclination of the planes OBR, PBR; 
similarly, the azimuth of B as seen from O is the incli- 
nation of BOS, POS. With radius Cy =1 con 


sufficiently Difference 
of longitude 
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Pigurect struct as here, and take two points 5,0, whose astro- 
the Earth, nomieal latitudes are the same as those of B and O, 
ayer’ and whose meridian planes coincide with their meridian 
planes; that is, let C 6 and Co be parallel to R B and 
SO. Now we are to find the relation between the 
azimuths of o seen fromd, and 4 seen from o, and those 
of O seen from B, and B seen from O. 

From R draw RG parallel to SO, or Co; and 
from S draw SQ parallel to RB, or Cd. Then each 
of the planes GB R, OQS, is parallel too dC; and 
PBR, p5C, are the same plane; also POS, poC, 
are in the same plane. Consequently, the inclination 
of the planes POS, QOS, is equal to the angle o;5 
and the inclination of PBR, GBR, is equal to the 
angle at 6. Hence the azimuthal angle at O is less than 
that at o by the inclination of the planes BOS, QOS; 
and the azimuthal angle at B is greater than that at b 
by the inclination of the planes OBR,GBR. If then 
the inclination of BOS, QOS, be equal to the incli- 
nation of OBR, GBR, the sum of the azimuthal 
angles at B aad O will be equal to the sxsm of those at 
band o. We must now discover in what cases those 
inclinations are equel. 

First, they are equal when R coincides with 8, as 
both inclinations then vanish. This happens when the 
figure is spherical, with any latitudes. or with equal 
latitudes when the figure is any solid of revolution. 

Secondly, from B draw BH perpendicular on OS, 
and B L perpendicular on the plane QOS; and from 
O draw O K perpendicular on B R, aad OM perpen- 
dieular on the planeG BR. Then the tangent of the 


inclination of O B R, GBR iso: and the tangent of 


BL 
HL 
tors are equal, (as they are the perpendicular distances 
of two parallel planes at different points;) are the de- 
nominators also equal? To discover this, project the 
figure on the plane GBR, (fig. 39,) then the lines 
K M, HL will be equal, ifON, BN areequal. This 
will happen when BON = OBN, which holds when 
the reciprocal depressions are equal. Further than 
this we cannot proceed; but it will easily be seen 
that ON, BN are very nearly equal in all cases 
where O and B are equally elevated above a surface 
whose curvature does not alter very rapidly. If un- 
equally elevated, the error in the assertion (that the 
inclinations of OB R, GB R, and of BOS, QOS, are 
equal) arises only from this circumstance, that a per- 
pendicular to the horizon at O docs not appear per- 
pendicular when seen from B; the effect of which, as 
we mentioned before, is quite insensible. We may 
therefore assert, that, for all practical purposes, these 
inclinations are equal ; and, consequently, that the sum 
of the azimuthal angles at B and O is equal to the sum 
of those at 5 and o. 
The first conclusion that we shall derive from this 
in theorem is, that the spherical excess in a spheroidal 
ae triangle is the same as in a spherical triangle, whose 
equal to -—«-Vertices have the same astronomical latitudes and the 
that in sphe- Same difference of longitude. In fig. 40, let BOC be 
rica trian- a spheroidal triangle, and boc the corresponding sphe- 
ple, rica) triangle. Adding the equations 


POB-+-PBO=pob + pbo, 
PCB + PBC=pcb+pbe, 


Sum of azi- 
muthal ane 
gles on 
sphervid 
equal to the 
sum of azie 
muthal an- 
gles at cor- 
responding 
points of 
sphere. 


the inclination of BOS, QOS, is The numera- 


Spherical 
excess in 
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we have Measures 
POB+PCB+OBC=pob+pebtobe parrot 
Subtracting eed 
POC+ PCO = poct peo, 


there remains 

COB+ O0CB+OBC =cob+0cb +000, 
and, consequently, 
COB+0CB+0B C—180°=cob+0cb+05c—180° 

We shall next observe, (and this, in fact, is the appli- Theorem for 
cation for which the theorem was invented,) that any ae the 
equation relating to the spherical triangle po 6, fig. 35, longitude: . 
in which only p 0, pb, op6, and o+ 8 are concerned, 
is equally true if we substitute for them colat. of O, 
colat. of B, difference of longitudes of O and B, and 
sum of azimuthal angles at O and B, (these being re- 
spectively equal to the former.) Now (Tricononetry, 


pb-~po 
opb_ =i b +0 


Art. 117. —————.. 
117.) tan 5 arg cot —p 


» and 





2 
cos 4 diff. latitudes 
sin 4 sum of latitudes ° 


cot 4 sum of azimuthal angles. This is the theorem 
to be used for finding the difference of longitudes. An to be used 
examination of it by the method given in Triaono- 19 low lath 
mETRY, Art. 161, will make it evident that, in general, a tacen. 
small error in the latitudes produces no sensible error 
in the determination, while an error in the azimuths is 
of great importance; but that when the latitudes are 
small, the errors receive large multipliers in the ulti- 
mate result. This method ougiit not, therefore, to be 
used for stations near the Equator; and we shall there- 
fore take no notice of the arc of parallel measured by 
Col. Lambton in India. 
From the data given above, the difference of longi- 
tude of Beachy Head and Dunnose is found to be 
1° 26' 47.87 ; which will not be sensibly altered by the 
minute alterations since made in the latitudes. 
The terrestrial arc of parallel was found by a method 
equivalent to the following. In fig. 41 let BL, DE 
be two parallels through B and D; B W and DR per- 
pendiculars to the meridians PB, PD). In the triangles 
WBD,RBD, the necessary angles being known, 
and the chord of BD being found by triangulation 
= $39,897.6 feet, the arc BW was found = 836,119.1, 
and D R= 836,988.5. Now the latitudes of B and W 
differ so little that we may suppose their normals to in- 
tersect the axis in the same point I, fig. 42; constructa 
sphere, with centre T, passing through B; then W and 
L will be nearly in its surface. ‘Then it is easily seen 
that tan W TB = cos lat. B x tan diff. long.; and 


WTB 
BW=-TBxWTB=TB x ian WTB * ©02 #t-B 


x tan diff. long. Also the arc of small circle BL= 
TBx | lat, B x diff. one: - consequently BL = BW 
diff. long. tan . seater 
tan diff. long. WTR Now diff. long.== 1° 26 
47".87, and WT B = 54’ 50.21; whence BL is found 
= 336,076.2. Similarly, DE is found = 386,940.5. 
These are arcs of parallel corresponding to a difference 
of longitude of 1° 26' 477.87, in latitudes 50° 44’ 23”.7 
and 50°37/7".3; the corresponding lengths of one 
degree are 232,816.5 and 232,91 4.0. 
2¥2 


therefore tan } diff. longitudes= 


Ought not - 
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Figureof § Itis stated by Captain Kater, (Phil. Trans. 1828.) 
the Earth. that the theodolite used for determining the azimuth 
v=’ angles at Beachy Head and Dunnose (pan the accu- 


pendent on the correctness of the apparent time used Measures 
at each of the temporary observatories, the signals may of Arcs of 
be made at the signal posts, and observed at the tem- arallel 


Correction © From the value of an arc of longitude nearly coin- quantity of powder used for each signal was three- 
the we ciding with those which we have given, (the lengths of quarters of a Viennese pound. They were observed by 
sarilade of tof parallel given in the Trigonometrical Survey are several astronomers at the observatories of Padua and 
Dover and 38,719 and 38,818 fathoms,) the difference of longitude Milan, (as well as at Bologna, Modena, and Verona.) 
Falmouth between Dover and Falmouth was calculated to be Their difference of longitude was found'to be 10™ 43*.27 
by trans = 6° 20’ 52.5, or 25™ 23°.5 of time. To determine this intime, All the observations are given in the Milan 
Ce of independently, Dr. Tiarks was sent by sea with twenty- Ephemeris for 1826: they appear to have been made 
ters. four chronometers to compare the apparent times at with all possible care, and the extreme discordance of the 
Dover and Falmouth. Three trips were made; the results is little more than a second of time. The difference 
apparent time was determined by equal altitudes; this of ]ongitude of the church of Santa Giustina at Padua, and 
was compared with the time shown by the chrono- the cathedral at Milan, was inferred to be 1U™ 45*.38. 
meters; and thus, the error of the chronometers with In September 1821, ten signals were given on each Difference 
regard to each of these apparent times being found, the of three evenings, on the mountain Roche Melon. They of longitude 
difference of the Dover and Falmouth time at the same were observed at the observatory of Milan, and at a a ape 
instant was found. The result was that the difference temporary observatory on the plain of Mont Cenis. cggis 
of longitude is 25™ 28°.4; and this probably cannot be ‘The error of a chronometer (by Earnshaw) on mean 
subject to any great error. ‘This amounts to the same solar time was found from observations with a transit- 
as saying, that an arc in the parallel of Beachy Head instrument erected near the hospice, and the chrono- 
(lat. 50° 44’ 23”.7) whose length is 1,474,672 feet, em- meter was then carried to the place at which Roche 
braces a difference of longitude of 25™ 28%.4 of time, or Melon is visible. The difference of longitude was found 
6° 22' 6”; or that 1° of parallel = 281,568 feet. = 9" 0°.20 ; whence the difference of longitude of the 
Measure of | 1m the determination of the difference of longitude of cathedral at Milan and the hospice at Mont Cenis 
the arc of two places at a very great distance from each other, = 9" 0°.81. The details are given in the Operations 
parallel = and where the transportation of chronometers easily and Géodésiques, &c. It is easily seen that the difficulty of 
ae adua rapidly cannot be accomplished, the following methods fixing firmly the instruments and other causes render 


renues. 


racy of which the value of the result wholly depends) 
did not admit of adiustment sufficiently exact to give 
these angles with the necessary precision. Be this as 
it may, it appears certain (from the description of the 
mode of observation) that every care was taken to in- 
sure all the accuracy that it was possible to obtain. The 
result of these observations was intended to fix a scale of 
longitude for the great Map of England; and the ob- 
servers knowing fully the importance of the determina- 
tion, appear to have been well satisfied with its accu- 
racy. Whether the error of collimation was corrected 
does not appear; but in the description of the instru- 
ment it is expressly remarked, that the telescope ad- 
mitted of being reversed for this purpose. The result, 
however it may disagree with that which we shall next 
present, must, we imagine, be considered as equally 
valuable in proportion to the extent of the are. 


may be used. The diilerence of longitude may be 
ascertained by astronomical observations carried on 
simultaneously at the two extremities; as observations 
of the Moon’s right ascension at the time of her transit; 
observations of eclipses of Jupiter's satellites, (which 
are a sort of signals seen at both places at the same 
absolute time ;) and observations of occultations of stars 
by the Moon, or of solar eclipses, (which differ from the 
last only in this respect, that the absolute time of the 
[eee is not exactly the same at both places, 

ut that the difference admits of calculation.) The last 
is the most accurate of all known methods. Or the dif- 
ference of longitude may be found by dividing the arc 
into several partial arcs, such that a point comprised in 
each may be visible at both its extremities, and 
establishing at each of those extremities a temporary 
observatory, and then determining the difference of 
longitude of these extremities by observation of arti- 
ficial signals as in the French arc; and thus making the 
whole determination the sum of the several partial and 
independent determinations. Or instead of making all 
the determinations independent of each other, and de- 


porary observatories, along the whole line in the same 
evening: then if there be any error in the assumed ap- 
parent time at one of the intermediate observatories, it 
will have the effect of increasing the determined extent 
in longitude of the arc on one side, and diminishing it 
for that on the other side, so that their sum will be un- 
altered. It is only necessary that the rates of the clocks 
be known pretty accurately. (See Mr. Herschel's Paper, 
Phil. Trans. 1826.) It is found in practice extremely 
difficult to establish the system of cooperation necessary 
for this method. In the arc which we are now consi- 
dering, the second method was generally used, but the 
principle of the last was introduced in one part of it. 


In August 1824, signals were made by the explosion Difference 
of gunpowder on four evenings on the summit of Monte of long.tude 


: = of Pad 
Baldo, a mountain on the East bank of the Lago di | oy 


Garda. Ten signals were made each evening; the 


this determination less certain than the last; but it 
appears to be satisfactory. 


ua 
ilan. 


In September 1822, observations were made for the pifference 
purpose of finding the difference of longitude of Mont of longitude 


Cenis and Mont Colombier, a hill on the right bank of 
the Rhone below Geneva. At Mont Cenis it was found 
necessary to carry Earnshaw’s chronometer to a point 
2000 feet above the observatory. The chronometer was 
compared, before going and after returning, with the 
transit clock; it was also compared when at the place 
of observation by secondary signals seen there and at 
the observatory. ‘The results were different: the mean 
was generally taken. The tempestuous state of the 
weather made the determination of the absolute time at 
Mont Colombier very uncertain, and the following 
arrangement was therefore made. On some of the 
evenings on which signals made on Mont Tabor were 
observed at Mont Cenis and the observatory on Mont 
Colombier, signals were also made on another part of 
Mont Colombier, and observed at the observatory of 
Mont Colombier and that of Geneva. Consequently 
(as we have already explained) the difference of longi« 


» 


Gea 


of Mont 
Cenis and 
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Figure of tude between Mont Cenis and Geneva was found, un- 
the Earth. affected by any error in the absolute time at Mont 
Samy Colombier. The mean of the results from twelve sig- 
nals (six on September 5, and six on September 7) 
was 3™ §°.76. As this is affected by the errors attend- 
ing four observations of signals, and as the number of 
signals is small, this determination cannot be considered 
equal to the last. 
Difference _ In precisely the same manner, and at the same time, 
of longitude the difference of longitude of Geneva and Solignat was 
of Geveva found. Signals made on Pierre-sur-autre were observed 
and Puy at Solignat and Colombier, and signals on another part 
d’isson- of Colombier were observed on Colombier and at Ge- 
neva. The time at Solignat was determined by abso- 
lute zenith distances of stars observed with repeating- 
circles. The mean of the results of twelve signals on 
September 6 and 7, was 11™ 53°97. See Conn. des 
Temps, 1828. This is liable to the same objections as 
the last; but if combined with the last, the result will 
be almost free from any error in the absolute time at 
Geneva. The difference of longitude of Geneva and 
the station on the Puy d’Isson (near Solignat) was in- 
ferred to be 11™ 57*.82. 

If the signals on September 7 were thought suffi- 
ciently numerous, there would be no necessity for using 
the observations made at Geneva, On that evening the 
difference of longitude of Mont Cenis and Colombier 
was found to be 4™ 44*,28, and that of Colombier and 
Solignat 10™ 18°.81, whence that of Mont Cenis and 
Solignat = 15™ 3°.09, and that of Mont Cenis and Puy 
d’Isson 15™6*.94, unaffected by the error of absolute 
time on Colombier. 

Difference In August 1828, the difference of longitude of 
of longitude Solignat and La Jonchére was determined by twenty 
of Puy signals on the Mont d’Or. The mean was 6™ 49°99 ; 
oe and from which the difference of longitude of the Puy d’Isson 
vegnee: and Sauvagnac (near La Jonchére) = 6" 51°39. Sig- 
nals were, in fact, made on three evenings ; but the re- 
sults given by the first evening’s observations differ 
steadily two seconds from those of the other evenings. 
No explanation of this anomaly could be given, and the 
results of the first evening’s observations were rejected. 
This circumstance seems to throw some doubt upon the 
conclusion adopted. The absolute times were deter- 
mined from zenith distances of stars. 
Difference § In September 1823, the difference of longitude of La 
of longitude Jonchere and St. Preuil, was found in the same way 
of Sauva- from ten signals on September 20, given on Puy-Co- 
pcan S- pneux. Though signals were given on eight evenings 
it was only possible (from some atmospheric cause) to 
see them on one. M. Nicollet considers, however, that 
the favourable circumstances under which these ob- 
servations were made leave no doubt of the accuracy of 
the result. ‘The difference of longitude of La Jonchére 
and St. Preuil appeared to be 6™ 28°.34; that of Sau- 
vagnac and St. Preuil, 6” 23°.09. 
Difference In October 1828, similar observations were made at 
of longitude St. Preuil and Marennes. The mean of forty-six signals 


of St. gave for the difference of longitude 37 49°01; and 
a and between St. Preuil and the steeple of Marennes, 


arennes  8™ 487.99. | 
Adding together these differences, we find for the 
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difference of longitude between the steeple of St. Gius- Determina- 
lina at Padua, and the steeple of Marennes, 51™ 56*.25, tion of Fi 
or 12° 59! 3.75. The terrestrial length of the cor- ere 
responding arc of parallel in latitude 45° 43’ 12”, as Goan 
found from the French and Piedmontese survey, (we Measures. 
know not by what method of calculation,) is 1,010,996 oo .—_-/ 
metres, | 

It is difficult to estimate the valne of this determina- Value of 
tion. We are not, ourselves, inclined to rate it very this deter 
high. Of the accuracy of the determinations on the ™**"°™ 
Italian side of the Alps there can be little doubt. The 
credit of the Mont Cenis observations rests entirely on 
the steadiness of rate of a single chronometer, which 
was every day carried on a mountain path to a con- 
siderable elevation. Of the French determinations 
it seems probable that one (if not two) is liable to con- 
siderable errurs. ‘Those who know practically the dif- 
ficulty of determining the time at a fixed observatory, 
and with the best instruments, to an accuracy of one- 
tenth of a second, will probably allow that there may 
have been at any of the temporary stations au error of 
a quarter of a second of time in the correction of the 
clock. When to this are added the errors of chrono- 
meters, and of observations of signals, and the doubt 
which is thrown on some parts by large and une 
explained discrepancies, and when it is considered that 
the determinations of the six partial arcs are absolutely 
independent ; we cannot flatter ourselves that the dif- 
ference of longitude of the extreme points is determined 
within one second of time. And the principal ob- 
servers were themselves so sensible of this uncertainty 
that they had (we believe) concerted a plan for the im- 
mediate determination of the difference of longitude of 
Marennes and Padua, by occultations or other astro- 
nomical phenomena observed at both places. The re- 
spective governments (as we are informed) refused to 
defray the expenses, on the ground that the are might 
in a short time be extended further to the East. It is 
much to be regretted that the accurate determination of 
the extensive arc already surveyed should in the mean 
time be withheld from the scientific world. 


Section 6.—Determination of the Figure of the Earth, 
from the Geodetic Measures. 


The following Table contains an abstract of the ele- Abstract of 
ments of the arcs above described. The foreign mea- elements of 
sures are reduced by supposing the toise = 6.894596 *!! he arca 
English feet,* (according to Shuckburgh’s standard,) 
and the métre = 3.280899 English feet. 





* This number is deduced from Captain Kater’s measure of the 
metre, (Pil. Trans. 1818,) supposing the métre = 443,296 lines of 
the toise of Peru. The comparison mentioned in the PAié. Trans. 
1768, allowing for the difference between the Royal Society’s 
standard and Shuckburgh’s standard as determined by Captain Kater, 
(Phil. Trans. 1821,) gives for the length of the toise 6.394743 feet 
of Shuckburgh's standard. Boscovich’s arc has been corrected for 
the quantity (.03413 nine) by which Mairan’s toise was found to be 
shorter than the toise of Peru. (Base du Systeme ee tom. iii. 
p. 414.) The English arcs of parallel, as well as the other English 
arcs, are seduced to Shuckburgh’s standard. 
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Arcs of Meridian. Determins 
tion of 
| Desoription. amie, | amps, | Le, — Rarth from 
Peruviaa arc as calculated oe 
by Delambre........ J—1°31’ 0| 3° 7/ 3,1 | 1131057 | Mountaioous country. The amplitude probably well | 5 
; determined. 
Maupertuis’s Swedish arc. | 66 19 37 | 0 57 30.4 | 351832 | Mountainous country. A very little doubt about the 
litude, 
French are by Lacaille and eee 
Cassini de Thury...... | 46 52 2] 8 20 0.3 | 3040605 Apparently very good. 
Roman arc by Boscovich . | 42 59 2 9 47 787919 | Mountains in the middle of the arc, and sea at both 
iasatile'y aie aaa hela extremities. The determination appears a good one. 
of Goud Hope ...... 2. [33 18 30 | 1:18 17,5 | 445306 | Moustains in the neighbourhood. The determination 
American arc by Mason appears good. 
and Dixon ........... | 39 12 1 28 45.0 | 538100 | The country favourable; and apparently no doubt about 
French arc from Formen- the result. 
tera to Dunkirk ...... - } 44 51 2 | 12 22 12.6 | 4509402 | The latitudes depend on inadequate observations with 
repeating-circles. 
Svanberg’s Swedish arc... | 66 20 10 | 1 37 19.3 | 593278 | Mountainous country. The latitudes doubtful, as in the 
| English are from Dunnose pone 
to Burleigh Moor...... | 52 35 43 | 3 57 13.1 | 1442953 | Excellent. 
Lambton’s ret Indian arc. | 12 82 21 1 34 56.4 574368 | Excellent. 
| Lambtoa’s second Indian 
arc, as extended by Eve- 
TeSt.cccescccoveee-++ | 16 8 22 | 15 57 40.2 | 5794599 | Excellent. 
12 | Piedmontese arc by Plana 
| snd Carlini........ ..+ | 4.57 30| 1 7.31.1 | 414657 | ‘The determmation excellent. Mountains at both extre- 
mities. 
13 | Hanoverian arc by Gauss . | 52 32 17 | 2 0 57.4] 736426 Esclloot, subject only to a small doubt about the 
14 | Russian are by Struve.... | 58 17 37 | 3 35 5.2 | 1309742 oe ee 
Arce of Parallel. 
No. Description. 
“ Arc across the mouth of the 
ss ee ae 
' assini de Thury ...... 1’50”| =1°53’ 19” 503 
| 16 | Roy’s are betweea: Beachy eine aor 
| ead and Dunnose .... | 50 44 24 | 1 26 47.9 | 336099 | Apparently very good. 
17 | Arc a Dover to Fal- Sara 
MOUID. eonwcacerecccs 6 22 6 47 5 J . 
18 | Are Aeoth Padua to Ma- ) sila kta ofa 
TENNES 2. ce cece reese 45 43 12 | 12 59 3.8 | 3316976 | Subject to the accumulated errors of six independent 
determinations in difficult circumstances. 
pyahons he Fi = oe arcs the equa- § We shall now proceed to discuss these equations, —_Rarth's 
the arcs. tion of p. 194, line 22, and for each of the arcs of | : ares dimensions 
parallel the expression of p. 198, line 42, we obtain the a eee i Ore e Nos, 7 and 11, we joan by 
: 9 ° ° ifferen 
plowing Tuble. oe 2. Comparing No. 7 and No. 2, 6 == 20816830, and comparisons 
1 6x 0544111 —be x .05426 = 118)057 - & = -006850. ef mers? 
2 bx 0167280 + be x 02586 = 851932 8. Comparing No. 7 and No. 8, 6 = 20851450, and ““™ 
3 6x .1454455 + be X .08688 = 3040605 e= .008418, 
4 bx .0377524 + be X .01489 = 787919 4. Asthere is some doubt about both the Swedish 
5 bx .0213197 —be x .00208=— 445506 arcs, (Nos. 2 and 8,) take the sum of the equations 
6 bx .0258163 + be x 00512 = 538100 corresponding to them, and compare this with the equa- 
7 bx .2159001 + be x .10627 = 4509402 tion of No. 7. Thus we find 6 = 20838100, and 
8 6x .0288097 + be x 04298 = 598278 ¢ = ,004722. 
9 0b x .0690040 + be x .06160 = 1442958 5. The comparison of No. 1] and No. 3 gives 
10 6 x .0276169 —be x 02371 = 574368 5 = 20861200, and e = .003553. The comparison of 
11 b x .2785749 — be x .20044 = 5794599 No. Land No.7, gives 6 = 20893720, and ¢ = .003196. 
12 8 x .0196408 + be x .00978 == 414657 This is nearly the same comparison as that from which 
18 0b x .0851849 + be x .03182 = 736426 the French determined the length of their metre. 
14 6b x .0625662 + be x .073826 = 1809742 6. As the Roman and Piedmontese arcs (Nos. 4 
15 5 X .0288980 + be x .09523 = 503022 and 12) are in circumstances of locality opposite in 
16 5b x .0159783 + be x .02556 = 336099 character, we may perhaps take the sum of their equa- 
17. Bb Xx 0708892 + be x 11251 == 1474775 tions to represent nearly the equation which would be 
IS 6x .1582185 + be x .23931 = 3316976 given by an arc in circumstances unaffected by these 
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peculiarities. Comparing this sum with No. 11 we 
have b == 20897940, e = .006180. 

7. Comparing No. 11 with the sum of Nos. 9, 18, 
and 14, we find 6 = 20853650, e = .0033867. 

8 The comparison of the two American arcs (No. 1 
and No. 6) gives 6 = 20834100, e == .002283. 

9. The comparison of Nos. 5 and 11 gives 
b = 20910800, e = .006361. 

The discordance of these results, especially in the 
values which they give for the ellipticity, seems to 
show that several of the meusures are affected with 
some considerable cause of error. This supposition at 
least is n if we suppose the Earth's Figure (at 
the level of the sea) to be one of revolution, and the 
generating curve to be at all similar to an ellipse. The 
most probable disturbing cause is the attraction of 
mountains ; and it will be seen above, that the greatest 
discordances exist in those comparisons in which Nos. 
2,4, 5, and 12 are used; all of which are in moun- 
tainous Countries, Let us then exclude all which are 
in that predicament, namely, Nos. 1, 2, 4, 5, 8, and 12, 
and with the others endeavour to ascertain the Earth’s 
dimensions. 

10. Comparin 
with the sum of 
e = .0083808. 

11. If we confine ourselves to the modern ares, we 
may compare the sum of Nos. 7, 9, 18, 14 with the 
sum of Nos. 10, 11, and we get 6 = 20853355, 
e = 0038232. 

The mean of the two last may, perhaps, be considered 
a good determination. (This amounts to the same as 
giving the modern arcs double the credit, ceteris pari- 
bua, of the ancient arcs.) Thus we find 6 = 20853810 
feet, e <= .0033520. 

Substituting these values in each of the equations of 
meridian arcs, we get the following apparent errors. 
These may be produced by errors in the geodetic mea- 
sures, or by errors in the astronomical determination of 
amplitude. 


the sum* of Nos. 8, 6,7, 9, 18, 14 
os. 10, 11, we find 5 = 20854270, 

















we | aie | Cueaat | Mite: | Measure, | ns Exon 
1/1631 o} 1isoses | 1181057 | 4171 | =1"7 | 
216619 37 | 350615 | 351832 | +1217 | —12.0 | 
3| 46 52 2 | 3039166 | 3010605 | +1439 | —14.2 
4| 43 59 788322 | 787919 | -403| +4.0 | 
5 1-98 18 30 | 444455 | 445506 | +1051 | —10.4 ! 
6 | 39 12 §38726 | 538100 | —626 | +6.2 
7} 4451 2 | 4509768 | 4509402 | -366] +3.6 
8 | 66 20 10 | 593366 | 593278| -88| +0.9 
9 | 52 35 45 | 1419302 | 1442953 | —349 | 43.4 
10 | 12 92 21 | 574960 | 574368} +108 | —12.1 
11 | 16 8 22 | 5794708 | 5791599 | —109 | 41.1! 
12 | 44.57.30 | 410259 | 414657 | +4393 | —43.4 | 
13 | 52 32 17 | 733929 | 736426 | +497 | —4.9 | 
14 | 58 17 37 | 1309865 | 1309742 | —123 | 41.2 





® In determining elements from a number of observations or mea- 
sures, tire methud of madnmum has frequently been used. 
We have rejected the use of this method, for the folloving reason. 
It is perfectly certain, that the elements determined by this method, if 
sabstituted in the equatiuns of condition,will generally give the greatest 
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The reader is now able to judge whether the dimen- 
sions which we have used, or any others, are likely to 
represent with tolerable accuracy the measured lengths 
of meridian arcs on the Earth’s surface. We have 
sometimes thought that the measured arcs appeared too 
small, or the amplitudes too great. in middle latitudes ; 
or that the comparison of equatorial arcs with those in 
middle latitudes gave a smaller ellipticity than that of 
arcs in middle latitudes with Northern arcs. These in- 
dications would show (see Section 8) that the Earth’s 
Figure is protuberant at middle latitudes above the 
elliptic spheroid. But after careful examination we 
believe that there is no unequivocal appearance of this 
And we do not perceive, that the difference between the 
calculated and the measured arcs would be materially 
diminished (at least for the best arcs) by adopting a 
different value for the ellipticity. And observing that 
Nos. 1 and 6 are nearly in the same longitude, that 
Nos. 2, 3, 4, 5, 7, 8, 9, 12, 18, 14, are nearly in the same 
longitude 90° from the former, and that Nos. 10 and 11 
are in a third longitude 60° from the last, we think 
ourselves entitled to conclude that there is no important 
difference between the different meridians of the Earth. 


Determina- 
tion of 
Figure of 
Earth fro: 
Geodetic 
Measures. 


Neat pe? 


On the whole we are inclined to think, that as far The as- 


as meridian measures go, the Earth’s form may be very 
well represented by that of an ellipsoid of revolution 
with the dimensions that we have assigned. The 
greatest differences are at the places and in the direc- 
tions that we should 2 priori have expected. No. 12is 
measured across the great basin uf Piedmont and abso- 
lutely abuts on the feet of very lofty mountains at both 
extremities; No. 8 is terminated by the Pyrenees ;* 
No. 5 is in circumstances partly similar to those of 
No. 12; and No. 2 is in a mountainous country. The 
other differences are not greater than such as might be 
produced by a small lump of unequal density below the 
Earth’s surface, or (as Captain Everest has shown in 
his Account of the Measurement, Sc.) by a mountain 
range wt a considerable distance. 


sumed di- 
mensions 
satisfy the. 
arcs of 
meridian. 


We shall now proceed to consider the arcs of Discussion 


parallel. 

12. Comparing No. 17 with No. 9, 6 = 20841200, 
e= .008763. These then are the dimensions of the 
ellipsoid that corresponds most exactly to the curvature 
of England. 

13. Comparing No. 18 with No. 11, 6 = 20855220, 
e = .003466. 

14. Comparing No. 18 with No.7, 6 = 20848880, 
e = .003667. 

Here we may observe that upon comparing an arc of 
parallel nearly in latitude 45°, with two arcs of meri- 
dian of which one is in a low latitude, and the other 





apparent errors of linear measure in thesmallest arcs, and vice versd. A 
consequence #0 direclly opposed to common sense cannot, we think, be 
supported by any symbolical reasoning. The doctrine of chances (from 
which this method is deduced) is more liable than any other to errors 
of omission in the preliminary considerations for the solution of any 
problem; and we prefer resting in the belief that there is some snch 
error in the proof of this method, to receiving the consequence above- 
mentioned. We have, therefore, thought best to use the method 
commenly employed in Astronomy, vir. to take the sum of groups of 
the equations of condition, and to consider each sum as one equation : 
tlre groups being selected so as to make the coefficient of ¢ large and 
positive in one sum, and large and negative in the other. 

* A of this error is undoubtedly to be attributed to the errors 
of hases, &c. mentioned by Delambre, Base du Sysiéme Métrique, 
tom. iii. p. 163. Perhaps a small part of his differences is to be 
assiyned (o the later measure. 
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nearly in latitade 45°, the first comparison gives a 
smaller ellipticity than the second. ‘his, as we have 
mentioned in page 197, would indicate that the Earth’s 
Figure projected at middle latitudes above the sphe- 
roidal fourm. But we place little reliance on this con- 
clusion, because the determination of the extent in lon- 
gitude of the arc of parallel does not appear to us 
sufficiently certain. . 

If we substitute the values 6 = 20853810, e = 


ofcalculated 9033520, in the equations of arcs of parallel, we get 


and mea- 
sured arcs 
of parallel. 


The as- 
sumed di- 
mensions 
satisfy the 
arcs of 


parallel. 


Conclusion 
deduced 
from the 
measures of 
arcs. 


the following apparent errors. 


( ! 
Calculated ( Measured | Error in 


Error in Ampliltade.' Lateral 
Ni sesh » Deviation 
eo -of Piumb- 
In Space. In Time.! line. 





15 |43°31507} 600827; 503022) 42195) -30".0 —2*.00) 21.7 











16 [50 44 24| 334995! 336099| 41104] -17.2,-1.15| 10.9 
17 |50 44 2411474705)1474775] +70] —1.1|-0.07| 0.7 
18 45 43 12/8316187|3316976 +789!-11.1 —0.74| 7.8 





The magnitude of these errors, and the fact of their 
all having the same sign, appear at first sight rather 
alarming. It must, however, be remarked, that the 
two first arcs are measured across low land or sea, and 
terminated at both extremities by hills, and the effect 
of the attraction of the hills would be to make the am- 
plitude smaller than if no such inequality existed. 
The extremities of the third and fourth arcs are more 
favourably situated; and in these the errors are withiu 
the limits of errors of observation. On the whole we are 
pretty well satisfied with the uzreement between the 
computed and measured arcs. 

The following are our conclusions from the discus- 
sion of the measures, 

1. The measured arcs may be represented nearly 
enough on the whole by supposing the Earth’s surface 
(at the level of the sea, or at the level at which water 
communicating freely with the sea would stand) to be an 
ellipsoid of revolution, whose polar semiaxisis 20,853,810 
English feet, or 3949.585 miles, and whose equatorial 
radius is 20,923,713 feet, or 3962.824 miles. The 
ratio of the axes 1s 298.33 : 299.33; and the ellipticity 
(measured by the quotient of the difference of the axes 


by the smaller) is 





5 54 33° .003352, The meridional 
quadrant is 82,811,980 feet. 

2. In order, however, to conciliate the various measures 
with this assumed form, it is necessary to suppose that in 
some observations, made apparently with the greatest 
care and with competent instruments, the latitude is 
erroneous to the amount of at least 22 seconds. But 
these errors occur almost without exception in the 
localities where we should have expected them (on the 
principle of universal gravitation) from the disturbance 
of the adjacent mountains. 

8. It is necessary also to suppose that in some cases 
the direction of gravity is altered to the East or West of 
that which it would have, were the Earth’s Figure per- 
fectly regular. These instances alsv occur in localities 
iy (as above) we might d priori have expected 
them. 

4. In consequence of these discordancies, the dimen- 
sions above given are liable to some uncertainty. We 
are, however, incliued to think that e cannot be so small 
as .00325, nor so greut as .00345. 
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6. It appears (see Section 2, Art. 12 and 33) that if 
the whole attraction were directed to the Earth’s cen- 


ba 
550° if the Earth were. 


homogeneous, and the particles mutually attracted each 


tre, the ellipticity would be 


other, the ellipticity would be — The ellipticity 
given by the measures is between these. We are en- 
titled then to suppose that the state of the Earth is 
intermediate to these two states: that is, to suppose 
that the interior of the Earth is more dense than the 
surface, but that the mutual attraction of the parts near 
the surface is sensible when compared with the attrac- 
tion exerted by the parts near the centre. 


Section 7.— Observations of Pendulums, for the purpose 
of measuring the Force of Gravity. 


Ooserva> 
tions of 
Pendulums 


et 


The necessity of using the pendulum for measuring Necessity 
the force of gravity, will easily be seen if we consider for using 
the impossibility of ascertaining the magnitude of that Peadulum. 


force by any experiments on single descents of free 
masses. The quantity to be measured is the velocity 
which gravity creates in any freely descending body 
by its action continued during one second (or any other 
given duration) of time. This will be known, if we 
determine the space through which gravity draws the 
body in that time. But with all the contrivances that 
we can uss for retarding the motion in a known pro- 
portion so as to make it measurable to our senses, it is 
impossible to make the measure of the space sufficiently 
accurate, Any one who has seen experiments with 
Atwood’s or Smeaton’s apparatus will allow that we 
cannot expect to measure the space deseribed within a 
hundredth part of the whole. With the pendulum we 
can ascertain the same thing (in the opinion of some 
philosophers) within a four-hundred-thousandth part of 
the whole. This accuracy arises partly from the cir- 
cumstance that the experiments with the pendulum may 
be continued for a very long time, with the certainty 
that there is no interruption between the end of one 
vibration and the beginning of the next, and partly 
from the very remarkable fact that the friction and other 
disturbing causes which ultimately put a stop to the 
experiment, (and which in the case of a descending 
body in Atwood’s and other apparatus, would com- 
pletely alter the results even if we had the power of 
observing them accurately,) do not injure its accurucy 
as long as it lasts.* We shall now proceed to describe 
the general principle, and the most approved methods 
of deducing the magnitude of gravity from observatiot.s 
of the pendulum. 


In our Treatise on Mecnanics, § XV. it is shown General 
that the time of vibration (expressed in seconds) of a principle of 


simple pendulum whose length is 2, in double the cir- . 
cular arc whose versed sine to that radius is 6, will be 


a3 b 
nearly expressed by + \/ og x Q +5) where g 


equals the space through which a body would fall freely 
in a second of time; the are being supposed small. 
If the arc be extremely small the time will not differ 





* For a demoostration of this we must beg to refer to the Cam- 
bridge Transactions, vol, iii. p. 111, &c. 
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hee Banh. guch from ¢ Vie Suppose such a length to 
en hie given to the pendulum that the time of vibration 


i rt] 
may be one second. Then s = lLorg= 7 
The space g then will be found by multiplying the 
length of the pendulum by o And if gravity is not 


the same on different parts of the Earth, the length 
proper for making the time of vibration equal to one 
second will not be the same in all. But when the 
lengths at the different places are determined, the pro- 
portion of the forces of gravity at those places (mea- 
suring the forces by the spaces through which bodies 
would fall freely in one second) will be the same us the 
proportion of these lengths. 

But it is seldom in our power to make a pendulum 
which shall vibrate exactly in one second. Instead of this 
we observe the time in which a pendulum of known 
length vibrates. Now, it is easily seen from the ex- 


pression ¢ = w4/ a or /= Pet where ¢ is the 


time of vibration, that the length of the pendulum at 
the same place is proportional to the square of its time 
of vibration. The length of the seconds pendulum then 
bears to the known length the same ratio as unity to 
the square of the number of seconds in the observed 

time of vibration. 
Compound All this, however, supposes the pendulum to bea 
pendulum material point suspended by a string without weight; a 
may be used construction which evidently is imaginary. But it is 
aswell ss shown in Mecnanics, § XX., that if compound pendu- 
ample Pe Jum be given, we may calculate the length of a simple 
“pendulum which would vibrate in the same time, whate 
ever be the magnitude of gravity. A pendulum, there- 
fore, such as may be made in practice, may be used in 
all respects for the same purposes as the imaginary 

simple pendulum. 

The method which we have described, is in fact that 
which has been adopted in many of the most important 
experiments. The absolute length of the seconds’ pen- 
dulum is thus determined afresh at every station of ob- 
servation. But a method has also been used of finding 
the proportion between the force of gravity at each place, 
and the force of gravity at some place (London for in- 
stance, or Paris) where its absolute magnitude has been 

Method of Well ascertained. This is done by transporting the same 
transporting Pendulum, after having observed it at the place of refer- 
ence, to all the different stations, and observing the time of 


fe different 
laces 


seconds’ 

cee 
differ. 

ent lengths. 


Found 
eee 
the time 

of vibration 
of a given 
pendulum. 


an invari- 

able pendu- zl 

lam to di- vibration at all. Then, since g= —, and J is the same 
ferent 2 


at all the observations, (the pendulum being invari- 
able,) g is inversely proportional to @. Consequently, 
the force of gravity at any new station, is to the force 
of gravity at the place of reference, inversely, as the 
square of the time of vibration at the new station to the 
square of the time of the same pendulum’s vibration at 
the place of reference; or directly, as the square of the 
number of vibrations per day at the new station to the 
mumber of vibrations per day at the place of reference. 
The lengths of the seconds’ pendulums are in the sume 
ratio; consequently, that at the place of reference 
being known, that at the new station is found. 
VOL. V. 
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We shali now mention some additional considerations Observe: 
which must in all operations of great accuracy be taken _ tions of 
into account. Pendulums. 

First, we have supposed the arcs of vibration to be “@"“—™=” 
indefinitely small. When the arc is supposed small, oe is 
but not so small that the term depending on it can be ;., ae 
wholly neglected, the time of vibration is nearly the arc of 

= vibration. 


a (a +2 . If the arc of vibration be 2 
degrees on each side of the vertical, then 
n* sin’ 1¢ 

2 » 


r 


b =U. versin.n’ = 21, sin? = = 1. 





(nearly,) and the time of vibration is nearly 


1 « sin* Ie 
= Vi e (a +n e 16 ). 
This is the time observed; and if the observations con- 


tinue for so short a time that 2 dues not sensibly alter, 
the observed time of vibration ought to be divided by 


sin* 1¢ 
16 


ought to be multiplied by the same quantity, in order 
to represent the time or number of vibrations in inde- 
finitely small arcs, (to which alone all our reasoning 
above will apply.) But if the observations continue for 
a long time it is necessary to know what is the law of 
decrease of the arc. The laws of friction and resistance 
of the air for small velocities being little known, it is 
best to recur to direct experiment. It was found by 
Borda (and we have found the same by our own ob- 
servations) that the decreasing arcs form very nearly a 
geometrical series.* Putting m for the number of 
vibrations observed, (m being a large number,) p for 
the proportion of each ure to the preceding arc, (where 
1 — p is extremely small,) n’ for the number of degrees 
in the last arc = .p™~', the degrees of the successive 
arcs are n, np, np*, &c....np""', and the sum of all 
the times of vibration 


2 21¢@ 
Ve x{m ae (+ pitpttae..+p")t. 
The sum of the geometrical series is 
l—p 1 — pr? 
1—-p- 1 — 


hence the sum of all the times 


ae /g x {mp tie sin* 1 


l—-p" 16 f 
<5 = 

But pu! = therefore p* = ( — y= (= ” very 
n- n nJ 





L+n'*. 





» or the number of vibrations per day 


very nearly ; 


nearly, therefore log p* = = (log x’ — log). But 
log p* = modulus x p* — 1 nearly (as p* — 1 is very 


consequently the sum of all the times 





* In our experiments the decrease of the arc at first was a very 
litle more rapid than according to the geometric law, and at last a 
very little slower. 
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perature. 


correction 
for the 
weight of 
the air. 


? 





ee) x {m+ m. 
28 


and the mean of the observed times 


t { modulus x (n* — 7) sin* “t 
26° ae log n — log 2! 32 3° 


The quantity within the brackets is that by which the 
observed mean time of vibration ought to be divided, or 
the number of vibrations per day ought to be multi- 
plied, in order to reduce the vibrations to vibrations in 
indefinitely small arcs. 

Secondly, we have supposed the length of the pen- 
dulum to continue invariable. Buta metallic wire or 
metallic bar undergoes considerable changes in its 
length from changes in temperature, and it is necessary, 
therefore, to reduce the number of vibrations to the 
number which would have been made if the pendulum 
had been at some standard temperature. Suppose by 
heat the pendulum’s length is increased above that at 
the standard temperature in the ratioof 1: l—+y (y 
being very small:) then the time of vibration is in- 


modulus x (n?—7") sin’ =} 
logn —logn’ ~° $2 


=— 





creased in the ratio of 1: /1 + y,or 1:1-+ 4 nearly, 


and the number of vibrations per day is diminished in 
that ratio. Consequently, the observed number of 
vibrations ought to be increased in that ratio in order 
to find the number which would have been made if the 
pendulum had been at the standard temperature. If 
the temperature during the observation be lower than 
the standard temperature, the observed number of 
vibrations ought to be diminished. 

Thirdly, the vibrations have generally been observed 
in air, But the state of the air being variable, it is 
desirable to calculate the number of oscillations which 
would have been made in vacuum, all other circum- 
stances being the same. For this we have only to ob- 
serve that the effect of the air (like that of any other 
fluid upon a body immersed in it) is to diminish the 
weight of the pendulum by a quantity equal to the 
weight of the air displaced, or to diminish the apparent 
force of gravity in the same proportion.* If this dimi- 
nution be in the ratio of 1:1 — 2, then the time of 
vibration (as will appear by changing g into g (1 — z) 
in the expressions above) will be increased in the ratio 





of 1: , and consequently, the number of vibra- 
l—z 

tions per day diminished in the ratio of }: “1 — z, or 

Le kes 5 nearly. These are the vibrations observed ; 


and therefore to get the number of vibrations in vacuum 
we must increase the observed number in the ratio of 


1:1-+ = As the weight of the air is nearly propor- 


tional to the height of the barometer, it is necessary 
for the calculation of this correction to observe the 
barometer. - 

We shall now describe some of the practical methods 
of observing the vibrations of the pendulum. 





© We shall speak hereafter of an alteration which it has been found 
Recessary to make ia this proportion. : 


which the bottom of the weight would just rest. 
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In a few instances the pendulum of a clock has itself Observe 


been used as an invariable pendulum to be transported 


tions of 


from one station to another. This is the simplest of Pendulums 


all methods, as the clock may be used as a transit 
clock, and its rate immediately determined by transits 


of the fixed stars: at all events comparison with an- 


other clock is all that is necessary. And though the 
accuracy is undoubtedly not so great as with the appa- 
ratus that we shall presently describe, yet very valuable 
results may be obtained in this manner. If the escape- 
ment is so constructed that the pendulum receives the 
impulse of the wheels when it is at the middle of its 
vibration, (which is nearly the case in the dead-beat 
construction,) the time of vibration is not altered by the 
maintaining power. The suspension of the pendulum 
is a matter of some difficulty. If it be suspended by a 
spring in the usual way, the time of vibration is not the 
same and does not vary in the same manner as the time 
of vibration in a circular arc, and the elasticity of the 
spring varies with variations of temperature. If it be 
suspended on knife-edges, (this is the term commonly 
used for a prismatic bar of very hard steel, on one edge 
of which, having an angle of from 20° to 90°, the pen- 
dulum turns during its vibration,) there is, perhaps, 
some fear of the edge slipping on its supports when it 
receives the pressure of the wheel-work. Satisfactory 
results have, however, been obtained with this construc- 
tion. 

The method commonly used in the beginning of the 
last century was to suspend a small weight (commonly 
in the shape of two frustra of cones with their bases in 
contact) by’a fibre of pite, (a preparation, we believe, 
of the leaf of a species of alue,) and placing it before a 
clock to observe the number of vibrations which it 
made, not by counting them, but by observing when it 
had gained or lost two vibrations upon the clock pen- 
dulum. The clock was thus used to count the great 
number of vibrations; the observer counted only those 
which the detached pendulum gained or lost upon it. 
The number of vibrations which it would have gained 
or lost in a day being found by proportion, and the 
number of vibrations per day of the clock pendulum 
being ascertained by observations of the stars, the num- 
ber of vibrations of the detached pendulum per day is 
found. From this, by the application of the corrections 
above-mentioned, the number of vibrations per day in 
indefinitely small arcs and in vacuum is found. ‘The 
length of the pendulum was found by measuring the 
distance between the lower edge of the forceps that held 
the thread and the upper surface of the weight; or be- 
tween the lower edge of the forceps and a plane on 
It is 
to be remarked, that the length of the seconds’ pen- 
dulum thus found is always too great, as the curvature 
of the thread does not begin close to the suspending 
forceps.” . 

The method which was first used by the French, 
nearly at the time of measuring the arc between Dun- 
kirk and Barcelona, was the following. A spherical 
ball of platinum, and a brass cap covering about one- 
fifth of its surface (represented in fig. 43) were ground 
together so as to fit accurately in every position of the 
ball. When this is the case, if the cap be suspended 
the ball will adhere to it provided a very small quantity 
of grease be interposed. The peculiar advantage 
sought in this construction was to destroy the effects of 
unequal Specific Gravity in different parts of the ball 
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Figure of by altering its position with regard to the direction of 
the Earth. gravity. A fine metallic wire was attached to the cap 


Rater's 
metuou. 


and fastened at the top to a smal] apparatus connected 
with a knife-edge. (See fig. 44.) The upper part of this 
was a stalk cut with a screw-thread on which a small 
weight could be adjusted. The time of vibration of the 
pendulum being known very nearly before the observa- 
tions were begun, the weight was adjusted so that 
the small apparatus of fig, 44, without the wire, would 
vibrate on the knife-edge in that time. Consequently, 
when the wire, cap, and ball were attached to it, the 
suspending apparatus might be wholly neglected in the 
calculation of the length of the equivalent simple pen- 
dulum. The knife-edge rested upon a steel plate. 
The number of vibrations per day was ascertained in 
the same way as in the first method: a shade with a 
vertical edge being placed so that when the pendulum 
was at rest, the vertical edge, as viewed in a small tele- 
scope, coincided with the pendulum wire. A cross was 
made on the bob of the clock pendulum, and the ob- 
servation consisted in noting when the wire and cross 
disappeared at the same time behind the edge. All 
the corrections were applied which we have described. 
The length was measured by screwing up from below a 
horizontal plate of steel till it just touched the ball; 
then the pendulum being removed, a bar of known 
length with a T head (to the lower surface of which the 
end of the bar had been accurately fitted) was placed in 
such a manner that the lower surface of the T head 
rested on the upper steel plate, and a graduated slider 
on the bar was then made to touch the lower steel-plate. 
The ball was placed on the steel-plate and the same 
slider was used to determiue its diameter; the wire and 
cap were weighed; then to determine the length of the 
isochronous simple pendulum, a formula was used 
founded on that given in Mecuanics, § XX. At every 
station of observation it was necessary to repeat the 
whole of this process. 

The process used by Captain Kater for determining 
the length of the seconds’ pendulum at London (for 
fixing the standard of English measures) was the fol- 
lowing. The pendulum consisted of a bar AB of 
plate brass, (fig. 45,) about 14 inch broad, and 4 inch 
thick. At A was a knife-edge of the hardest steel, its 
back bearing firmly against solid knees of brass; and 
at B a similar knife-edge. When the pendulum was in 
use, these edges rested on horizontal plates of agate. 
At C was a large flat bob, and at D and E two small 
slips or tails, the use of which we shall mention here- 
after, At F was an adjustible weight, and at G a smaller 
weight, which by means of a screw could be adjusted 
with very great nicety. The principle of the operation 
was to observe the number of vibrations per day made 
by the pendulum when suspended on the knife-edge A, 
and again when suspended on B. If these were not 
equal, the sliding weights F and G were moved till they 
became equal. Then as A and B were at different dis- 
tances from the centre of gravity, it was certain (see 
Mecnanics, § XX.) that B was the centre of oscilla- 
tion corresponding to the centre of suspension A, and 
therefore, that the distance between A and B was the 
length of the simple pendulum vibrating in the same 
time. The distance between the knife-edges was com- 
pared witb the distance of two divisions on the stan- 
dard scale by a microscopic apparatus furnished with 
internal micrometers. 

The number of vibrations per day was determined by 
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observing in the following manner the difference be- Observe 


tween the vibrations of the detached pendulum, and the 
vibrations of a clock pendulum. Suppose the pendu- 
lum suspended on the edge A. On the bob of the clock 
pendulum, which had been blackened, was placed a 
circle or lenticular figure of white paper, whose breadth 
was nearly equal to the breadth of thetail D. Between 
the two pendulums, or (which was the original con- 
struction) in the field Lar of the telescope with which 
they were viewed, was placed an adjustible diaphragm, 
consisting of two perpendicular cheeks, which were 
placed at such a distance that they appeared to touch 
the edges of the tail D when the pendulum was at rest. 
Now suppose both pendulums to vibrate, the detached 
pendulum vibrating more slowly than the clock pendu- 
lum. The tail D is seen to cross the opening of the 
diaphragm, and is followed by the white patch on the 
clock peadulum. At every succeeding vibration the 
patch follows more closely, and at last is completely 
covered by the tail while it passes. This is called a 
disappearance. After a few vibrations it appears 
again, preceding the tail. This is called a reappearance. 
The time of disappearance was generally considered as 
the time of coincidence of vibrations, though in strict- 
ness the mean of the times of disappearance and re- 
appearance ought to be taken, but the error produced 
by this mistake is seldom sensible. This is very far 
the most accurate way of comparing the vibrations of 
two pendulums. It is immaterial whether the detached 
pendulum vibrate in a greater or less time than the 
clock pendulum, but it is essential to the operation that 
it vibrate in a smaller arc; a condition which there is 
no doubt of securing in these experiments, 


é 
The English observations for ascertaining the length 


of the seconds’ pendulum at different places have gene- 
rally been made by transporting an invariable pendu- 
lun whose vibrations were observed before going and 
after returning at London or Greenwich. The con- 
struction was: similar to that of fig. 40, supposing it 
deprived of the knife-edge B, the tail E, and the sliding 
weights F and G. 


tions of 


Pendulums, 


A method, proposed we believe in the last century, Beseel’s 
has lately been put in practice by M. Bessel for ascer- method. 


taining the length of the seconds’ pendulum at Konigs- 
berg. The pendulum consists of a heavy ball sus- 
pended by a fine wire, which is made to vibrate first 
with one length of wire and then with a different length. 
The advantage proposed in this construction was the 
following. It is easy to measure accurately the vertical 
distance hetween two points of suspension on which the 
pendulum successively vibrates, and therefore (as the 
ball in both experiments is depressed to the same place) 
the difference of length of the two pendulums is easily 
found. This distance too is not necessarily a fractional 
part of the standard, and in M. Bessel’s experiments 
was, in fact, exactly one toise. And as the small cor- 
rections depending on the diameter of the ball, &c. 
are easily calculated from an approximate knowledge 
of the length of the pendulum, the difference be- 
tween these corrections is easily found. Thus the 
difference of length of the simple pendulums iso- 
chronous to the pendulums observed is found with 
great accuracy. The times of vibration being also ob- 
served (which are proportional to the square roots of 
these lengths) we deduce from them the proportion of 
the lengths. From these. two data the lengths are 
found. Now it was supposed that this measure could 
2a3 
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which was held by a sort of forceps. Aniron measure, Observe 


‘924 


Figure of be made more accurately than those necessary to 


the Earth, Borda’s method, where the diameter of the ball must copied from the standard inthe Paris observatory, was ‘_ tions of 
———~\—= be ascertained, or than those of Kater’s method, where used for making a pendulum of the length of the Pendulums, 


Carlini’s 
method 


Richer's 
observa- 
tions. 


Those of 
Deshayes. 


Observa- 
tions by M. 
de la 
Croyére at 
Archangel 


the distance between two edges isto be measured. The 
sort of suspension used by M. Bessel was different from 
the others, consisting in unwrapping the wire from a 
horizontal cylinder round which the upper extremity 
was folded. And in the observation of coincidences, 
instead of placing the pendulum within a few inches of 
the clock pendulum, it was placed at a considerable 
distance, and the image of the clock pendulum formed 


‘by an interposed lens was thrown upon the detached 
sign neal so that all disturbance of one pendulum 


y the other was effectually prevented. 

In-some observations by M. Carlini, the upper end 
of the wire was attached to a small apparatus represented 
in fig. 46. In the upper part of this is a wheel with a 
sharp edge, turning like the rowel of a spur; the 
edge serves as a knife-edge for suspension, and by 
turning the wheel the suspension is changed. The 
piece upon which it rests is represented in fig. 47; it is 
supposed to project from a wall. A microscope is 
placed in such a manner as to view the lower edge of 
the wheel directly, and likewise to view its image 
formed by reflection in the curved surface of fig. 47; 
the place where they appear to meet is very accurately 
the place of suspension. By means of a microscope 
placed at the bottom, the upper and lower surfaces of 
the ball were viewed even during the vibration. The 
vibrations were observed as by M. Bessel; a plane 
mirror, as well as a lens, being necessary for the forma- 
tion of the image of the clock pendulum. 

We shall now proceed to mention, individually, some 
of the principal pendulum observations. 

In the Ancient Mémoires de ’ Académie, vol. vii. is 
Richer’s account of his observations at Cayenne; 
which we cite as a matter of curiosity® only, it being, 
we believe, the first of the kind, and that which seems 
to have attracted Newton’s attention. The vibrations 
of his pendulum were very small and were sensible 
during 52 minutes of time; they were compared with 
those of an excellent clock; the observation was re- 
peated several times every week for ten months; the 


result was that at Cayenne the seconds’ pendulum was: 


14 lines shorter than at Paris. The latter he consi- 
dered to be 8 feet 8$ lines. This is the whole of his 
account. 

In the Mémoires for 1701, is an abstract of the re- 
sults obtained by Deshayes. At Cayenne, latitude 
4° 56’, he found the length of the seconds’ pendulum 
‘rather less than 3 feet 64 lines; at Grenada, latitude 
12° 6/, at Martinique, latitude 14° 44’, the same; at 
St. Christopher, latitude 17° 19/, and several places in 
St. Domingo between latitude 18° 19’ and 19° 58’, 3 
feet 63 lines; at another point in St. Domingo, latitude 
19° 48’, 8 feet 7 lines. These results (about which no 
further account is given) are evidently worth little. 

In the Petersburgh Transactions for 1735, are re- 
corded the observations made at Archangel by M. de 
la Croyére. - ‘The pendulum was a brass ball 14} lines 
in diameter supported by a thread of pite the top of 





* See also the Recuetd d Observations faites en plusieurs voyages, 


&c. The length of the seconds’ pendulum at Paris had been mea- 
sured by Picard for the purpose of fixing a standard ; and incidental 
ubservations had been made by Feuillée at Portobello and Martinique, 
by Halley at St. Helena, &c. They are worth very little, 


seconds’ pendulum at Paris, (estimated at 3 feet 84 
lines ;) this length, however, was measured to the cen- 
tre of the ball, and the error thence resulting was cal- 
culated. ‘The vibrations were compared with those of 
a clock. The result was that the seconds’ pendulum at 
Archangel was longer than that at Paris by +4, of a line. 
Not a word is said of the temperature of the standard ; 
and this leaves a small uncertainty as to the correct 
length. 


In the Philosophical Transactions for 1734, is an ac- By Camp- 
count by Bradley, of the transportation of a clock with an bell at Jae 
invariable pendulum (made by Graham) from London maice. 


to Black-River in Jamaica, latitude 18°. The con- 
struction of the pendulum is not described. The ob- 
servations in London, which lasted 10 days, were made 
by Graham, and those in Jamaica, for 26 days, by Mr. 
Colin Campbell. At London the clock gained 1°.2 
daily on sidereal time; and at Black-River it lost dail7 
2™ 5°5, The rates were found by transit observations. 
A spirit thermometer was observed ; and the effect of 
the temperature was calculated on the rough observa- 
tion that clocks of this construction did not generally 
alter their rate at London between summer and winter 
above 25° or 30° per day. The allowance made was 
8°.7; and thus the difference of rate depending on the 
alteration of gravity was 1™ 58°. This may be con- 
sidered a good determination, as the greatest uncer- 
tainty from the rough estimation of the effects of tem- 
perature could not amount to more than two or three 
seconds per day. 


In the Mémoires for 1785 is Mairan’s account of his By Mairan 
observations of the length of the seconds’ pendulum at at Paris. 


Paris. A horizontal plane, movable by screws, was 
placed exactiy 1 toise from the lower surface of his 
forceps. The thread was of pite; it was fixed in the 
leaden ball (6 lines in diameter) by making a small 
hole and burnishing the edge upon the end of the 
thread. The distance between the lower surface of 
the ball and the horizontal plane was found by trying 
which of several pieces of glass would just fit under 
it; and measuring by a scale, with the assistance 
of a lens, the thickness of the glass, The diameter 
of the ball was measured in the same way by 
means of a parallel ruler. The ball was left to hang 
on the thread one day before the experiments were 
begun. At first Mairan tried to count the vibrations ; 


‘but was obliged at last to resort to the method of 


coincidences with clock pendulum. For this purpose 
he was obliged to use a pendulum of little more than 
3 feet in Jength; and the distance was now measured 
by placing the toise on one side, and screwing up the 
plane till it touched the sphere. Some observations 
were, however, made with pendulums of 6 and 9 feet; 
balls of brass, ivory, &c. were also used. The mean of 
twelve experiments gave for the Jength of the seconds’ 
pendulum 8 feet 844 lines. There appears to be no 
correction for the weight of the air nor for temperature; 
the mean height of the thermometer was about 13° of 
Fahrenheit, which is so near the temperature commonly 
used in the application of the French toise, that the 
difference may be neglected. This appears to be an 
excellent determination, subject only to the error of 
Mairan’s toise, and that common to the kind of sus- 
pension that he used. But, as an isolated experiment, 
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given the results of a recalculation of all Lacaille’s ob- Observa- 
servations: they are as follows. Length of seconds’ pen- _ tions of 
dulum at the Isle of France, latitude 20° 10’ South, 3 Pendulums. 


Figure of if is nearly useless in the investigation of the Figure of 
the Earth. the Earth. : 


By Godin 
at Paris. 


By Godin 
at St. Do- 


maingo. diameter, suspended by a line of pite which was at- published 1779, are contained observatious of the pen- 
tached with sticking-plaster, he counted 7684 vibrations dulum at Pondicherry, latitude 11° 56’ North; at Ma- 
and compared them with a clock, and thus found for onilla, latitude 14° 34’ North; and at Foul-point in 
' the length of the seconds’ pendulum, 3 feet 74 lines. Madagascar, latitude 17° 40’ South. They have been 
After this he used a double frustrum of a cone with recalculated by M. Mathieu, (Astronomie au XVIIIme. 
a longer thread, and measured the distance to the upper Siécle, p. 698.) who observing that the standard was 
surface by a sort of sliding rule. By counting 2012 the same as Bouguer’s, and therefore that Bouguer’s 
vibrations he found for the length $3 feet 7% lines. and Lacaille’s observation at Paris might be considered 
Bouguer (see the same volume) found 3 feet 7} lines. as comparable with these if the same reductions were 
Lacondamine used a 12-feet pendulum; but finding made in all, has applied to all the same reductions, and 
some difficulty in the measure, he adopted a pendulum of thus found the following comparable lengths: Paris, 
little more than 8 feet, which was attached to the slider 3 feet 8.582 lines; Pondicherry, 3 feet 7.845 lines; 
of his beam-compasses ; he found 3 feet 734 lines. Manilla, 3 feet 7.517 lines; Foul-point, 3 feet 7.441 lines. 
By Godin, _ At Porto-bello, latitude 9° 33’, Godin and Bouguer In the account of Phipps’s voyage towards the North By Phipps, 
Bouguer, found 8 feet 733, lines for the length of the seconds’ Pole (made 1773) are some observations with an in. at Spitz- 
and Lacon- pendulum; at Pananiu, latitude 6° 35', they found 8 variable clock pendulum made by Graham. ‘The ball bergeu 
apie - feet 7} ines; at Punta-Palmar, 2' South latitude, La- was a brass sphere 4 inches in diameter; the rod a 
Equator, condamine found 3 feet 6.96 lines; at Riojama 9/ steel wire y,th of an inch thick; it turned upon 
South, Bouguer found 3 feet 6.82 lines, and Laconda- knife-edges, which were not left quite sharp, the edge 
mine 3 feet 6.93 lines; at Quito, 25’ South, they found being rounded to a cylinder of 73, inch radius. These 
8 feet 6.83 lines. The elevation of the last-mentioned knife-edges turned in notches made in two pieces of 
place makes it almost unsafe to use such a measure in hardened steel; the notches were angular and rounded 
conjunction with those taken near the level of the atthe bottom. The rod was not fixed firmly to the 
sea. We copy these numbers from the table near the knife-edges, but attached to a pin whose direction was 
end of the IVth volume of the Guvres de Maupertuis. parallel to the plane of vibration, in order that an equal 
The numbers given by Bouguer himself in his Figure de ing on both extremities might be ensured. The 
la Terre, for the length of the seconds’ pendulum in escapement was not absolutely a dead-beat, but slightly 
vacuum, are: at the Equator, at an elevation of 2434 recoiling; as it is well known to artists that a pendu- 
toises, 36 inches 6.69 lines; at an elevation of 1466 lum on a knife-edge suspension may be thus made to 
toises, 36 inches 6.68 Jines; at the level of the sea, vibrate in equal times under the action of very different 
86 inches 7.21 lines; at Porto-bello, 36 inches 7.80 weights. At London the clock went exactly mean 
lines; at Petit Goave, 36 inches 7.47 lines; at Paris, solartime. .On a small rocky island* near Spitzbergen, 
86 inches 8.67 lines. latitude 79° 50’ North, an equatorial was mounted as 
By Mau- Maupertuis observed the rate of an invariable pen- an altitude and azimuth instrument, and at about five in 
rtuisio -dulum attached to a clock, at Paris and at Pello, lati- the afternoon the transit of the Sun’s limb over the ver- 
weden. tude 66° 48’. This instrument was made by Graham: tical wire was observed: this observation was repeated 
the pendulum was of brass, suspended by a knife-edge the next day. Besides this, the clock was compared 
of steel which rested on steel planes. Thetemperature with a chronometer, whose rate was well known, A 
of the places of experiment at Paris and at Pello was correction was applied for the temperature. The cone 
the same, and the extent of the arcs of vibration the clusion was that the rate was accelerated 72°.28 per 
same. At Pello it gained 59°.1 per day on its Paris day. Again, in latitude 79° 44’ North, the clock was 
rate. At London it appeared from Graham’s ob- kept going for about three days, and compuared with the 
servations that it gained 7*.7 per day on its Paris chronometer, whose rate was determined by many alti- 
rate. The observations at Pello lasted four days. As tudes of the Sun immediately before and after the ob- 
they feared that in a country full of iron and magnetic servations. The acceleration, thus determined, was 
stones there might be some magnetic influence, they 73°.06 per day. On returning from the voyage, the 
tried in another clock bobs of different me als, but the clock was found to go true time at London. These 
‘difference at Pello and Par's was the same in all. results appear to be perfectly trustworthy. 
Great confidence may be placed in this kind of observa- We have already described at great length the man- By Borda 
tion, where one of the principal difficulties (that of ner in which Borda’s observations were made at Paris. at Paris. 
measuring the pendulum) is entirely avoided. We shall merely add that the pendulum was about 12 
By Lacaille. In 1752, (see Mémoires for 1751,) Lacaille observed feet long, so that every vibration corresponded nearly 


' The same volume contains two determinations by 
Godin of the Paris pendulum, one with a machine by 


- Graham, (which is not described,) the other with a 


simple pendulum: whose bob was the frustra of two 
cones united by their bases. The latter determination 
agrees very nearly with Mairan’s: the former gives a 
measure shorter by ath ofa line. At Petit Goave in St. 
Domingo, latitude 18° 27’, with a brass ball an inch in 


the length of the seconds’ pendulum at the Cape of 
Good Hope and the Isle of France, and on his return, 
at Paris. ‘The length at the Cape, given in the Mé- 
moires, is 8 feet 8.07 lines. In Delambre's Histoire de 
f Astronomie au XV [IIme. Siécle, p. 478, M. Mathieu has 


feet 7.785 lines; at the Cape of Good Hope, 33° 55’ 
South, 3 feet 8.189 lines; at Paris, 46° 51’ North, 8 
feet §.79 lines. ‘These results are comparable among 
themselves, but are not strictly comparable with others, 
because some corrections are introduced by M. Mathieu 
which were not introduced by observers of that age. 

In the Voyage dans les Mers de [Inde of Legentil, 


to every second vibration of aclock. The whole appa- 
ratus was enclosed in a box, to prevent currents of air 





* This is very near to the place where Captain Sabine afterwards 
observed the pendulum, bat it does not appear to be the identical spot. 
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Figure of from affecting it. All the corrections which we have length of the seconds’ pendulum at Portland Place, Observa- 
the Earth. mentioned were applied, except that for elevation above London. The principle we have already described: er 


“———-’ the sea. The mean result from twenty experiments of 
four or five hours each, was 8 feet 8.5598 lines. See the 


the result was corrected for extent of vibration by ob- 
serving the arc at each coincidence and using the mean py Kater in 


By Biot, on 
the French 


Base du Systéme Métrique, tom. iii. 
The same methods were followed (see tom. iv. of the 
same Work) by Biot (except that he used a pendu- 


between two adjacent ares for the vibrations between London. 
them; for temperature, by allowing 0.423 vibration for 
each degree of Fahrenheit; and for the weight of the 


meridian. tum of about 3 feet in length) at Formentera, latitude air and elevation above the sea in the manner that we 
88° 40/; at Paris, latitude 48° 50’; at Bordeaux, lati- have described. They gave for the length in lati- 
tude 44° 50’; at Figeac, latitude 44° 37’; at Clermont, tude 51° 31’ 8”, 39.18860 inches. But in the Phil. 
latitude 45° 47’; at Dunkirk, latitude 51° 2’; at Leith Trans. for 1819, Dr. Young remarked that the correction pr, Young's 
Fort, latitude 55° 59’; and at Unst, in the Shetland .sually applied for the elevation above the sea was too correction 
Islands, latitude 60° 45’. The lengths-were reduced to great, as it neglected the attracticn of the elevated mass, for eleva 
those which would have been observed at the level ofthe If we stood on a sphere of the same density as the "™ 
sea by increasing them in the duplicate ratio ofthe actual Earth’s mean density, the reduction would be but § of 
distance from the Earth’s centre to the distance of the that which is usually made ; on a hemisphere, still less ; 
level of the sea from the Earth’s centre; this amounts on table land of mean density, the reduction would be 
to the same as neglecting the attraction of the elevation 4 of that usually made; on table land of density = } 
on which they were placed. The results are respec- mean density, it would be $; on table land whose 
tively, (in métres,) 0.7412520, 0.7419175, 0.74160863, ¥ : : . 
0.741612279, 0.7417052, 0.7420761, 0.994531014, density = =~ x mean density (which would probably 
and 0.742723186. All of these, it must be observed, re ° shel 
are lengths of the decimal pendulum (making 100,000 Peete Biel eee ee rer vayer aes 8 ey . 
oscillations in a mean solar day) except the last but Earth’s surface) the reduction would be 1 — a. ae 
one, which is the length of the sexagesimal seconds’ 66 5, 
pendulum. All these determinations must be consi- or —— x usual reduction. The last result thus reduced, 
dered as most valuable. Two invariable pendulums 100 ; . . . 
also were observed at Greenwich and at Paris; they and with other corrections, is 39.13929 inches, This 
appeared to show a retardation at Paris of 10*.79 is the number used in all the subsequent comparisons, 
daily; but it is expressly remarked, that the circum- The same Volume (for 1819) contains Captain Kater's Observa- 
stances were very unfavourable to accuracy. determinations (by the transportation of an invariable tions by 
By Mala- In the Additions to the Connaissance des Temps for pendulum) at Shanklin in the Isle of Wight, latitude Raslich 
spina. 1816, is M. Mathieu’s account of the observations 50°37’; at Arbury Hill, latitude 52° 18’; at Clifton, neridien, 


made in an expedition under the command of Mala- 
spina, undertaken by order of the Spanish Govern- 
ment, from 1789 to 1794. Their pendulum had a 
wooden rod; it was enclosed in aglass box ; the vibra- 
tions were counted by two persons, who relieved each 
other at the end of every sixty; a third person stoud at 
the clock. The following are their results for the 
length of the seconds’ pendulum (taking for unit the 
length of the simple pendulum equivalent to their pen- 
dulum.) 


latitude 53° 28’; at Leith Fort, latitude 55° 59’; at 
Portsoy, latitude 57° 41’; and at Unst, latitude 60° 45’. 
The results were 39.13614, $9.14250, 39.14600, 
89.15554, (obtained under unfavourable circumstances, ) 
$9.16159, and 39.17146 inches. 

In the history of Captain Ross's voyage to Baffin’s Observa- 
Bay (made in 1818) is an account of the going of a tons 's 
clock (with invariable pendulum vibrating on a knife- oe 
edge, which rested on hollow cylinders of agate) AS voyages. 
determined by 7 days’ observation at London, $ 
days at Brassa in the Shetland Islands, latitude 60° 1’, 


oe eee ae and 4 days at Hare Island, latitude 70° 26’. And 
Mulgrave......... 59 34 20 N. 1.0082893 in Parry's first voyage are observations on the going of 
Nutka .......... 49 35 15 68172 two similar clocks at London, before and after the 
Montercy vesecee. 36 35 45 54463 voyage, and at Melville Island, latitude 74° 47’, during 
Cadiz........... 36 31 46 57192 8S days. The result®* (see Phil. Trans. 1821) is, that 
Macao ..... soeee 22 12 42378 at Brassa the length of the seconds’ pendulum is 
Acapulco........ 16 50 49 43770 39.16929 ; at Hare Island 39.1984; and at Melville 
Manilla ee 14 35 49 45051 Island, 39.2070 inches. 
Umatag......... 13 17 52 N. 39539 In the Phil. Trans, for 1828, are detailed accounts of By Hall 
Zamboanga...... 6 54 27 S. 40541 observations made by Captain Basi) Hall and Mr, Foster ®¢@r the 
Lima. ........ 12 4 38 41320 with an invariable detached pendulum at London; at 240sF 
Isle Babao....... 18 35 45 45384 Abingdon Island, one of the Galapagos, latitude 0° 82’, 
oe cece aA - -. eee at San Blas de California, latitude 21° 80’; and at 

Oe nires ‘ i ; 

haa at Sa aes 36 42 32 57471 Bigide Jansire) datiude ge ue ees ae eee 
Port St. Helena . 44 29 34 69083 © lathe Conncieance dee Ti 1827. Additions. M. ~ 
Port Egmont. ooee «OL 21 8S. 71070 given his opinion that these daewtsoti ‘would be shir ah ea 


These results cannot be compared with any others, 
as scarcely any other observation (except Legentil’s) 
has been made at any of these places for the determi- 
nation of the absolute length of the pendulum. 

In the Phil. Trans. for 1818, are contained 
Captnin Kater’s observations for determining the 


scruple if they opposed any received theory, and that, therefore, they 
are useless when they favour it. With the greatest possible respect 
for the opinion of this illustrious philosopher, we must in this instance 
withhold our assent to it. The conclusion is not so accurate as if 
deduced from the use of invariable detached pendulums, but it is 
probably mucn superior to that which would be obtained in difficult 
circumstances by the French method, From our own experimental 


-acquaintance with these clocks, we know them to he excellent. 
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Figo 4 other Paar tiay we cannot ‘enter into the details, and 

e - can only state that the operations appear quite satisfac- 

~——v—" tory. The resulting lengths of thie seconds pendulum 

are 39.01717, 39.03829, (by a mean;) and 39.04375. 

By Brisbane In the same Volume is an account of observations made 

2 nee by Sir Thomas Brisbane, Mr. Rumker, and Mr. Dunlop, 

Wales with an invariable detached pendulum at London and 

‘  Paramatta in New South Wales, latitude 38° 49’ South. 

The length of the seconds’ pendulum at the latter is 
39.07696. 

Captain Sabine’s Account of Experiments to deter- 
mine the Figure of the Earth, &c. published in 1825, 
contains a very valuable* series of observations made 
with two detached invariable pendulums, The principal 
novelties in the manner of conducting the observations 
was, that for coincidences the mean of disappearanccs 
and reappearances was taken ; and that the correction 
for temperature was determined from experiments made 
at London in different temperatures; the effect of an 
alteration equal to 1° of Fahrenheit was found to be 
0.421 vibrations per day. Two clocks with invariable 
attached pendulums (the same which were used on 
Captain Purry’s voyage) were also observed. The 
results, as finally corrected in the Phil. Trans. for 1828, 
will be given in our general table. 

By Warren In 1809 experimentst were made at Madras observa- 
at Madras. tory by Captain Warren, with a leaden ball 1} inch 
diameter, suspended by a fibre formed from the wild 
plantain tree. Its vibrations were counted, and the 
time of an astronomical clock noted by an assistant. For 
the measure, plates of glass were fixed to the wall, and 
paper attached to them, and upon these a scale was 
transferred from Colonel Lambton’s. scale. The beam 
compasses were applied to the lower surface of the 
support, and the lower surface of the ball, and were then 
taken to the scale. The diameter of the ball was 
inferred from its weight. From 10 days’ observations the 
length of the seconds’ pendulum was found to be 
39.026273 inches (in air, and measured by Lambton’s 
scale.) This determination is certainly inferior to one 
that we shall presently give. 
In 1821 an expedition under the direction of Mr. 
the Equator Goldingham, made observations at Pulo Gaunsah Lout 
’ (a small island in latitude 1/ 49” North) with an inva- 
riable pendulum, which had been observed at London. 
The deduced length of the seconds’ pendulum is 
89.021260 inches. Every care appears to have been 
taken to make this accurate. 


By Sabine 
in different 
latitudes 


By Goldiug- 





: and at The Phil. Trans. for 1822 contain Mr. Goldingham’s 
| Madras. determination, with the same pendulum, of the length 
of the seconds’ pendulum at Madras, latitude 18° 4’: 
it is found to be 39.026302, and appears to be very 
accurately determined. In this, and in the last, the 
reduction for temperature is applied in a very confusing 
manner; but we have satisfied ourselves that it is 
correct. 
poe In the Phil. Trans. for 1826 is Lieutenant Foster's 


Bowen, _®ccount of a very careful series of observations at Port 
Bowen, latitude 73° 14’, with an invariable pendulum 
which had been observed at Greenwich. The conclu- 
OSS SESS SSSA 

* The publicity of some discussions respecting these observations 
compels us to give our own opinion. We shall decline entering into 
any inquiry respecting the original observations, and shall merely 
as oe we. have - — apn confidence in the results. 

e accounts of this and the next set of experiments were pre- 
sented by the East India Company to the Astronomical Society of 
London, hy favour of whom we have been allowed to inspect them. 
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sion was that the length of the seconds’ pendulum Obserra- 
= 39.203472 inches. This, however, is founded onthe _ tions of 
supposition that 39.13911 is the length of the seconds’ Pepdulums. 
pendulum at Greenwich, reduced to the level of the sea. 

It is, however, nearly the length at Portland Place, 

London. We shall soon mention the difference between 

these lengths. 

The French expedition sent oat in 1817—1820, py Frey. 
under Captain Freycinet, made observations at Paris; at cinet in 
Rio de Janeiro, latitude 22° 55’ South; at the Cape of various lati- | 
Good Hope, latitude 38° 55’ South; at the Isle of 4 
France, latitude 20° 10’ South; at Rawak, near New 
Guinea, latitude 0° 2’ South; at Guam, the capital of 
the Marian Islands, latitude 13° 28’; at Mowi, one of 
the Sandwich Islands, latitude 20° 52’; at Port Jackson, 
latitude 33° 52’ South; and in the Isles Malouines, 
latitude 51° 35’ South. Three invariable brass pendu- 
lums were used, and one wooden one. When observed, 
they were enclosed in glass boxes, and a small clock 
placed near them had its pendulum adjusted, till it 
vibrated exactly in the same time. This clock (used 
only as a counter) was compared with a chronometer 
every half hour; for determining the rate, the mean of 
five chronometers was used. The proportionate lengths 
of the seconds’ pendulum are 1.00002271, 0.99783538, 
0.99871582, 0.99794-..5, 0.99709575, 0.99759331, 
0.99792816, 0.99877424, 1.00022319. These deter- 
minations are probably pretty good. See the Voyage 
autour du Monde, Sc. par Freycinet. 

In a similar expedition made in 1622—1825 under pypuperrey 
Captain Duperrey, two of the same pendulums were in the 
employed. The method appears to have been the same Pacific. 
as in the operations last described. The following are 
given as representing the lengths of the seconds’ pen- 
dulum. At Paris, 1; at Toulon, latitude 43° 7’, 
0.99950585;; at the Malouines, 1.00025995; at Port 
Jackson, 0.99871430; at the Isle of France 9.99789022; 
at Ascension, latitude 7° 56’ South, 0.99729881. We’ 
extract these numbers from the Additions to the Conn. 
des Temps, 1830. | 

The Phil. Trans. for 1828 contain Captain Sabine’s py sabine 
observations on an invariable pendulum at London and at Paris. 
at Paris. From an extensive series it appcars that a 
pendulum which at London makes 85,940 vibrations 
per day, is retarded at Paris to the amount of 12.03 
vibrations. As the length of the seconds’ pendulum at 
London, uneorrected for elevation, is 39.13908 inches, 
the leneth at Paris is 39.12813. This is a very valuable 
determination, as it makes a great number of determi- 
nations comparable, which without it could not safely 
be brought together. 

Inthe Phil. Trans. for 1829 is a series of observations 
by the same gentleman for determining the difference a 
of gravity at Portland Place, London, and the Royal ¥;c,_ 
Observatory, Greenwich. It appears that at Greenwich, 
no correction being applied for elevation, the pendulum 
is accelerated about 0.48 of a vibration per day, and 
therefore, the length of the seconds’ pendulum at Green- 
wich is greater than at Portland Place by .000435. If 
the correction for elevation be applied, according to 
Dr. Young’s rule, the difference is 0.60 of a vibration, 
or .000544 inch in the length. We do not ourselves 
believe that the pendulum, as commonly constructed, 
can be relied on to this degree of accuracy. 

The same Volume contains experiments leading to a 
very remarkable result with regard to the correction for 
the weight of the air. They are, in fact, a repetition of 
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Figure of experiments announced by Bessel in the Astronomische 
the Earth. Nachrichten, No. 128, and published in the Berlin 
‘——-<—/ Transactions for 1826. It would seem that a quantity 
Experi- of air moves with the pendulum, and adds to its inertia, 
Pa a and therefore that besides a retardation arising from the 
Sabineto diminished weight of the pendulum, there is another 
determine retardation arising from the increased mass of matter to 
the effect of be put in motion. A pendulum was made to vibrate in 
nt vibra, ir, in vacuum, and in hydrogen gas, of elasticity equal 
tions of a t0 the elasticity of the atmosphere. It appears that the 
pendulum. reduction to vacuum. as commonly made, ought to be 
increased inthe ratio of 1: 1.655. With a spherical 
bob, the reduction ought to be doubled. As, however, 
all the comparative observations have been made with 
little difference in the height of the barometer, the error 
in the reduction has very little effect on their results. It 
is remarkable that the correction for hydrogen gas 
appears to be double of what it would be if we supposed 
the amended corrections proportional to the Specific 
Gravities of the fluids. Bessel determined the atmo- 
spheric correction by observing the length of the 
seconds’ pendulum in air, first with a bob of brass, and 
secondly, with a bob of ivory. The correction, being 
greater for the latter than for the former, in the propor- 
tion of the Specific Gravities, was determined with 
great accuracy from the difference of the observed 
lengths. 
Onserva- The Mémoires de l'Institut, vol. viii. contain a paper 
tions by = by M. Biot, from which we extract the following deter- 
eee minations by himself of the length of the seconds’ pen- 
nean and dttlum at Milan, latitude 45° 28/; at Padua, latitude 
Italy. 45° 24’: at Fiuine, latitude 45° 19’; at Barcelona, 
latitude 41° 23/; at Formentera, latitude 38” 40’; and 
at Lipari, latitude 38° 29’. Expressed in millimétres 
they are 993.547642. 993.607294, 993.584075, 
993. 2321312, 993.0696597, 993.0791638. The former 
determination at Formentera, it appears, was not satis- 
factory. The details of these experiments are not given. 
By Rumker The IIId Volume of the Transactions of the Astrono- 
in New = gnical Society contains a series of‘observations in Borda's 
eee method, made by Mr. Rumker at Paramatta. It appears 
" that the length of the pendulum was measured by 
screwing up the steel plate, first till it touched the ball, 
then till it touched the measuring bar. The diameter 
of the ball was measured by winding a thread eleven 
times round it. The result in millimétres is 992.412801. 
Many details of the calculation are omitted. 
By Fallows In the Phil. Trans. for 1830 is a determination by 
atthe Cape Mr. Fallows, of the proportion of Gravity at London 
oo and at the Cape uf Good Hope with an invariable pen- 
a dulum. The number of vibrations per day at London 
was 86164.97, and at the Cape 86097.86. With the 
length 39.13929 inches for the seconds’ pendulum at 
London, we find for the Cape 39.07836. 

By transportation of an invariable pendulum, (from 
London, we believe.) Svanberg ascertained the Icngth 
of the seconds’ pendulum at Stockholm, latitude 59° 21’, 
to be 39.165414 inches. We are unable to refer to the 
original account of this experiment. 

The length of the pendulum at Kénigsberg, latitude 
54° 42’, reduced to the level of the sea, has been found 
by Bessel (by his method described above) to be 
440.8179 lines. The two pendulums whose difference 
he measured, vibrated in 1”.7127 and 1'.0020. Ob- 
servations of invariable pendulums transported from 
Paris gave a greater length. See the Berlin Transac- 
tions for 1824, or the Quarterly Journal, March, 1829. 

The difference of Gravity at London and Altona has, 


we believe, been ascertained by Captain Sabine with an Deductica 
invariable pendulum. The results, so far as we know, {rom Pes. 
have not yet been published. datum Ob- 
Observations have been made in London by Mr. F. 2": 
Baily with a pendulum with two knife-edges. The 
ndulum consists of a massy brass bar without any bob. 
is construction appears to be attended with the 
following source of inaccuracy ; ifthe suspension planes 
are not very well levelled, the pendulum will not vibrate 
in a vertical plane, and the time of vibration will be too 
great. In Captain Kater’s construction this was pro- 
vided against by making the bar so thin that it would 
bend into the proper position. Mr. Baily’s results 
differ sensibly from those of Captain Kater.* See the 
Philosophical Magazine, February, 1829. 


Section 8.—Deduction of the Figure of the Earth from 
Pendulum Observations. 


The first element which it is important to settle is, Length of 
the length of the pendulum at Paris. In these reduc- seconds’ 
tions we shall suppose the French foot = 1.065766 x pendulum 
English foot; and the métre = 39.37079 English at Ears 
inches. 

Inches. 

Now Borda's experiments give 440.5593 

MOS is 5oene oss binlere tele aes .... = $39.12776 
Biot’s (uncorrected for elevation) give for 

the decimal pendulum 0™.7419012, or for 

the sexagesimal.............+0+.--. 39.12848 
Sabine’s..... is Meseeteseae eoatecas, SI1Z8IS 


The mean is 39.12812, and this is probably very 
accurate. If corrected for elevation by Dr. Young’s 
rule it gives at the level of the sea 39,12877. 

From this Jength, and the length at London, Masoct of 
(39.12908, or corrected by Dr. Young’s rule for elevae calculating 
tion 39.12929,) we have deduced the length at all the ll the other 
places where an invariable pendulum was observed. ~ 
The absolute lengths measured by the French in the 
present century we have reduced to English measures 
The absolute lengths measured in the last century we 
have compared with the Paris length given by the same 
observer, and have applied the difference to our value of 
the Paris length. Legentil’s are compared as we have 
mentioned. 

The observations may now be very well divided into 
first-rate and second-rate. We have reduced all of the 
first class to the level of the sea by Dr. Young's rule, 
using the multiplier .6. In the second class we have 
not attempted any alteration, except in Warren’s, which 
we have corrected for the error of the standard, and 
reduced to vacuum. 

Now in Section 2, Art. 65, it appears that theory Lengths e» 
would lead usto expect that gravity at the latitude A, or sumed 0 
the length of the seconds’ pendulum which is propor. i, 
tional to it, may be represented by E (1 + F sin*)). theoretical 
Making this assumption for each of the lengths, and formule. 
arranging them in the order of latitude, we have the 
following Table. Where two observers ure mentioned, 
we have taken the mean ¢* the lengths deduced in the 
way that we have described. 


* Mr. Baily remarks that Shuckburgh’s scale seems to have sus- 
tained some injury. It appears, however, that the same divisions 
were used for the measure of the pendulum as for the comparison 
with the métre, and nearly the came as for the comparison with other 
English standards; and thus the error in the result of measures 
which are only comparative is probably insensible. 
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Vigure of First-rate Observations. Deduction | 
the Earth. No, Observers. Place. Latitude. Length® of Seconds’ Pendulum and Equation. from Pen- 
Veo id] Sabine... ............-05+ Spitzbergen..... ws eee 79°50! N, 9.21469 = Ex {1 + F x.9689} ‘dulum Ob 
Mquations 2 Sabine............e-e0+- Melville Island........ 74 47 392070 =Ex{1l + F x.9311} Strvation. 
given by 3 Sabine........-..-ee.++» Greenland........... 74 82  39.20385 = E x {1 + F x.9289} “~"Y" 

tbes assump 4 Foster ..cceeceseeceeeess Port Bowen.......... 78 14 9.20419 = Ex {1 + F x.9168 
: 5 Sabine ....egesceceseseee Hammerfest .........70 40 39.19475= Ex {1 + F x.8904 
6 Sabine .,...... o++...++- Drontheim...... weees 683 26 $39.17456 = Ex {1 + F x 8000 
7 Biotand Kater..........-. Umst..........0-. ... 60 45 39.17162 = E x ji1 + F x.7612 
8 Svanberg.......-++0.0+--- Stockholm ........... 59 21 839.16541=Exjl + F x.7401 
DO Ratel secs cos swicoceuwse a POMSOY sis scoewreaes, OF 41 89.16159 =~Ex{l + F x.7142 
10 Biot and Kater...........- Leith Fort........... 559 59 9$9.15546=E x{1 + F x.6870 
ll Bessel.......... rer Konigsberg .......... 5442 39.15072=Ex{l + F x.666) 
12 Kater ...cccc cece ccccccoe Clifton ........05.0.. 53 28 939.14600 = E x {1 -+ F x.6456 
3 Kater... ......00005. ++» Arbury Hill......... .52 18 39.142450=>Ex{l + F x.6246 
14 Kater.................+. London ......... .... 51 81 =39.189299 = Ex {l + F x.6127 
15 Sabine o.i55500s00000 0's . Greenwich .......... 5129 $9.1389683=Exi{l + F x.6122} 
16 Biot...... Saree ela ere »»» Dunkirk ...........- 51 2 $9.18773 = E x 1 + F x.6045} 
17 Kater..... aia eeesecsres .. Isle of Wight......... 50 37 89.18614 = E xX {1 + F x.5974 
18 Borda, Biot, and Sabine.. i ig POTS. 4.508455 8410 Galeton ek 48 50 $9.12851 = Ex{l + F x.5667 
19 Biot .......... we eccecess Clermont......... ~.. 45 47 $9.1161I5=> Ex il 4+ Fx.5137 
20 Biot....... banal ole aoanatenee og} IAN: Sais shes a aeeacwe 45 28s 89.11608 =~ Ex {l + F x 5081} 
21 Biot............ pial xsl reer ROU Bir sa arsed areas 45 24 $9.11896 -~ Ex jl + F x.5070 
22 Biot........ jared wee med AMOS a6 ae snd ocean 4519 39.11788=Ex{l + Fx.5055 
29 BiOliss. csc Ga Ces Hebd oe5c 6. DOPACAUY 66 os ww sscuse 44 50 $9.112996 = E x{l + F x.4971 
QA Biot ....... ccc ccc ces ce ee FIQQal ceceeeceeeeees 4487 39.11221I5=Ex fl + Fx.4933 
25 Duperrey........ weceeees Loulon.............. 43 7% 39.10952 = Exi{l + F x.4672 
26: Biot ccvawsae 2034 scenes Barcelona. error 41 23 39.10482 => Ex{1l + F x.4370 
27 Sabine..........eeceeee. New York ........... 40 43 $9.10120 = Ex il + F x.4255 
28 Biot, twice...... ceveeaees erormentera...46c 40.48 38 40 $919510=Exi{il + F x.3904 
29 Biot........ SCG ease ws ¢ AIPBEN o:26 ease Se has 38 29 «= 39.0928 = Ex {1 + F x.3872 
BO) a oc evece ces den ndeos« Calilottia.s.260445554 21 30 39.08829 = Exil + Fx.1343 
31 Freycinet................ Sandwich Islands ..... 20 62 39.04690=Exil + Fx.1269 
32 Sabine ........... ...... Jamaica....... isvace 37-56 89.035038 = E x jl + F x.0948 
33 Freycinet........ seg Scans Marian Islands........ 18 28  89.033979=Exji{1 + F x.0542 
34 Goldingham........ Ketebe MIQOTES. 4 siedcsvew gee 13 4 39.02630 = E xil + F x.0511 
35 Sabine ........... cde See MEMMNOOO 6 5505)2.o ee hie Sis 10 39 §©39.01888 =~ Ex jl + F x.0342 
36 Sabine........ osceeessee Sierra Leone......... 8 30 989.01997 =~ E xjil + F x.0218 
Oe) OS ese sce coerce es eearsa ees Galapagos........... 0 32 89.01I717 =~Exi{l + Fx.0001 
8S Sabine.......... esceees ot. Thomas .......... 0 25 39.02074 = Ex il + Fx.0001 
39 Goldingham..... jasceoease Pulo Gaunsah Lout . 0 2N. 39.02126=Ex{l + F x.0000 
40 Freycinet................ Rawak . wseeeeee O 28, 89.014883 = Ex {1 + F x.0000 
BY, ‘Sabie 6c oeics evecare cies Maraoham .......... 232 $39.01213=>=Ex {1 + F x 0020 
42 Sabine and ‘Duperrey Levee Ascension ........... 755 939.02868 = Ex {1 + F x.0190 
43° Sabine «os aieice ewes tv wew st Banas. 6s civen Gaede 12 59 39.02488 = Exil +: F x.0505 
44 Freycinet and Duperrey.... Isle of France........ 2010 $9.04684 = Exil + F-x.1189 
45 Hall and Freycinet ........ Rio de Janeiro........ 22 55 39.04850 = Ex il + Fx.1516 
40 Brisbane and Rumker...... Paramatta ....... +e. 83 49 89.07452 = Exil + F x.3097 
47 Freycinet and Duperrey,... Port Jackson..... ---. 33 52 =39.07919 = E x I + Fx.3105 
48 Freycinet and Fallows...... Cape of Good Hope .. 38 55 39.07800 = E xj{1 + Fx.3113 
49 Freycinet and Duperrey.... Isles Malouines....... 51 85S, 39.18761 = Ex{l + F x.6139 
Second-rate Obserrations. 
50 PhippsS......++.......+.. Spitzbergen.......... 79°37 N. 39.2046 =Ex'‘l + F x.9686 
SI Sabine siccces ctassceveses Hare Island.......... 7026 939.1984 =—Ex'1l + F x.8878 
52 Maupertuis ............. eNO: ee sigs Seas eG eave 6648 39.1887 =Ex{]l + Fx.8448 
58 Dela Croyére............ Archangel .......... .64 32 39.1414 =E x jl + Fx.6151 
54: Sabino 6 ccs seuewsei ann Brassa .......... +. 60 1 39.1698 =Ex{] + F x.7502 
55 Godin and Bouguer........ St. Domingo........ - 18 27 39.0289 —Exj1 + F x.1002 
56 Campbell ....... cocose ee SAMAICA .....0002.20 18 39.0822 =Ex fi] + Fx.0955 
57 Legentil..........00+..2+- Manilla ............. 14 34 $9.0386 =Exi{l + F x.0683} 
58 Warren...... Mein Rares ... Madras............. - 18 4 89.0312 =—=Exjl + Fx.051I1 
59 Legentil............ »»+.. Pondicherry...... ~-.-- Ll 56 39.0188 =Exil + F x.0428 
60 Godin and Bouguer........ Porto Bello.......... 9 33N. 99.0011 = Ex{l + F x.0275 
61 Legentil ...... Aiaieneausee Madagascar. . eee edeivess 17 40S. 39.0267 =Exji1l + F x.0921 
62 Lacaille......... iieees .. Isle of France........ 20 10 39.0889 = Exj{1] + Fx.1189 
63 Lacaille............. «...+ Cape of Good Hope... 33 558. 89.0703 =Exil] + Fx.3118 


Se (SE Pe oo + 


* The whole of these (except Bessel’s) are erroneous to the amount of the error in the correction for the density of the air, ‘The magnitude 
of this error is nearly the same for all, and is about .0015. 
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Figure of To determine E and F from the first-rate observa- 
tne Earth. tions, the most favourable groups will be formed by 
===’ taking for one the sum of the first 24 equations and the 
ee 49th, and for the other the sum of the 24 remaining 
determined. Cquations. ‘Thus we get 
E x {25-++F x 16.9070 } = 978.80528 
Ex {24+ F x 8.8983 } = 937. 16322. 
The solution of these equations gives E = 39.01677, 
F* = .005133. These values give for the length of the 
Equatorial pendulum 39.01677, for the Polar pendu- 
lum 39.21704, and for the pendulum at latitude » 
39.01677 +- .20027 x sin‘). | 
Substituting these values of E and F in each of the 
equations, we get the following apparent errors in mea- 
surement of the pendulum, or in the number of vibra- 
tions per day. 
Firsterate Observations. 
Comparison 
of calcu- 7 ' serve calculatec {rror ae 7 
lated and "| Place. Latitude. | to Toa 1 Toate Vien 
measured |-— — -——_—_|—— 
lengths. | 1|Spitzbergen .. |79° 50’ N.[39.21469|39.21081|+ .00388|4 4.3 
2|Melville Island |74 47 . 2070 2032Z1+ 3380/4 4 2 
3|Greenland ...|74 32 -20335} .20280/4 = 55/4 0.6 
4|Port Bowen ..|73 14 -20419) .20038/4+  381/+ 4.2 
5|Hammerfest..|70 40 219475} = .19509)— 34|— 0.4 
6|/Drontheim ...|63 26 et FSG: 7699|— = 243) — 2.7 
7\Unst ....+../60 45 17162! .16922 4+ 240/4 2.7 
8iStockholm...159 21 | .16541| 1649914 = 42/4 0.5 
9|Portsoy...... 57 41 216159) .159dt/4+ 1788/4 2.0 
1C)Leith ..... ee\o0 59 015546} .15436/4 1170/4 1.2 
1]|Kénigsberg ./54 42 015072] .15017|4 55/4 0.6 
12|Clifton......|53 28 14600) = .14607|— 7\— 0.1 
13)Arbury Hill. .|52 13 ~14250) 14186) 4 64/+ 0.7 
l4|London...... 51 31 -13929] .13948/|— 19/— 0.2 
15|Greenwich ...|51 29 ~13983) = .13938)4 45)4+ 0.5 
16)Dunkirk ..../51 2 .13773) .13784|— llj— 0.1 
17\Isle of Wight ./50 37 13614) .13641|— 27|— 0.3 
18|Paris .......|48 50 .12851| .13027/— —-176/— 1.9 
19\Clermont ....|45 47 ~11615) .11965}— 350/— 3.9 
20|Milan... ..../45 28 ~11603) .11853;— 250/-— 2.8 
PE LEOAORewcivs 45 24 -11896) .11831'4 65|+ 0.7 
22/Fiume wes (4u LY -11788] .11801)/— 13)}— 0.1 
23|/Bordeaux ..../44 50 11296} .11633/;— 337|— 3.7 
24\Figeac ...... 44 37 ~11215| .11557;— = 342/— 3.8 
29|Toulon,...... 43 7 10952) .11034)— 82i— 0.1 
26|Barcelona ,..|41 23 ~10432) = .10429)+ 3} 0.0 
27|New York... |40 43 10120} .10199)_ 79|— 0.9 
28/Formentera .. |38 40 -09510) .09496)+ l4j+ 0.2 
29\Lipari...... .|38 29 -09828] .09432)4 396/+ 4.4 
30/California....|21 30 -03829) .04367|— 538/— 6.0 
31|Sandwich Isl. |20 52 04690) .04219/4+ 471/4+ 5.2 
32\Jamaica .....|17 56 -03503) .03576)— 73|— 0.8 
33|Marian Islands|13 28 03379] .02763/4 616|+ 6.8 
34 /Madras ee Or 13 4 .02630) .02700)— 70j}— 0.8% 
35|Trinidad cache oo 01888] .02362)— 474|/— 5.2 
36 Sierra Leone. | 8 30 01997) .O2114/— 117/— 1.3 
37 |Galapagos....| 0 32 01717] .01679|4 38/4 0.4 
38)St. Thomas... | 0 25 .02074| .01679/4 3895/4 4.4 
39/PuloGaun.Lout} 0 2 .N.| .02126) .01677/4- 449/+4 5.0 
40)/Rawak...... 0 25S. .01433] .01677;— 244)— 2.7 
41|Maranham ...| 2 32 01213 01717)}— + 504|— 5.6 
42]Ascension ...| 7 55 .02363} .02058/4 305|4 3.4 
43|Bahia....... 12 59 .02433] .02688|\—~ 255|— 2.8 
44\Isle of France.|20 10 -04684) .04058/4+ 626\+ 7.0 
45|Rio de Janeiro |22 55 .04350) .04713)— 363|— 4.0 
46}Paramatta ...j\33 49 07452} .07880)— 428|— 4.7 
47| Port Jackson ,.|33 52 -07919| .07896)+ 23/+ 0.3 
48/C. Good Hope (33 55 07800) .07912;— 112}/— 1.2 
49) Isles Malouines/51 35 S.| .13781] .18972|/— 191j— 2.1 














— —...— 





* {tis remarkable that when Newton found the decrease of gravity 
at the Equator to be greater than in a homogeneous spheroid, he sup- 
d the ellipticity to be greater than for a homogeneous spheroid. 

e shall draw ano infereuce exactly contrary to this. 





FIGURE OF THE EARTH. 


Second-rate Observations. 










Errer ‘a 
Length, 


Observed Calculated 


TL 


90|Spitzbergen . . |79°47/ N./31 .2046 {39.2108 |—.0062 |— 6.9 
51|Hare Island ..|70 26 . 1984 -1946 |+ 38 |+ 4.2 
52 Pello COCeeee 66 48 - 1837 . 1860 eee 23 — 2.6 
53|Archangel ... |64 32 1414 1800 |— 386 |—42.7 
54|Brassa coos. (60 1 1693 1670 |+ 23 j+ 2.6 
59(St. Domingo .|18 27 .0239 0372 |— 133 |~14.7 
96|/Jamaica ..../18 . 0322 0359 |— 37 |~ 4.1 
57|Manilla....../14 34 0336 -0295 |4+ 42 [4 4.7 
58] Madras....../13 4 .0312 -0270 |+ 42 j4 4.7 
29|Pondicherry..|11 56 0183 .9253 |— 70 }— 7.8 
60|Porto Bello...} 9 33 N.| .0011 .0223 |= 212 |—23.4 
6]|Madagascar ..|17 40 S.| .0267 0352 |— 85 |— 9.4 
62) Khe of France.|20 10 .0389 0406 |— 17 j— 1.9 

.0703 0791 |—° 88 |— 9.8 


43)C. Good Hope |33 55 S. 





In order to compare the lengths determined from 
Malaspina’s observations with the others, we have cal- 
culated from the formula 39.01677 +- .20027 x sin*® X 
the length at each of his stations. We have divided the 
sum of all these by the sum of his numbers; and have 
used the quotient as a common multiplier by which we 
have multiplied each of his numbers. The length thus 
produced we have called the observed length, and we 
have compared it with our calculated length as in the 
other cases. 


Spanish Observations, 
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No] Pace, | tadade, | Gert | Covert | Enea” | Yee 
64 Mulgrave .... [59° 34! N |39.18479/39. 16565) 4-.01914)/4+21.1 
CoINGIKE: © cect 49 35 .12759| .13285|— 626/— 5.8 
66|Montercy....|386 36 07431} .08796}— 1365)|—15.1 
67|Cadiz ...cec. 36 32 -08491) .08774|— 283)— 3.1 
68|Macao .....|22 12 02734) .04536|— 1802|;—19.9 
69| Acapulco ....|16 51 -03275| . 03360] — 85|— 0.9 
70|Manilla...... 14 36 .03773|  .02950/4 823\4 9.1 
7i\Umateg o.- + 1318 NJ .01631| .02737}— 1106|—12.2 
72|Zamboanga ..| 6 54 S.| .02020) .01966)+- o4}+ 0.6 
73iLima....02..)12 5 .02323; .02555|—  232|— 2.6 
74\Isle Babao...|18 36 .03903) .03714/4 189)+4 2.1 
75}Port Jackson .|33 51 -08405| .07891)4+ 514'+ 5.7 
76|Monte Video .|34 55 ,08795| .08238/4. 557|4. 6.2 
77\Conception ..|36 43 -08600| .08835|— 235/— 2 
78) Port St. Helenaj44 30 13112) .11516|+ 1596)/4-17.% 
79|Port Egmont .|51 21 S| .13885| .13892/— 7} — 0.1] 





From an examination of these apparent errors, the 
following conclusions may be deduced. 
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Deductions 
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1. The observations that we have called second-rate, C°™P*"" 


and the Spanish observations, are perfectly useless for 
the investigation of the Earth’s form. 

2. Upon scrutinizing the errors of the first-rate ob- 
servations, it would seem that, ceteris paribus, gravity is 
greater on islands than on continents. This is a con- 
clusion, however, that cannot be adopted till the correc- 
tion for elevation is ascertained with greater certainty. 
The stations of observation on continents, or large 
islands, are frequently more elevated than those on 
small islands; and, therefore, if our correction (the 
usual correction multiplied by 0.6) 1s too small as it is 
additive, it will make the pendulum’s length, reduced to 
the level of the sea, much too small at the continental 
stations and not much too small on islands. Yet we 
think our correction (adopted from Dr. Young) a good 
one, as it removes some apparent anomalies. At Cler- 
mont, for instance, an clevated station, with the usual 
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eorrection, gravity appears too great; with ours there is 
no remarkable inequality. These considerations will 
show what caution must be used in adopting any theory* 
which rests upon very delicate differences of gravity. 

3. But it is impossible to avoid remarking, that in 
the high North latitudes the greater number of errors 
have the sign +, and that about the latitude 45° they 
have the sign —: those about the Equator being 
nearly balanced. No alteration of our numbers is suf- 
ficient to correct this. If we increased the multiplier 
of sin* X, we might make the errors at high latitudes as 
nearly balanced as those at the Equator: but then those 
about latitude 45° would be still greater than at pre- 
sent. To destroy these without altering the others we 
may add a term — A.sin*X.cos°’. We have seen in 
Section 2. Art. 71. that such a term ought to exist, 
though we could only offer a conjecture as to its mag- 
nitude. From the table of errors it would seem that 
the length of the seconds’ pendulum would be better 
expressed by 89.01677 + .20277 x sin*A — .00880 x 
sint X . cos, The last term is ten times as great as 
our imperfect theory would lead us to expect. Still, as 
an empirical formula, this is the best that we can offer. 

4, There does not seem to be any reason for think- 
ing that gravity is different ut different longitudes; as 
the irregularities on different meridians do not appear 
greater than those at places near one another. Nor does 
it appear that there is any difference between the 
Northern and Southern hemispheres. 

Now to determine the Earth’s ellipticity we must 
refer to the formula of Section 2, Art. 65. It appears 
that gravity, or the length of the seconds’ pendulum, 


being expressed by E (1+ Fsin* a), F will = = ~ 


5 
and consequently e = > —- F; where m is the ratio 


of the centrifugal force at the Equator to the force of 
gravity there. ‘To determine m, we have, Equatorial 
seconds’ pendulum = 39.01677; hence the space 
through which the Equatorial gravity would make a body 


fall in 1° is > x 89.01677, and the velocity which it 


would generate in 1‘ is 7* x 39.01677. Also (Mecna- 
nics, § XIV.) the velocity which would be generated in 
1° by the uncounteracted centrifugal force produced by 
describing in T seconds a circle whose radius is R, is 


in 4 x 251084556 
—— ; or at the Earth’s Equator s* x ~(66164.1)" 


T 

4 x 251084556 
Consequently m= 39.01677 x (86164.1)* = 0034672 ; 
and = e.0086679 — F. 

The question now is, what value shall we choose for 

? Shall we represent the length of the seconds’ pen- 
dulum by 39.01677 +- .20027 sin*A, or by 39.91677 
++ .20277 sin* } — .00880 sin* A cos*X? The former 
gives F = .005133; the latter gives F = .005197. 
We are now in a case where our theory partly fails, and 
where it is impossible to say which of the empirical 
forms is more likely to be correct. If we adopt the 
former value of F we find e = .003535; if the latter, 





* Captain Sabine has observed, (we think correctly,) tnat in many 
instances the inequalities in the force of gravity appear to depend 
on the geological character of the stratum. On basaltic rocks, for 
instance, the number of vibrations is greater, and on alluvial soil less, 
than we should have inferred from the latitude of the station. 
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e =z .00847I. Either of these values of e is consider- 
ably greater than that which we found from the disv.s- 
sion of the geodetic measures (.003352). 

We cannot offer any conjecture as to the cause of this 
difference. If the regions of the Earth in middle lati- 
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tudes were composed of lighter materials than the Greater 

other parts, it might possibly happen that the gravity than that 
at middle latitudes (from the resulting projection of the 6've" by 
Earth at these parts) would be diminished, while at the (fo, 


Poles and Equator it would. be increased. The same 
alteration of figure would cause the ellipticity, deduced 


rcs 
No ex- 
planation 


principally from measures near the Equator and in mid- of the dif 


dle Jatitudes, to appear less than it ought. The only 
way of verifying such an idea would be, to measure an 
extensive arc of meridian near the Pole, (for we con- 
sider the Swedish arcs to be almost useless,) a thing 
which is not likely to be ever effected. But is such an 
idea worth verifying? We cannot say that it is: and 
we have uttered it only in the effort to produce some 
conjectural explanation of an apparent anomaly. 

We can find, however, another conclusion which it is 
more pleasing to dwell upon. If the form of the 
Earth’s meridian were traced on paper the nicest eye 
would be unable to distinguish it from a circle. The 
ellipticity is so small that the closest inspection without 
measure could not judge which was intended for the 
greater and which for the smaller axis. The whole 
quantity in dispute is less than one-sixteenth of this 
ellipticity. Instead of being surprised that such a dif- 
ference exists, we may well be astonished at the accu- 
racy of modern measures of all kinds which make su 
small a quantity a subject of controversy. 


Section 9.—Physical Theory of Precesston and Nuta- 
tion, and Deductions of the Earth's Eliipticity from 
their observed Magnitudes. 


To point out the peculiar difficulty which at first sieht 
appears to exist in the explanation of these pheno- 
mena, we will consider the Earth in the situ- 
ation which it has at the summer eolstice. In fig. 48 
let S be the Sun, B the pole of the Earth whose centre 
is A. If now the Earth were a sphere, the attraction of 
the Sun upon it would not tend to disturb its motion of 
rotation. But from the preceding discussions it ap- 
pears, that the Earth is an oblate spheroid, and that, 
consequently, at K and L its form is protuberant above 
the spherical form. The attraction of the Sun upon K 
is more powerful than that on the principal mass of the 
Earth ; the attraction on L is less powerful. Consider- 
ing the effect of these forces in producing motion re- 
lative to A, the effect of the former is the same as if K 
were drawn towards S, that of the latter the same as if 
L were pushed away. The effect of both of these 
forces seems, to twist the spheroid so as to remove B 
further from S. But in point of fact the effect is, to 
lift - the pole B from the paper, while A remains in 
it; B preserving the same distance from S. This is 
the difficulty to be explained. 

The explanation is to be sought in the composition 
of rotatory motions given in the Treatise on MecHanics, 
Art. 148, &c. The Earth is revolving round the axis 
AB. The tendency of the forces that we have de- 
scribed is to twist the Earth round an axis which would 
be represented by sticking a pin perpendicular to the 
paper at A. The consequence is, that at the end of a 
short time the Earth is revolving about an axis lying 
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Figure of in the plane which passes through the pin and A B, but shifted from A B towards the pin. (We say towards 

the Earth. the pin and not the other way, because the direction of the shifting is determined by observing on which side 

“aye of the old axis the motion impressed by the extraneous forces is opposed to the motion due to the original 
rotation; as it is plain that the position of the new axis must be in that part where the two motions destroy 
each other.) 

From this it appears, that the actual axis of rotation does in fact wander within certain small limits through 
the Earth. Since it continues to rise upwards from the paper at the extremity B while the Earth is revolving, 
it is easily seen that the pole describes on the Earth’s surface a very small circle whose circumference = daily 
motion of the pole. The pole of the terrestrial ellipsoid then, whose form is determined by the rotation, will 
be in the centre of this small circle. And the motion will be the same as if the Earth revolved round one 
invariable axis, namely the axis of the ellipsoid, and this axis were lifted up from the paper. 

Suppose the extraneous forces would impress in 1° an angular velocity a round the axis represented by the 
pin; and suppose w to be the angular velocity round the original axis. As the velucity a is not impressed at once, 
but by degrees, suppose the 1‘ divided into n equal parts. At the end of the first part, the original velocity w round 


AB is compounded with the velocity ~ round the pin. The new axis (by the theorems referred to) is in a posi- 
tion dividing the angle between AB and the pin (aright angle) into two parts whose sines are in the pro- 
portion of w and = 5 that is the angle which it makes with A B has for tangent — And the velocity of ro- 


tation round the new axis (see Mecuanics) is to that round the old one, as the sine of 90° to the sine of the 
7-2 ea et 
complement of the last-mentioned angle; and consequently it = w J l+— = w? _ In the 
——a,8 
same manner, after the second portion of time, the angular velocity will be A w? a &e.; and after 


: é na at 
The velo- 1° or 2 portions of time, it will be ft w+} —- = we + —. Now let the communication of the 
city of ro- nt n 


tation is not motion be gradual, that is, let 2 be indefinitely great, and this becomes w. That is, the velocity of rotation is 
altered. pot altered. Taking up the investigation again, it will appear that in every n** part of 1* the axis is shifted 


through the angle whose tangent is —: and, therefore, in 1° the axis is shifted through » Xx angle whose tan- 


M f s e 
the motion gent is — that is, making 2 indefinitely great, through the angle — (as measured on the circumference of a 
t th 
Earth’s axis circle whose radius = 1.) 
roduced We must begin then with calculating the value of 4. Now to find the momentum of the impressed forces in 


oe - producing rotation round A, we shall take the differencte of the forces acting on each point P and on A (this 


iocea. amounts to the same as impressing on all the particles a force equal to that on A, which evidently would not 
alter the rotation.) The Sun’s force on P = SP (putting S for the acceleration produced by the Sun’s action 
Calculation 


et at distance 1): the resolved parts in the directions PN and N A are ss and — ; or subtracting _ 


ie Sone S.PN 1.1 i 
attraction. the force on A, they are Sp and S (sx ——-- }, a8 SP is very nearly equal toSN. The values of these, 








S A® 
—258 


Ss 
supposing S A very great, are nearly SAseN and Sar * AN. The momenta of these forces acting on a particle 
—25S 


Ss 
)m are Sask NXANxXOm and Sas ANx —PN x 3m; their sum is =p AN.PN.3m, Let AM 
parallel to the equator = +; MP parallel to the axis —=y; BAS =0; then AN = 2 sind — ycos0; NP 


= xrcos 0-+ ysin @; and the momenta of the forces is = x {(2* - 3) sin 6. cos 0 + 2 y (sin® 0 — cos* 0)} 3m. 


Consequently the momenta of forces upon the whole spheroid is the sum of the quantities a sin 8. cos @ 


S 
J ®5m, _ — sin 8. cos@. f y* 3 m, eae (sin? 6 — cos*6) fzyém. But since for every value of z we 











can find pairs of particles, whose values of y are equal, and have different signs, S zy3m will be 0. Also, 

putting @ and 6 for the major and minor semiaxes, and p for the density of the spheroid, it is easily seen that 

S z* $m must be proportional] to a* x mass of spheroid, or proportional to a* x a*b. p, or equal to C . atb.p; 

and that {y*3m must be in the same proportion to 6° x a% . p, or equal to C a®bs. p: and therefore the 
8 

whole momentum of forces = SA sin @.cos@.C . at b (a2 -- 8) p. Ifa= (1 +e) where eis small, this 

our 6 Ss ; 5 

= sa’ sind. cos. Cbee.p. 
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Figure of If, as in Section 2. Art. 44, we suppose the spheroid to consist of a series of spheroidal shells of iifferent Physica 


-he Eartl. ~ 68 d (b5 e) 6s. eee of 
=== densities, the momentum of forces will be sare sin 9.cos¢.C S P»-— db, Or 7s sin@.cos@.C. Lai ei 
y (b). tation, &c. 

Now to find a (Mzecuantcs, § XIX.) we must divide this by the moment of inertia, or _{ (2* + y*) 3m: which fae 

for a homogeneous spheroid = C a® b (a* + b*) p = 2C.55.p nearly; and for a heterogeneous spheroid ; ee 


= 2C J: p. : aus db. Call the general integral v (6), and the value which it has at the surface v (b), and we 


mentum of 
inertia. 





have for the moment of iuertia 2 C uv (b). 





t 
Dividing by this the moment of the forces, we have a = ao ¥ (b) sin @. cos 6: and consequently the Calculation 
8S b S A® vu (b) of the mo- 
motion of the Earth’s axis in 1° = Sars a sin @.cos 8; which for convenience we may call D. arahcon 
: duced 
sin @ . cos 0, ythe Sun 


Now this motion is perpendicular to the plane passing through the Sun and the Earth’s axis. In fig. 49, let pion o 
B represent the place of the Pole, and © the place of the Sun as seen from the Earth’s centre; let 95 be this motion 
the ecliptic, P the pole of the ecliptic, B & perpendicular to B ©. Then the Earth’s pole is moving with the 
velocity D . sin B © . cos B © in the direction B 6. This produces an alteration in the distance of B from P, 
and an alteration in the place of 95. We shall investigate these separately. 

First, the resolved part of the velocity of B in the direction BP is D. sin BOQ .cosBO© .sn@©@OBa = 
D cos B @).sin © 2 = D cos B S.cos© @&.s8in@©a. Let PB=I: thencos Bos =sinI. Also 
let the Sun be supposed to go (apparently) through the ecliptic in a year or T seconds, with a uniform motion, Change in 
(the effect of the inequality of motion is not sensible,) and let ¢ be the time since the Sun was at 9%. Then the inclina 


27 In Qe 1 ee tion of the 
YT O=ys and cos © gs . sin © os = sin ap f+ cosa t= 5 sinar ts and the resolved velocity in the ee 
D Ae ecliptic pro 
direction B P is 3 sin I. sin co t. Integrati.g this with respect to ¢ we find the motion in the direction B P ae by 
e oun. 
=— ee .c = t= — me Scone (. And the inclination is changed to I + ———cos2 ©. It 








8 T 87 8r 
1s plain that the last term is periodical: and, therefore, though the inclination is changed in the course of a year, 
it is the same in all successive years. The variable term is called Solar Nutation. 
Secondly, the resolved part of the velocity of B perpendicular to B gs is D . sin B©.cos B © . cos © Bas. pan 
Now cos © Bas = sin B © &.cos © w@: the expression becomes then D. x (sin B© . sin B © 35) of equi 


xX (cos B ©) x cos© wo = Dx (sin B ss) x (cosB & .cos © &) xX eos C@ B=D.sinI. cos lI. sin®wr © ries a 
u y 
= : sin I. cos] ( ~ cos = t). Integrating with respect to ¢ we have for the motion of B perpendicular the Sua. 


to PB, = .sinI.cosI.é¢— ~ : sinI. cos I sin =o &. The motion of os is found by dividing this by sin I, and 
Tr 


T 
cosT.sin2° ©. The last term is periodic: it is considered a part 








it is, therefore, 2 -cosI.¢— 
2 " 


of solar nutation. The first increases uniformly; it shows that o5 is continually travelling towards %, or 


backwards: the regression in one year is = cos I T. This is called Solar Precession. 


The last investigations apply ag well to the Moon as to the Sun. The only difference is that the Moon re 
volves in so short a time round the Earth that the periodic terms analogous to solar nutation are hardly 





sensible. So that putting M for the mass of the Moon, M A for her distance from the Earth’s centre, es a 
‘x ie = E, I’ the angular distance between the pole of the earth and the pole of the Moon’s orbit, T’ her 


periodic time ; the motion of the Earth’s pole during one revolution of the Moon is : sin I’ cosI'. T’ ina Aid 
ene 


direction perpendicular to the great circle joining the pole of the Earth, and the pole of the Moon’s orbit. explana- 

Now the pole of the Moon's orbit describes (nearly) a circle in 184 years round the pole of the ecliptic. And ee se 
this change of place, altering the direction and maguitude of the motion of the Earth’s pole, produces the saat and 
inequality called Lunar Nutation. lunar oute- 


In fig. 50, let p be the pole of the Moon’s orbit. ‘Then the motion of the Earth’s pole in 1° will be = sin 
B p.cos Bp in the direction Bb. The resolved part of this velocity which increases the distance of B and P 
is - x (cos Bp) x (sinBp. sinP Bp) = > x (cos BP. cos Pp + sia B P. sin Pp.cos P) x (sin Pp. 
sin P). Let Pp =I", and let the pericdic time of p round p in a retrograde direction be T”: and let ¢ be the 


r 
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ated time since p passed the are PB. Then the velocity above == x {eos I. sin I” . cos I”. sin — +5 1 
Anat ; Bio sae : E.™ 

Changein gin I, sin* I” sin ——'. I segrating this with respect to ¢, we have for the increase of P B, X {= cos I 

the inclina- TT 4 

tion of the Qet 1 re 

Earth’s axis | sin I’, cos I’. cos ——- — ~ ain I. sin® I” . cos “ay. These terms are one part of lunar nutation, 

to the eclip- T 4 T"” 


tic pro- == They are evidently periodical ; and, therefore, the inclination of the Earth’s axis to the axis of the ecliptic is not 


ne permanently altered. 


Precession Again, the resolved velocity perpendicular to P B is = sin Bp .cosBp.cosPBp. = = sin B p. cos 
of the 5 


, Sip— ene cos Bp _ E cosPp—cosBP.cosBp _E 
the ook 


ne u 
.sinI” . cos P). SatTcon in fconk nn Tae? _ = {sinI . cos I. cos*I'!—(cos* I—sin® I) sin I” .cos I” 


.cos P- sin I cosI. sint I’ . cost P}. Putting 27! 77 lh a P, and integrating with respect to ¢, we find 


for the motion perpendicular to P B, - {sin I. cos I . (cos* I” — ; sint I”) .¢ — 7 (cos* I — sin* I) siul”. 


wt 
cos I” , sin st - =. sin I cosI sin* I”. sin oleh . The two last terms are evidently periodical: they are 
the remaining part of lunar nutation. The retrograde motion of ¢3 will be found by dividing the motion of 


. es E te ee T’ cos2I . ,, i Qrt 
the Pole by sinI; it is, therefore, — a {eos I. (cos* I 5 sin I) ¢ -— 3m ° amt’ sin I’. cos I”. sin a 
Art 


4 
- = .cusI.sin* I” , sin =r}. The two last terms, which are periodical, constitute the equation of the 
equinoxes in longitude. The first term increases uniformly: it is called lunar precession. 
ae — The lunar precession in one year is found by putting T for ¢: it is therefore 
n 
precession. 





l 
5 .cosI. - I 5 ain’ I"). 
The whole annual soli-lunar precession is, therefore, {D + E (cos* IY — 5 sin’ * 1’) } 5 cosI. Putting 


; S M ee Menke } ‘ST cos y (b) 
for D and E their values, this becomes {5 AS -{- MA? (cos? I” — 3 sin* I”) 7 . oar eG (by 
To reduce this to numerical calculation, we must eer that (Mecnanics, Art. 65. where « corresponds 


4z".SA' 4 x? 
to our S, and @ to our SA,) T? = AS, therefore —— Sas = = Te 
Earth’s mass 4° 


sa oes ] 

: ss = 
M A® ra! and eonsequently, if the Moon = -* of the Earth, 
a 6 =? cos 1 ¥ (b) (b) 


T: ] 
——_—_— — i k t j Ese " ens a in? " e 
: a This makes the expression { l -- T (cos* I 5 s1D I ) }—_—— 7 ‘v(b) y' 


since w is the angular velocity of the Earth, T » is evidently the de through aie the Earth revolves ip 
87 .cos I ¥ (b) (b) 
366.26 ° v v(b)- 
This is measured by an arc ofa circle whose radius isl. If we oe it in sie of a degree, it must be mul- 
— 360 x 60 x 60 
tiplied by Sa 
540 x 60 x 60 cos TO). 
Soli-lunar 36626 °° v (b)’ 
precession ; : ; : . 
inaform the observed value of annual precession (which is known very accurately) and might thence infer the value 
for calcula. y (b) 
tion. of —-. 
v (b) 
the Earth. 
But as 2 is not very certainly known, it will be better to use also another observable quantity depending on 
The most easily observable is the first term of lunar nutation in the increase of PB. This coefficient we 


M 3 T"’ I”. ett CO os Sax? 


-cos I. sin I” . cos I", OMA? tecg an v(b) a T*.@ 


Also, by the.same formula, as the Moon 
revolves round the Earth as a centre, 


M 4x, Ane 


year = 366.26 x 2. Thus the annual precession becomes { 1 +a ani (cos! I’ — 3 aps ‘r)}. 





: this gives for the annual precession in seconds, { 1 + rR = — apr (cos* J’ - = sin* I”)} . 


If we knew accurately the value of n, we might compare this expression with 


This, it is plain, would give us considerable assistance in determining the form and constitution of 


have found to be ae 4 








* Instead of x we ought in strictness to have puts +1, See Paysica: Astronomy, p. 653. The effect of this error is insensible. 
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; Se TT | : ¥(b) Physical 
sin’, ” ¥ b) moe oe ath =o . ". wn UN J 
cosI.sinI”.cosI”. vb) nT  T*866.26.27 cos I. sin I” . cos I y (by’ which in seconds (as Theory of 
1 T T*® 270 x 60 x 60 n w y> (b) and Nu 
in the former case) ax =. TT 96626-5 * cos I. sin I” . cos I v (by tation, &c. 
Now suppose I = 23° 28’; I” = 5° 8 38”; r = 18.6; = = pee: also call the whole annual pre- poreraas 
T T' 27.32 a 
cession a, and the term just mentioned 6, Then on performing the calculations, we shall have these equations, _ culation. 
864490\ ¥-(b) 
a= (4969 + — ° ‘y (b) 
bw 281460 ¥ S 
n v (b) 
Solving them, m = 47.54 x — — 177.56 
; poe 
y (b) ote 
—— = .0002054 x a — .0007671 x 5. Spending 
v (b) > the 
The last value is the only one for which we have occasion at present. ernie 


Now a is very nearly 50.3; the value of 6 given by Bradley is 9.0; by Mayer 9.65; by Maskelyne 9.55; ae frova 


served 





by Laplace 9.40; by Lindenau 8.99 ; by Brinkley 9.25. Then we get for ¥ a the following valnes : nue 
¥ (b) (b) and nuta- 
According to Bradley, >) = .003428 tion. 
Mayer = .002980 
Maskelyne = .003006 
Laplace = .003121 
Lindenau = .003436 
Brinkley = .003236. 


The last value is perhaps the most probable; (it has heen adopted as such by Mr. Baily in the construction of the 
Astronomical Society’s Tables, and we think properly.) Now it must be observed that we cannot from this 
deduce the Earth’s ellipticity without assuming some law for the density of the strata, and solving approxi- 


mately a troublesome equation. For though ¥ (b) = 3( _ =) b*. d (bh), (Section 2. Art. 68.) and, there- 


¥ = 3(e- 5 ; = eS ) where ¢ (b) and v (b) do not depend one; yet the values both of e and 
of @ (b) and v (b) will depend on the vatue of the constants in the law (whatever it may be;) and, therefore, 
when e is determined on the assumed law in terms of the ae by the formula of Section 2. and ¢ (b) and 





fore, 


This func- 
tion will not 





: ; : _m a) b*. @ (b) give the 
v (b) are expressed in terms of them, there will, upon making = equal to one of the Earth's ellipe 
3 . ~w(b) ticity with- 
values above, be a complicated equation to solve. If, for instance, we assume the law mentioned in Section 2. = 2 aoe 
Art. 68, and take Brinkley'’s value of nutatior, we shall have this equation to solve aoe neh 
38f sity. 
s.7 1 
5m q*b* _m tf i 
= ——_*+_—_.. Calcula 
Vea Ree =F 2° qb ay 6 f , with Brink - 
e +f-3 2 +f—- q* bt ley’s nuta- 
tion. 
where f= 1 — ay Solving this by approximation, with the value m = .0034672, we find g b = 143° 53’ ; 
and substituting this in the expression sf 
3 
-1 
ihe 
cae, 12 » we find e= . 3323. 
+ Oss 
Sf 
The smaller values of sos give smaller values for e. . 
We may remark that the mass of the Earth is = = os - ad} nearly, and its volume = —— = b 


_ Sfp. db 


59 With the law above mentioned, and the value 


vearly, therefore the mean density nearly. 
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ide ae of gb just found, we find for tae mean density ao ‘ 
—~ aw! e 
Bani Acsingb Mme 


meas den- 

sity com- : . 8 t : 

pared with proportion of these is =<, or 2.20; a proportion that 
density at b 

surface. 


singb./f, that at the surface being 


agrees pretty well with the results of experiments here- 
after to be mentioned. 


Section 10.— Deduction of the Earth’s Ellipticity from 
the observed Inequalities of the Moon's Motion. 


In Section 2. Art. 67. we have found for the inequality 
in the Moon’s latitude depending on the Earth’s non- 


4. 60)* M arth’s period 
. *\ Moon's period 





- m 
sphericity, — ¢ - x 


9 s 8 
panes ea) . sin I.cos I.sin 6. This expres- 


sion is, in fact, the same as Laplace's, (Mécanique Cé- 
leste, livre 7, No. 29.) observing that g is very nearly 


=1+ 2 m* (in Laplace’s notation.) If I = 23° 28’, 
Earth's period 
Moon’s period 
and M = 7 this is equal to — 4891’ 


and ene area aoe = sin 57’, and 
Moon’s distance 

_ 965.25 

27.25" 

x ( oe +) x sin 6. Now this inequality has been 


found to exist, (it has the effect of increasing the appa- 
rent inclination of the Moon’s orbit in one position of 
her nades, and of diminishing it as much in the oppo- 
site position,) and its maguitude has been inferred from 
calculated observation. The multiplier of sin @ in ouee Tables 


from inee §=ig — 8”.0; in Burckhardt’s it is the same. is value 

quality in m 8 

the Moon's givese —— =< —— 
g 2 ~ 4891 


latitude. 
(as before) = .003467, we have e =.001636 +-.001734 
= .003370. 

We have mentioned in the same place, that there is 
an inequality in the Moon’s longitude depending on the 
non-sphericity of the Earth. Laplace’s expression 
(which our limits do not allow us to investigate) is 
equivalent to C. sin longitude of the ascending node of 


Ellipticity 
= .001636; and considering m 


From ine- 
quality in 
the Moon’s 
tongitude, 


the Moon’s orbit, where C = = . tan mean inclination 


of Moon's orbit x the coefficient of the last inequality. 
Making mean inclination = 5° §’ 38”, C is found 


= 4183” x (« -5). In Biirg’s Tables C is 6.8; 


in Burckhardt’s it is 7”.0 ‘The first gives e—— 


= .001626, e = .003360 ; the second gives e — 5 


001673, e = .003407. Any of these values agrees 
nearly enough with that deduced from the geodetic 
measures. 

In estimating the reliance to be placed on these 
values, it must be observed that they are deduced from 
observations which are insufficient if they do not extend 
over a period of nearly 20 years. The same remark 

plies to the deductions of the last section. This 
atways throws a very little doubt on the accuracy of 
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such a determination, as in all probability the observa- Ineqaa ities 
tions which are compared have been made by different _of the 
persons and in different manners. ‘The small lunar 3/°?® 
inequalities, besides, are involved among a mass of terms 

much greater than themselves; but an error in theirde- poubts of 
termination has less influence on the value of e than an thecertainty 
equal error in the determination of nutation. We mention of these coa- 
these things merely tc show that these deductions could ‘lusions. 
not be put in competition with those derived from geode- 

tic measures, or pendulum observations, if the discord... 

ancies among the latter were not so great as to make 

every confirmation of their results desirable. The coin- 

cidence of the results is however satisfactory, as it 

gives us a strong confidence that the result deduced 

from the measures is not far from the truth, and that 

our theory is in the main correct. 


Section 11.—Observations which show that the Attrac- 
tion of Masses comparatively small is sensible; and 
Determinations of the Earth's mean Density. 


Among these we may place the discrepancies which Anomalies 
have been observed in comparing different parts of the .7 ia? ct 
same arc. Of these it must be confessed, that in some a of the 
instances no distinct explanation can be given. At same arc of 
Arbury Hill, for instance, one of the stations nearly meridian. 
bisecting the English arc of meridian, the latitude was 
observed, and was found to differ about 5” from any 
that could be admitted, on any supposition of the Earth’s 
form ; at Dodagoontah, on the great Indian arc, an un- 
explained disturbance to nearly the same amount was 
observed; at Takal Khera the same thing was ob- 
served ; but Captain Everest appears to have accounted 
perfectly for this by the attraction of a range of moun- 
tains at the distance of 15 miles, (the range running 
Eastward from the termination of the Western Ghauts.) 

The magnitude of these disturbances, it must be ob- 

served, is much greater than any error that could pos- 

sibly happen in the use of the astronomical instruments 

or in the geodetic measures, without the most unreason- 

able neglect. And in inferring the latitude of one place 

from the observed latitude of another not on the same 
meridian, throngh the medium of a geodetic measur-, 

results have frequently been obtained which differ much 

from the observed latitudes. Thus (Conn. des Temps, tn comper- 
1827, Additions) the latitude of Turin deduced from ing the lati- 
that of Milan differs from the observed latitude by 8”.9; tudes of 
We regret that in the statement which we have copied, sea = 
there is no mention of the dimensions of the Earth 

which have been used in deducing the difference of 
latitudes from the geodetic measure. 

Another class of observations leading to the same con- In different 
clusion is the difference between the values of degrees arcs on the 
given by different arcs passing over nearly the same erent 
ground. We have seen that in the Swedish arcs it is ® 
necessary to suppose one disturbance to the amount of 
12”, or two disturbances whose sum = 12”. In the 
arc of parallel between Beachy Head and Dunnose, as 
compared with that between Dover and Falmouth, there 
is evidence (though less perfect) of disturbance nearly 
as great. 

In the Piedmontese arc, if we wish to reconcile it in In the Piet 
any degree with the arcs in greater and smaller lati. N0"'e*e 
tudes, we must suppose that the effect of the disturbances “ 
is more than 40”. But no one who considers the 
situation of the alluvial basin of Piedmont,. with the 
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Figure of highest part of the chain of the Alps to the North, and- 
the Earth. the Apennines (of no inconsiderable height) to the 
vw South, will doubt that this is perfectly explained by 

their attractions. 

These observations, though they render the applica- 
tion of our complete theory doubtful, yet serve to give 
the strongest contirmation of its fundamental principle. 
We must not reject* them because they disagree with 


our theory; we must endeavour to ascertain whether - 


they are consistent with the principle of universal gravi-_ 
tation, and if we find them to be consistent, we must 
examine what alteration must be made in the other 
suppositions of our theory to make it represent the facts 
of observation. 
Sapposi- Now all that is necessary is, to imagine that, after 
tons neces the Earth had assumed a form of equilibrium and 
sount for become solidified, parts of the external crust were 
these ano. elevated by some internal force. And if successive 
malies coatings were deposited from a fluid covering the whole, 
we must suppose irregularities of deposition, in many 
cases connected with the former, to have taken place. 
These inequalities, on the principle of gravitation, might 
account for disturbances in the Earth's form, or rather 
in the form of the sea, great in themselves, but small in 
comparison with the magnitude of the Earth. The 
circumstance, however, of islands being found scattered 
over every part of the Ocean seems to justify us in the 
belief that the Earth was originally fluid, and that its 
form has not been much altered by posterior convulsions. 
The disturbances alluded to have shown the ex- 
pediency, and suggested the possibility, of determining 
by observation the attraction of mountains; and the 
desire of throwing some new light on the constitution of 
the Earth has prompted several experiments for ascer- 
taining the mean density of the Earth. In the last cen- 
tury, too, it ie doubtful whether the Earth's ellipticity 
was less than 530” 
a ee the determination of the Earth’s mean density might 
i sles of the (28Suming the principle of gravitation) assist in settling 
Earth’s that point. For, as has been seen, if the principal attrac- 


(the value assigned by Newton,) and 


mean des tive mass of the Earth were at its centre, the ellipticity 
8 wi 

asclst in would be not much greater than a and therefore if 
determining 580 

itsform. the central part of the Earth were more dense than 


the parts near the surface, the ellipticity might be 
expected to be less than sae the value which it would 


have if the Earth were homogeneous. The first expe- 
riment of this sort was that of Bouguer, mentioned in 
our first Section; of whieh we take no further notice, 
as the person who made it did not think its results 
worthy of any confidence. 

The second was that of Dr. Maskelyne on the attrac- 





* In the PAZ. Trans. 1812, is a paper by Don. J. Rodriguez, (we 
believe one of the gentlemen who assisted Delambre in his survey,) in 
which observed latitudes are compared with assumed dimensions of 
the Earth, and the difference is at once set down as an error of obser- 
vation. The reader, who has taken the trouble to examine our Seetion 
on Meridian Measures, and its results, will judge how uncertain the 
dimensions of the Earth still are, and how certain it is that, using any 
dimensions whatever, we must still suppose some disturbing cause to 
affect the latitudes with errors far greater than the errors of observa- 
tion. The paper in question has been severely criticised by Delambre 
in the Conn, des Temps, 1816, Additions. For our own part, we .can 
scarcely imagine how any one who had been concerned with geodetic 
surveys, or who even knew their object, could compose such a memoir 
as that to which we allude. 
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tion of Schehallien. The history of this is given in our Determins 
first Section; the astronomical observations are in the tion of the 


volume of the Phil. Trans. tor 1775. The sector was ns 
made by Sisson, with the plumb-line passing over pengsity, 


a dot at the centre of the instrument; it was divided OU, 
by taking an arc (7° 9! 59”.917) whose chord = {th of Attraction 
the radius, and continually bisecting this arc: it was of Schehal- 
used with a micrometer-screw as we have described in lien found 
Section 3. At each of the stations it was reversed but oy ee 
once. The error of collimation, as determined by 28 vations 
mean of the observations on the different stars, appears 
to have changed only a fraction of a second between 
making the observations on the North and on the 
South sides of the mountain. On the South side 76 
observations were made, face East, and 93, face West; 
and on the North side 68 observations, face West, and 100, 
face East: the whole number of stars observed was 43. 
The situation of the observatory on each side was 
about half way up the hill. The difference of astro- 
nomical latitude was found to be 54”.6. The distance 
in feet between the parallels passing through the two 
observatories was found to be 4364.4 feet. This was 
determined by a survey of the mountain founded on 
two bases, one of 3012 feet and another of 5897 feet, 
measured with deal rods that were compared with the 
Royal Society’s brass standard. Froin the extremities 
of these bases two cairns on the ridge of the moun- 
tain were observed, and the distance between them 
found. These cairns were not visible at the observa- 
tories, but signals were fixed at distant points where a 
cairn and an observatory appeared in the same vertical ; 
then the angle between these signals, as seen from the 
observatory, was the same as that between thie cairns. 
The same signals were observed at the cairns, instead 
of the observatories. The distance 4364.4 feet, at the 
rate of 101.64 feet to one second, (according to Bou- 
guer’s table.) gave for the difference of geodetic latitude 
42”.94. The difference between this and the observed 
difference, or 11.6, is to be attributed to the attraction 
of the mountain. 

For determining the figure and dimensions of the 
mountain, stations were chosen all round it; then poles 
were fixed in the hill-side in vertical planes, as deter- 
mined by observations with a theodolite in one station, 
and the azimuth and altitude of each was observed at 
another station. A few, however, were placed in hori- 
zontal planes; and some in different manners. ‘The 
calculation of the attraction was made by Dr. Charles Survey of 
Hutton. (Phil. Trans. 1778.) An accurate map being the moun- 
made, concentric circles were described with one ob- ae ie 
servatory for the centre, and with radii in arithmetical of its attrace 
progression, their common difference being 666§ teet. tion. 
Each of the rings between these was divided into 48 
parts, according to the following law: a line being 
drawn in the direction of the meridian, radii were drawn 
inaking angles with it whuse sines were successively 
1 2 8 
12’ 12’ 12’ 
tion (in the direction of the meridian) of each of the | 
prisms thus formed is a constant multiplied by the sine 
of the angular altitude of its top. This was determined 
by an easy practical method, for which, with many 
other details, we must refer to the original Memoir. 
Indeed the various contrivances* of calculation in this 


&c. Then it is easily seen that the attrac- 





* Most of these, it appears, were suggested by Mr. Cavendish 
(whose experiments we shall shortly describe.) And it appears that 
nearly all the preliminary calculations of the attraction of Skiddaw, 

21 
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Figure of Paper will be tound well worth the attention of any 
the Earth. practical person. The attraction of 960 prisms was 
—~-—” calculated at each observatory; the attraction at the 
North observatory was found to be to that at the South 
observatory nearly in the proportion of 7:9. And the 
sum of the attractions was found (supposing the den- 
sity of the mountain equal to the mean density of the 


Earth) to be — of the Earth’s attraction. But the 


sum of the disturbances in the direction of gravity as 
determined from the astronomical observations being 
= 11”.6, the sum of the attractions was, in fact, = gra- 


1 1 
l77ai * SV" = T7604 
Earth’s attraction, (allowing for centrifugal force.) 
Consequently the density of the mountain was to the 
Earth's mean density us 9933 to 17804, or nearly as 
5:9. 


vity x tan 11"6 = x 


Mincralogi- But this supposed that the mountain was homo- 
ae pane geneous. The geological characters of its rocks were 


examined by Professor Playfair, (Phil. Trans. 1811,) 
he found that the upper part consisted of quartz whose 
mean Specific Gravity = 2.6398; and the lower part 
of mica slate and hornblend slate, whose mean Specific 
Gravity = 2.8326, and of limestone whose mean Spe- 
cific Gravity = 2.7661. Two separate calculations 
were made; one on the supposition that the rocks 
were separated by vertical surfaces, and another sup- 
posing them separated by surfaces nearly horizontal. 
The former gave for the Earth’s mean density 4.559, 
the latter 4.867, ttiat of water being 1. Dr. Hutton 
(Phil. Trans. 1821) says that the number should be 
rather greater. 

The next experiment was that of Mr. Cavendish on 


mountain. 


Cavendish’s 


apparatts the attraction of leaden balls. (PAil. Trans. 1798.) His 
for observe- apparatus is represented in fig. 51. x, 2, are balls of lead 
Ing the 


attraction of @beut 2 inches in diameter, suspended to the ends of a 

leaden bal!s light deal rod kh, A. This is suspended by the wire /g, 
forming, in fact, a balance of torsion. The piece to which 
the top of the wire is attached, carries a wheel which is 
turned by the endless screw K F, so that the wire can be 
twisted till the resting-place of the balls is any required po- 
sition. nm are small graduated scales carried by the rod. 
The whole of this apparatus is enclosed in a mahogany 
box, FEABCDDCBAEF. AtA and A are small 
glass windows, and near these are scales serving as a 
vernier for measuring the motion of the scales 7. 
These are illuminated by lamps L and L, and viewed by 
telescopes T and T from the outside of the room. The 
leaden balls W, W (each weighing 2,439,000 grains) 
are suspended by copper rods attached to the piece rr 
which is suspended to a beam. By means of a rope 
passing round the pulley M M, the balls W, W can be 
moved without entering the room. The support 
of the balance of torsion and its cases is independent of 
the walls. 

The first wire by which the deal rod was supported 
was of copper silvered, of which one foot weighed 2.4 
grains. After a few experiments with this, it was 
found that the attraction of the large balls made the 
cod touch the sides of the case; and a stiffer wire was 
then used. 


&c. were made by Mr. Cavendish. This we have ascertained from 
an inspection of his papers, which we have had an opportunity of 
examining through the kind permission of his Grace the Duke of 
De, enshire. 
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It was found at first, that a very small difference of Determm 
temperature between the balls and the air produced tion of the 
currents of air within the mahogany case which ma- . 
terially disturbed the experiment. The cautions sub- Density. 
sequently used seem to have prevented any bad effect 
from this cause. Disturbance 

The method of observing was the following. The produced 
large balls being in the midway position (their support- >y currents 
ing rod at right angles to the deal rod) the position of ° "" 
the deal rod was read off from the scales n. The presage 
large balls were then brought so as nearly to touch the° 
case, sometimes in the positive position (in which their 
attraction made the rod move so as to increase the num- 
ber on the scales) and sometimes in the negative posi- 
tion. By their attraction on the small balls, the rod 
was immediately put in motion, and vibrated back 
wards and forwards. The greatest extent of vibration was 
observed ; the mean of two consecutive extreme points 
on one side was taken, and the intermediate extreme 
point on the other side ; and the point midway between 
these was considered to be the point at which the rod 
would rest under the action of the balls and the torsion 
of the wire. The time of passing the middle point was 
also ascertained, by observing the time of passing two 
points near the middle, and then (when the middle 
point was determined) calculating the time of passing 
it. This being done for vibrations separated by a con- 
siderable number, the time of vibration was accurately 
found. With the wire finally used, the change from 
the position of rest without the action of the lead balls 
to the middle position when they were applied, seldom 
exceeded 3 divisions, (each division jyth of an inch,) and 
the time of vibration was about 7 minutes. With the 
first wire the change was about 14 divisions, and the 
time nearly 15 minutes. 

The middle point is evidently the place where the 
attraction of the large balls is equal to the force of tor- 
sion of the wire. The time of vibration also depends 
on both of these forces. For suppose that at the mid- 
dle point the distance of the small balls from the large 
ones was A, and the space through which they had been 
moved (to which the force of torsion is proportional) B ; 
then pntting W and T to represent these forces respectively 


Ww 
at the distance 1, we shall have this equation Ara TB. 
And at the distance z beyond this, and further from the 
balls, the whole force tending to bring the balls to the 


WwW Ww 
middle point is T (B + 7) — ———~, = TB ~ —, Method of 


(A — x)' A® calculation 
| 2W : 
+(T— * z nearly, = ( a x; and this 


is the force on which the time of vibration depends. 
Thus there arc, in fact, two equations to be solved, 
from which the attraction of the balls and the torsion of 
the wire could be determined. Besides this, the attrac- 
tion of the mahogany case was calculated. ‘The attrac- 
tion of the leaden balls being thus determined, and 
compared with the altraction of the Earth, the propor- 
tion between the Earth’s mean density and the density 
of lead was found; and thus the Earth’s mean density 
is obtained. The result of 29 experiments (as corrected 
by Dr. Hutton, Phil. Trans. 1821) is 5.31, that of 
water being 1. The smallest number given by one 
experiment is 4.86, and the largest 5.79. 

We are upon the whole inclined to prefer this’result 
to that of the observations on Schehiallien. It cannot 
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Figure of be denied that the greatest delicacy was necessary to 
the Earth. obtain any result, and that the determination is much 
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As it stands, there is one considerable source of error,* Conclusion. 
namely, the erroneous reduction for the effect of the air <= 


Ras t ™ less certain than the determination (such as it is) by (mentioned in Section 7.) The barometer at Mont The result 
bably ae the Schehallien experiment. But we consider that the Cenis being several inches lower than at Bordeaux, this 09 doubt. 


feraule to quantity determined in the latter may be something 


error would be serious. Besides, we could hardly trust fut if cor. 
the former. very different from the attraction of the mountain. We 


to a comparison between two places at so great a dis- rected. 





have seen that at Arbury Hill, and some other places, 
there is evidence of disturbance to an amount nearly as 
great as the ‘attraction of Schehallien, and without any 
known cause. May not such unknown causes have 
operated as well in the Schehallien experiment, and have 
increased or diminished the apparent effect of the 
mountain ? 

Considering the Earth’s mean density as somewhat 
greater than 5, and the mean density of the rocks at the 
surface as 2.6, the proportion of the Earth’s mean 
density to the superficial density is not very different from 
that of 2: 1. 

We have mentioned in our first Section the attempt 
made by the Baron de Zach to measure the attraction of 
& mountain near Marseilles. We have only to add that 
no calculation of the Earth’s density was founded on these 
observations. 

The attraction of a mountain might be found by ob- 
serving the length of the seconds’ pendulum on the 
top; if gravity should thus be found to be greater than 
gravity at the level of the sea in the same latitude dimi- 
nished in the duplicate proportion of the distance from 
the Earth’s centre, the excess would be attributable to 
the attraction of the mountain. Bouguer (as we have 
mentioned in Section 7.) observed the pendulum on one 
of the peaks of the Andes; but the circumstances were 
unfavourable, and we should have no confidence in the 
results. In the present century (see the Additions to 
the Milan Ephemeris) M. Carlini made similar obser- 


tance. On the whole, we do not think that any estima- 
tion of the Earth’s density can be founded on this experi- 
ment. 


Section 12.—Conclusion. 


1. The measures of the Earth, the observations of 
penduluma, and the lunar inequalities, agree in showing 
that the Earth’s form does not differ much from that of 
an ellipsoid of revolution whose ellipticity is (we think 


l . Sie 
300" and whose major semiaxis 
is about 20,928,700 English feet. 

2. The phenomena of precession and nutation give 
an ellipticity rather smaller; but as no result can be 
deduced from them except on an assumed law of den- 
sity, this value cannot be put in opposition to the others. 

3. As the results of the pendulum observations, the 
lunar inequalities, and the precessional phenomena, can 
only be used to determine the Earth’s form by the inter- 
mediation of the principle of gravitation, the very near 
coincidence of the results is a strong argument in favour 
of the truth of that principle. 

4, The same things make it highly probable that the 
Earth has once been in a fluid or semi-fluid state. 

5. None of these results can be obtained without the 
admission of considerable anomalies, all of which, how- 
ever, appear to be consistent with the principle of gravi- 
tation. 


certainly) greater than 


paste vations in much more favourable circumstances at the 6. The mean density of the Earth considerably ex- 
tionson hospice of Mont Cenis, at an elevation of 6375 feet ceeds, and is probably double of the density of the super- 
Mont Cenis. above the level of the sea. The pendulum we have __ ficial rocks. 


described at the beginning of Section 7: twenty experi- 
ments were made with it; they were reduced like the 
French measures, and corrected for elevation by the 
rule of inverse squares ; the length at the level of the 
sea thus found was in métres 0.993708. But the obser- 
vations of Biot at Bordeaux, nearly at the level of the 
sea, corrected for the small difference of latitude, gave 
0.993498. The difference is due to the attraction of 
the mountain mass. Representing this by a segment 
of asphere, 1 geographic mile in height and 11 in dia- 
meter at the base, of Specific Gravity 2.66, the mean 
density of the Earth is calculated to be 4.39. Perhaps 
this experiment would have been more satisfactory if 
the pendulum had been made exactly like the French 
pendulums, or if an invariable pendulum kad been used. 


7. The near agreement of the proportion between these 
as deduced from an assumed law with the proportion 
found by the experiments with leaden balls (where it is 
assumed in the calculation that the law of gravitation 
holds good at the distance of a few inches) makes it pro- 
bable that the law is sensibly true to very small distances. 


G. B. AIRY. 
Observatory, Cambridge, 
August 17, 1830. 
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#* If we correct this, by duubling the usual reduction, (the pene 
duJum-balls being spherical,) the length at Bordeaux is 0.993553, and 
that at Mont Cenis, reduced for elevation, 0.993754; whence the 
mean density of the Earth = 4.59. 
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POSTSCRIPT. 


supposed. The multiplier 0.66 is adopted for the Postscrip: 
Engtish observations from the calculations of the ree \a=—_2 
spective observers; the effects of this inconsistency are - 


Figure of | The author has discovered a small error in the Table 
tbe Earth. of the observed lengths of the seconds’ pendulum. The 
\e~=’ reduction applied to the length of the Paris pendulum 


for elevation above the sea is that due to the decimal 
pendulum. In consequence, the length at Paris, and all 
the lengths depending on it, ought to be increased by 
.00013; a quantity which does not sensibly affect any 
of the results. This correction applies to Nos. 18, 25, 
831, 88, 40, 44, 47, 49; and half of it to Nos. 42, 45, 48. 

The multiplier 0.6 has been used (in reducing the 
foreign observations) in preference to 0.66, as it seems 
probable that the density at the Earth’s surface is 
greater, and the mean density less, than Dr. Young 


not sensible. 

In the determination of the length of the seconds’ 
pendulum at Konigsberg, a correction is included which 
is not applied to any of the other observations. The 
reason is that the effect of this correction is to increase 
the length of the seconds’ pendulum ; and it appears 
that the observations on which Bessel principally relied, 
give a smaller length than those made in the usual way. 
The difference depends probably on the difference of the 
apparatus employed. 
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